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Preface 


Current trends in mathematics continue to emphasize its applications to en- 
gineering and physics. Of course, this is nothing new for vector analysis, which 
has virtually been the language of mechanics and electromagnetism since the 
beginning of the century. The previous editions of Introduction to Vector 
Analysis have recognized this aspect of the subject, and in preparing the sixth 
edition we have continued to emphasize the treatment of applications in the 
hopes of initiating a broader and more diverse group of readers into the realms 
of vector techniques. 

As in the earlier editions, we stress the geometric-analytic duality in- 
herent in the subject. The concepts and theorems are first visualized and 
understood heuristically, and then they are reduced to an algebra-calculus 
framework for computation or mathematical scrutiny. A mastery of the geo- 
metric aspects of the subject is essential for all who wish to use it, and with 
it the rigorous details take on more of the flavor of “confirmations” rather than 
“proofs.” This geometric—analytic dualism pervades the text, beginning with 
the basic concept of a vector and continuing with the physical significance of 
the vector differential operators and the advanced integral theorems. Table 
summaries are inserted at key points in the development to help the reader 
maintain perspective. 

The versatility of the text for use at several levels is enhanced by the uti- 
lization of optional reading sections and appendices dealing with specialized 
topics. These include introductory tensor concepts, the Frenet formulas, dyadics 
and three-dimensional Taylor polynomials, the Kuhn-Tucker conditions, 
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transport theorems, the vector aspects of matrix algebra, and the vector equa- 
tions of classical mechanics and electromagnetism. In addition, the sixth edi- 
tion contains newly expanded treatments of the equations of potential theory, 
the physical significance of the laplacian and the vector potential, and the 
computation of the potentials from the field sources. The “review problems" 
in the previous edition have been incorporated into the appropriate exercise 
sets in the main body of the text, and many new exercises and examples have 
been added. 

In closing let us state that it has been our continuing goal to design a 
textbook that will stand the engineer and scientist in good stead for his or her 
professional needs, to give the aspiring mathematician a firm grasp of the three- 
dimensional versions of the theorems of higher geometry and their applica- 
tions, and to continue to serve the needs of every reader for some time after 
the successful completion of formal training. 

The authors wish to thank the following teachers and colleagues who— 
directly or indirectly—have influenced our perspective of the subject of vector 
analysis: Francis Low, Richard Hutchinson, Edward O'Neil, Samuel Poss, and 
John Wyatt. We also wish to thank the following reviewers for their valuable 
recommendations: Judith Baxter, University of Illinois at Chicago; Howard 
D. Lambert, East Texas State University; and Robert P. Schilleman, Mil- 
waukee School of Engineering. 


Vector Algebra 


1.1 Definitions 


The vector concept is closely related to the geometrical idea of a directed line 
segment. Roughly speaking a vector is a quantity that has direction as well as 
magnitude. It is represented by an arrow of length equal to its magnitude, 
pointing in the appropriate direction. Two vectors* A and B are said to be 
equal, A — B, if they have the same length and direction. 

This description of a vector conveys the intuitive concept, but as a defi- 
nition it suffers from a lack of precision. Let us go back to basics and see if 
we can formulate this idea more carefully and unambiguously. 

Consider two points P and Q in space. If P and Q are distinct points, there 
will exist one and only one line passing through them both. That part of the 
line between P and Q, including both P and Q as endpoints, is called a line 
segment. A line segment is said to be directed when the endpoints are given 
a definite order. The same line segment determines two directed line segments, 
one denoted РО and the other ОР (or — РО). If P and Q coincide, РО is said 
to be degenerate, and the line segment is a point. 


* In this book, vectors are represented by boldfaced letters such as А, B, C,. . . . Since you 
cannot conveniently imitate this, the authors suggest that you either underline the letter, A, or 
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put an arrow above it, A. Be sure to distinguish between the number 0 and the vector 0. 
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U 


Figure 1.1 


Now a directed line segment is a quantity with magnitude (the distance 
between P and Q) and direction (one exception: the degenerate segment, or 
point!). Historically, vectors were defined to be directed line segments. Ex- 
perience has taught us, however, that it is convenient to consider two directed 
line segments as representing the same vector if they are parallel translates 
of each other; that is, if they point in the same direction and have the same 
length. Thus in figure 1.1 we see that PQ, RS, and TU are all equivalent and 
they represent the same vector. Being careful to consider all the possibilities, 
we can now formulate the following definitions. Two directed line segments 
PQ and RS are said to be equivalent if PQ and RS have the same length and 
are parallel (with the proviso that any two points are parallel), and also PR 
and QS have the same length and are parallel (the last condition ensures that 
RS is not directed opposite to PQ—draw a sketch to see this). A vector is 
defined to be a collection of equivalent directed line segments. 

We may represent a vector by any one of the directed line segments in the 
collection. Thus, we may represent a vector by giving a particular directed 
line segment РО, but it is understood that the vector itself is the set of all 
directed line segments that are equivalent to PQ. 

In this book, boldface letters are usually used to denote vectors. In the 
diagrams, a single directed line segment will often be drawn to represent a 
vector and will be labeled by a boldface letter to denote the vector it repre- 
sents. In figure 1.1, PQ is labeled A, RS is labeled B, and TU is labeled C. 
Since these all represent the same vector, we can write A — B — C. Notice, 
however, that PQ and RS are not the same directed line segment since they 
occupy different positions in space, so we would not write PO — RS. 
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To summarize, A — B implies that PQ is parallel to RS, that PQ and RS 
have the same directed sense, and that the distance between P and Q is the 
same as the distance between R and S. This common distance is called the 
magnitude of the vector. Any point (degenerate line segment) represents the 
zero vector 0. This vector has zero magnitude and no direction; it is the ex- 
ception to the intuitive characterization of “vector” given in the first para- 
graph. 

Many of the quantities of physics have magnitude and direction, and thus 
are conveniently represented by vectors. As examples we mention force, dis- 
placement, velocity, acceleration, and magnetic field intensity. Such quantities 
are represented graphically by arrows pointing in the appropriate direction, 
of length proportional to the magnitude of the quantity. Thus the magnitude 
of a force vector may be 5 newtons, and it might be represented by an arrow 
of length 2 centimeters if we agree that each centimeter represents 2.5 new- 
tons. Of course, we are disinclined to say that 5 newtons is the “length of the 
force.” 

In some books, what we call directed line segments are called bound vec- 
tors, and what we simply call vectors are called free vectors. The idea is that 
a “free vector” can be moved freely through space; provided it is always kept 
parallel to its initial position, and is never allowed to reverse its sense or to 
vary in magnitude, it does not really “change,” whereas a “bound vector” could 
not be moved about in space. The distinction creates logical difficulties for 
both the pure mathematician and the physicist. For the pure mathematician 
it is difficult to accept such loose terminology as “moving freely through space” 
in the definition of a quantity that does not fundamentally involve the idea of 
time or motion at all. For the physicist the difficulty is in determining whether 
force is a bound or a free vector. In many cases the effect produced by a force 
acting on a body depends not only on its magnitude and direction but also on 
its point of application. Hence force might well be regarded as a bound vector; 
but in deeper theoretical work this becomes extremely awkward. Most phy- 
sicists regard force as a vector quantity (i.e., a “free vector"), recognizing 
nevertheless that the effect of a force may depend on the point where it is 
applied (which, itself, can be located by a position vector). 

In this book, the word scalar is used as a synonym for number. Those 
quantities of physics that are characterized by numerical magnitude alone (and 
have nothing to do with direction) are called scalars or scalar quantities. Ex- 
amples are mass, time, density, distance, temperature, and speed (as read from 
a speedometer). 

Loosely speaking, you can think of a vector as simply an arrow, but rec- 
ognize that two arrows are considered equal, from a vector viewpoint, provided 
they are parallel, have the same directed sense, and the same magnitude. 
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If A = A' and B — B', 
then A+ B — A' +В 


Figure 1.2 


Suppose you are sitting at a desk with a horizontal surface. How many 
vectors are there that are perpendicular to this surface, are directed upward, 
and have magnitude of 3 centimeters? Only one. There are an infinite number 
of directed line segments with these properties, but they are identical as vec- 
tors. 


1.2 Addition and Subtraction 


The sum A + B of two vectors may be defined in the following way. Let the 
vectors be represented so that the terminal point, or tip, of А coincides with 
the initial point, or tail, of B. Then A + B is represented by the arrow ex- 
tending from the tail of A to the tip of B (fig. 1.2). Reasoning with congruent 
triangles, we easily see that this definition of addition is compatible with the 
notion of equivalence; that is, if A — A' and B — B’, then A + B = А’ + 
B'. It is also commutative (fig. 1.3): 


A+B=B+A 
From figure 1.4 we see that vector ‘addition is associative: 
(A+ B)+C=A+(B+C) 


and so no ambiguity arises from writing A + B + C without parentheses. 


A+B=B+A 
B+A 


Figure 1.3 


SECTION 1.2 ADDITION AND SUBTRACTION 
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(A+B)+C=A+(B+C) 


Figure 1.4 
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Figure 1.5 
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Figure 1.6 


If B is a vector, — B is defined to be the vector with the same magnitude 
as B but opposite direction (fig. 1.5). Subtraction of vectors is defined by adding 
the negative: 


A — B = A + (—B) 


The student who ignores this definition and simply memorizes figure 1.5 will 
inevitably confuse A — B with B — A, which has the opposite direction. A 
good way of avoiding confusion is to keep in mind that A — B is, algebraically, 
the vector that must be added to B to produce A; hence it runs from the tip 
of B to the tip of A, when A and B share a common tail. 

The above definitions apply to the vector 0 if it is represented by a de- 
generate line segment. We have 0 = —0, А — A = 0,A + 0 = A, and 0 + 
А = A for every vector А. The zero vector (which should be distinguished 
from the zero scalar) does not have a well-defined direction. 

The first four problems refer to figure 1.6. 


Exercises 


Write C in terms of E, D, F. 
Write G in terms of C, D, E, K. 
Solve for x :x + B = Е. 
Solve for x:x + H = D — E. 


If A and B are represented by arrows whose initial points coincicle, what arrow 
represents A + B? 

6. By drawing a diagram, show that if A + B = C, then B = C — A. 

7. 15 the following statement correct? If A, B, C, and D are distinct nonzero vectors 
represented by arrows from the origin to the points А, B, C, and 2) respectively, 
and if B — A = C — D, then ABCD is a parallelogram. 


UAE Puer 
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8. Let the sides of a regular hexagon be drawn as arrows, with the terminal point of 
each arrow at the initial point of the next. 
(a) If A and B are vectors represented by consecutive sides, find the other four 
vectors in terms of A and B. 
(b) What is the vector sum of all six vectors? 


1.3 Multiplication of Vectors by Numbers 


The symbol |A| denotes the magnitude of the vector A. Although it should 
not be confused with |s|, which denotes (as usual) the absolute value of a 
number s, it does have many properties that are quite similar. For example, 
|A| is never negative, and |A| = 0 if and only if A = 0. Since A and —A have 
the same magnitude, we can always write |A| = |-A| and [А — B| 
= |B — A|. The “triangle inequality” 


[А + В| < |A] + |B| 


is the vector expression of the fact that any side of a triangle does not exceed, 
in length, the sura of the lengths of the other two sides (fig. 1.7). 

If s is a number and A is a vector, sA is defined to be the vector having 
magnitude |s| times that of A and pointing in the same direction if s is positive 
or in the opposite direction if s is negative. Any vector sA is called a scalar 
multiple of A (fig. 1.8). 

Here are the fundamental properties of the operation of multiplying vec- 
tors by numbers: 


0А = 0 1А= A (YA — —A (1.1) 
(s + t)À = 5А t tA (1.2) 
s(A B) = sA + sB (1:3) 
5(1А) = (st)A (1.4) 
A+B a PARA 
Pac Pei B 
A А 
A+B 
a 
A B 


Figure 1.7 
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Figure 1.8 


A vector whose magnitude is 1 is called a unit vector. To get a unit vector 


in the direction of A, divide by A by |A] (equivalently, multiply A by [А]: 


12, 
13. 


14. 


А 
JA] 


A 
dites 
[al 


Exercises 


- Is it ever possible to have |A| < 0? 
. If |A] = 3, what is |4A|? What is |—2A]? What can you say about |sA| if you 


know that —2 < s < 1? 
If A is a nonzero vector, and if s = |A|-', what is |—5А|? 


+ If Bis a nonzero vector, and s = |A|/|B|, what can you say about |sB|? 


If A is a scalar multiple of B, is B necessarily a scalar multiple of A? 


. If A — B = 0, is it necessarily true that A = B? 
- If |A] = |B|, is it necessarily true that A = В? 
- You are given a plane in space. How many distinct vectors of unit magnitude are 


perpendicular to this plane? 


- How many distinct vectors exist, all having unit magnitude, perpendicular to a 


given line in space? 


- If A is a nonzero vector, how many distinct scalar multiples of A will have unit 


magnitude? 


- Let A and B be nonzero vectors represented by arrows with the same initial point 


to points А and B respectively. Let С denote the vector represented by an arrow 
from this same initial point to the midpoint of the line segment AB. Write C in 
terms of A and B. 


Prove that [А — B| > |A| — |B]. 

Find nonzero scalars a, b, and c such that aA + b(A — B) + c(A + B) = 0 for 
every pair of vectors A and B. 

Derive a formula for a vector that bisects the angle between two vectors A and B. 


[| 
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A 
A:j 
Aii 
sd П EL. x 
2 3 4 
Figure 1.9 


1.4 Cartesian Coordinates 


Let us consider a cartesian coordinate system in the plane, obtained by intro- 
ducing two mutually perpendicular axes, labeled x and y, with the same unit 
of length on both axes (fig. 1.9). We assume that the reader is already familiar 
with this construction, which sets up a one-to-one correspondence between 
points in the plane and ordered pairs (x,y) of numbers. 

Let i denote the unit vector parallel to the x axis, in the positive x direc- 
tion, and j the unit vector in the positive y direction. Every vector in the plane 
can be written uniquely in the form 


A = Aj + 43] 


for a suitable choice of numbers A; and A>. These numbers are called the 
components of A in the x direction and y direction, respectively; the compo- 
nent of a vector in a given direction is the orthogonal projection of the vector 
in that direction. 

The magnitude of A can be determined from its components by using the 
pythagorean theorem (fig. 1.9): 


|A| = VAt + 45 


To determine the components of a vector, any directed line segment rep- 
resenting the vector can be used. Thus, if Pi(xyyi) and P2(x2,y2) are points 
in the xy plane, the vector represented by the directed line segment P,P; (ini- 
tial point P4, terminal point P2) is (х2 — xı)i + (ya — y)j- Any other directed 
line segment equivalent to P,P; would give the same components. 


\ 
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ө (7.11) 


(5:153) 


Figure 1.10 


Example 1.1 The directed line segment extending from (4,6) to (7,11) is equivalent 
to the directed line segment extending from (— 1,3) to (2,8) because both of these 
directed line segments represent the vector 3i + 5j (fig. 1.10). 


Exercises 


- What is the x component of i? 

. What is the x component of j? 

. Whatis the magnitude of i 4- j? 

. Whatis the magnitude of 3i — 4j? 

. With the axes in conventional position (fig. 1.9), directions may be specified in 

geographical terms. What is the unit vector pointing west? south? northeast? 

6. Vector A is represented by an arrow with initial point (4,2) and terminal point 
(5,— 1). Write A in terms of i and i 

7. The direction of a nonzero vector in the plane can be described by giving the angle 
0 it makes with the positive x direction (see fig. 1.11). This angle is conventionally 
taken to be positive in the counterclockwise sense. Write A, and А; in terms of 
|A| and this angle б. 

8. In figure 1.11, if |A| = 6 and 6 = 30°, determine А, and 4). 

In terms of i and j, determine 

(a) the unit vector at positive angle 60° with the x axis. 

(b) the unit vector with 0 = — 30? (0 as in exercise 7). 

(c) the unit vector having the same direction as 3i + 4j. 

(d) the unit vectors having x components equal to i. 

(e) the unit vectors perpendicular to the line x + y=0. 

10. Determine |6ї + 8), |— 3i[. |i + sj], |(cos 6)i + (sin 6)jl. 

11. In terms of i and j, determine the vector represented by the arrow extending from 

the origin to the midpoint of the line segment joining (1,4) with (3,8). 


тл Б ш Mom 
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Ay 


Figure 1.11 


12. If the vector V = 2i + 3j represents the segment AB, and the midpoint of AB is 
(2,1), find A and B. 

13. If V is a unit vector in the xy plane making an angle of 30° with the positive y 
axis, express V in terms of i and j (two solutions). 


1.5 Space Vectors 


Throughout most of this book, we shall be concerned with vectors in three- 
dimensional space. By the introduction of three mutually perpendicular axes, 
with the same unit of length along all three axes, we obtain the usual cartesian 
coordinate system. The conventional orientation of axes is shown in figure 1.12. 
Every vector can be expressed in the form А = Ай + A2j + A3k, where i, 
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Z3 


ape Gp- om 


Figure 1.13 


j, and k are unit vectors in the positive x, y, and z directions, respectively. The 
numbers Aj, A2, and Аз are the components, or orthogonal projections, of A 
in the x, y, and z directions, respectively. 

If Pix ynzi), P2(X2,y2,22), and P3(x3,y3,z3) are points in space, the vector 
represented by P,P; is (fig. 1.13) 


(2 — х)і + (у — уу)} + (22 — zı)k 
Similarly, PP; is represented by 

(x3 — X2)i + (уз — y2)j + (z3 — 2›)К 
and P,P; by 

(x3 — xi + (уз — yj + (z3 — zi)k 


Observe that the components of P,P, are given by the sums of the corre- 
sponding components of P,P, and P2P3; for example, in the x direction we have 


Xs cxx; iba) + x — xi) 


Since, furthermore, P,P, represents the vector sum of P,P, and PzP}, we have 
shown that vector addition proceeds componentwise; that is, 


A + B= (Ai + Bi)i + (4; + Bz)j + (45 + By)k 
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Similar reasoning for multiplication by a scalar shows that, in terms of com- 
ponents, 


sA = (541)і + (5A2)j + (s43)k 


The commutative and associative laws of addition, as given in section 1.2, are 
valid for space vectors; one simply interprets figures 1.3 and 1.4 as three- 
dimensional. Alternatively, they become very obvious statements when ex- 
pressed componentwise (see exercise 19). 

By a double application of the pythagorean theorem, we obtain (fig. 1.12) 


la| = VALE ALT a 


An alternative description of a vector in space is obtained by giving its 
magnitude and direction. We can specify the direction by prescribing the three 
direction angles а, 8, and y between the vector and the positive х, y, and 2 
directions, respectively (see fig. 1.14). Sometimes it is more convenient to pre- 
scribe cos о, cos В, and cos y, the direction cosines, because they are given in 
terms of the components by the following simple formulas: 

COS QU 


cos 8 = Ss ml 


Ar Ay 3 

|А| |А| А| 

(compare figs. 1.12 and 1.14). It is easy to verify that the direction cosines аге 
related by 


cos? a + cos? 8 + co? y = 1 (1.5) 


Figure 1.14 
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Thus we are not free to assign values to a, 8, and y arbitrarily. (See exercises 
20-22.) 


There is no way of telling from the direction cosines what the magnitude 


of the vector may be; the magnitude must be specified separately. For ex- 
ample, any vector parallel to the yz plane and making an angle of 45? with 
the positive y and z directions has direction cosines 


vi vi 


cosa = 0 соз 8.727 cos y = 2 


Exercises 


In the first seven problems, let A = 3i + 4j, B = 2i + 2j — k, and € = 3i — 4k. 


B oU svn = 


14. 


16. 


18. 
19. 


. Find [А], |B|, and |C]. 

. Find A + Band A — C. 

. Determine |А — С|. 

. For what values of s is |sB| — 1? 

. Find the unit vector having the same direction as A. 

. Let A and С be represented by arrows extending from the origin. 


(a) Find the length of the line segment joining their endpoints. 
(b) This line segment is parallel to one of the coordinate planes. Which one? 


Let а denote the angle between A and the positive x direction. Determine cos a. 


. Determine all unit vectors perpendicular to the xz plane. 


Compute |i + j + КІ. 


. Write the vector represented by P,P; in terms of i, j, and k, if P, = (3,4,7) and 


P; = (4,—1,6). 


. Write down the vector represented by the directed line segment OP, if O is the 


origin and Р(х,у,2) is a general point in space. 


.LetD-—ictjctkE-ictj-—kandF =i — j. Determine scalars s, t, and 


r, such that 4i + 6j — k = sD + iE + rF. 


. What are the direction cosines of the vector 2i — 2j + k? 


Derive the identity cos? а + cos? 8 + cos? у = 1. 


. Give a geometrical description of the locus of all points P for which OP represents 


a vector with direction cosine cos a = + (O is the origin). 

How many unit vectors are there for which cos a = + and also cos В = +? 
Illustrate with a diagram. 

A is a vector with direction cosines cos а, cos 8; and cos y, respectively. What are 
the direction cosines of the reflected image of A in the yz plane? (Think of the yz 
plane as a mirror.) 

Determine all unit vectors for which cos а = cos B = cos y. 

Verify the commutative and associative laws of addition for space vectors by ex- 
pressing them componentwise. 
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20. If one is given the direction angles о and & of a vector, to what extent can y be 
determined? 

21. Why is it impossible for a vector to have direction angles a = 30° and 8 = 30°? 
Answer this both geometrically and in terms of the constraint eq. (1.5). 

22. Generalize exercise 21: show that neither В nor y can be less than 90? — a. 


1.6 Types of Vectors 


A first step in solving some problems in mechanics is to choose a coordinate 
system. For instance, if the problem involves a particle sliding down an in- 
clined plane, it may be convenient to take one of the axes, say the x axis, 
parallel to the plane, and another axis, say the z axis, perpendicular to the 
plane. After we have chosen a particular coordinate system, we can speak of 
the position vector of the particle. This is the vector represented by the di- 
rected line segment extending from the origin (0,0,0) to the point (x,y,z) where 
the particle is located, and (in terms of i, j, and k) it is the vector xi + yj 
+ zk. Strictly speaking, we should not say “position vector of a particle" be- 
cause this might give the false impression that it is an intrinsic property of the 
particle, whereas it also depends on the location of the origin of the coordinate 
system. 

If a particle moves from an initial position (x;,y1,21) to another position 
(%2,)2,Z2), the displacement of the particle is the vector represented by the 
directed line segment extending from its initial position to its final position. 
This vector is (x2 — x1)i + (ya — y1)j + (zz — zi)k. Notice that if the initial 
position vector is В, = xji + yıj + zik and the final position vector is Rz 
= хі + yj + zik the displacement is Rz — Ry. The displacement of a 
particle is the final position vector minus the initial position veetor (fig. 1.15). 


(initial) displacement vector (final) 
R2 =R] 


position 
vector 


position 
vector 


Figure 1.15 
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The displacement vector, unlike the position vector, is an intrinsic prop- 
erty of the particle; it does not depend on the choice of a coordinate system 
(although its components will be different in different coordinate systems). In 
fact, the displacement of a particle is a perfect model for a vector, at this stage. 
We have defined the addition of vectors so that they add in the same way that 
displacements “add.” Thus, if a particle undergoes a displacement A, and then 
another displacement B, it is clear that the resultant displacement is A + B. 
That is, A + B is the single displacement that produces the same net effect 
as the two displacements A and B. From the physicist's viewpoint, this is the 
reason for defining vector addition in this way. 

Occasionally it is helpful to think of vectors as representing displace- 
ments, even when no physics is involved. For example, consider exercise 1 of 
section 1.2, where we are asked to write C in terms of E, D, and F. The answer 
isC = —F + E — D, which is clear since the net result of the three dis- 
placements —F, E, and — D is C, as one can see by looking at figure 1.6. 

Do not get the mistaken impression that when we represent a displace- 
ment by a vector A, the path of the particle has necessarily been straight. The 
directed line segment representing a displacement extends directly from the 
initial position to the final position, but the particle itself may have gone by 
way of the North Pole! 

Forces are also vector quantities. This may seem obvious since a force is 
conveniently represented geometrically by a directed line segment. It is not so 
obvious, however. How do we know that forces “add” in the same way as vec- 
tors? We shall simply take the word of the physicists that they do, and direct 
the interested reader to the laboratory. If Е; and Е, are forces acting on a 
particle, their vector sum F; + Fz is the single force that would produce the 
same effect, and it is sometimes called the resu/tant of the two forces. In el- 
ementary physics the resultant of two or more forces is usually found in the 
following manner: one draws a diagram showing the forces, then systemati- 
cally marks out each force, replacing it by its components along the coordinate 
axes. The forces along each axis are summed algebraically, so that one has a 
single force remaining along each of the coordinate axes. The magnitude of 
the resultant force F can then be found by the pythagorean theorem, since the 
axes are perpendicular. This is discussed in every introductory physics book. 
Obviously, the process is equivalent to writing each force in terms of i, j, and 
k, and adding them in the manner of the preceding section. М 

It is rather surprising that rotations in space аге not vector quantities. 
Clearly, a rotation can be represented by a directed line segment; the direction 
would be the axis of rotation, and the length would be the angle through which 
the body is rotated. But the result of two successive rotations is not represented 
by the vector sum of these line segments. In fact, the "sum" of two rotations 
is not even commutative! A body rotated through 90? about, first, the x di- 
rection, then the y direction, will achieve a final position quite different from 
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the one resulting from the rotations performed in the other order (try this with 
the textbook). In this light, it is even more remarkable that angular velocity 
is, nonetheless, a vector quantity. This matter is discussed in Appendix C. 


Exercises 


1. ^A particle moves from (3,7,8) to (5,2,0). Write its displacement in terms of i, j, 
and k. 

2. Write down the position vector of a particle located at the point (1,2,9). 

3. The position vector of a moving particle at time t is R = 3i + 4£?j — tk. Find 
its displacement during the time interval from t — 1 to t — 3. 

4. What is the magnitude of the resultant of the following two displacements: 6 miles 
east, 8 miles north? 

5. Strings are tied toa small metal ring and, by an arrangement of pulleys and weights, 
four forces are exerted on the ring. One force is directed upward with magnitude 
3 Ib, another is directed east with magnitude 6 Ib, and a third is directed north 
with magnitude 2 lb. The ring is in equilibrium (i.e., it is not moving). What is 
the magnitude of the fourth force that is counterbalancing the other three? 

6. Thecenter of mass of a system of n particles is defined by the position vector 


_ mRi + mR +... + mR, 


R. 
Я, mmt +m, 


where the ith particle is located at В; and has mass т;. The mass unbalance of 
the system, measured at the position R, is defined to be 


m,(R; — R) + m(R; — В) +: >> t m,(R, — R) 


Show that the mass unbalance, measured at the center of mass, is zero. (Hint: 
Try it first for n = 1 and n = 2.) 

7. Suppose a particle of electrical charge q; is located at Ri, and д) is located at R;. 
The Coulomb force on particle 1 due to particle 2 is proportional to q, and q2, and 
inversely proportional to the square of the distance between them; it is directed 
along the line from q to qı. Write down a vector formula for this force. 


1.7 Some Problems in Geometry 


To avoid circumlocution, practically everybody who works with vectors makes 
no distinction between vectors and directed line segments. It is easier to say 
“the vector A” than to say “the vector represented by the directed line seg- 
ment A." When we do this, it is still important to recognize that the concept 
of a vector is an abstraction from the concept of a directed line segment, in 
which we ignore the actual location of the directed line segment: we say “А 
equals B" when we really mean “the directed line segments A and B are equiv- 
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alent and therefore represent the same vector." If A extends from (2,3,4) to 
(2,3,5), and if B extends from (3, — 2,8) to (3,— 2,9), then we have as vectors 
A = B even though they extend from different points. 

What we are saying is that two things are equal when they are really not 
identical but are only “equivalent” according to some definition. We are al- 
ready familiar with this in elementary arithmetic. We say the fractions + and 
+ are "equal" when in fact they are not identical but are only "equivalent" 
in a certain way. Strictly speaking, we should say that 4 and 7 are fractions 
that represent the same rational number: as fractions, they are not equal, but 
they represent the same rational number. 

Similarly, if we have two directed line segments A and B, we may write 
A — Beven when the directed line segments are not equal (because they extend 
from different points) but are equivalent according to the definition given in 
section 1.1. 

With this in mind, we now turn to the practical utility of vector algebra. 
The simplest applications are in geometry and will be considered first. 


Example 1.2 If the midpoints of the consecutive sides of a quadrilateral are joined 
by line segments, is the resulting quadrilateral a parallelogram? 

Let PQRS be the quadrilateral and Т, U, V, and W the midpoints of its sides. In 
the case shown in figure 1.16, it certainly appears that TUVW isa parallelogram. Keep 
in mind, however, that PORS need not be a plane figure; perhaps S is a point several 
inches above the plane containing P, Q, and R. In view of this possibility, is TUVW a 
parallelogram? 


Solution Let the sides be made into directed line segments A, B, C, and D, as shown 
in figure 1.16. Then one very obvious relationship is 


A+B+C+D=0 


Figure 1.16 
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Figure 1.17 


To conclude that TUVW is a parallelogram, we need to show that TU — — VW. From 
the figure, TU may be expressible in terms of A and B; in fact, TU equals the "tip half" 
of A plus the “tail half” of B. Thus 


TU = +A + 3B = 3(A + В) 
Similarly, 
vw = +(C + D) 
But our basic relationship shows that A + B = —(C + D). Thus TU = —VW. 


Example 1.3 Line segments are drawn from a vertex of a parallelogram to the mid- 
points of the opposite sides. Show that they trisect a diagonal. 


Solution We have diagrammed the situation in figure 1.17, labeling certain vectors 
for convenience. Since the diagonal is A + B, the problem reduces to showing C = D 
= +(A + B). Let us try to express С in terms of A and B. First of all, certainly С 
= (А + B) for some scalar s. Also, since the tip of C lies on the line connecting the 
tip of A to the tip of 3B, we have C — A = (4B — A) for some scalar г. If we equate 
the two expressions for C, 


s(A + B) = A + t(3B — A) 
we derive 
(s — $)B = (1 — s — t)A 
Since A and B are not parallel, this equation can be true only if the scalars are zero: 
Timm d =0 
1991 fiy» 9 
Solving, we obtain s = +, so С = +(A + B). 


The reader should try to complete the solution as an exercise, manipu- 
lating D in an analogous manner. 
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R 
С В 
Р Р: Q 
Figure 1.18 


Example 1.4 Prove that the medians of a triangle intersect at a single point. 


Solution In figure 1.18, D is the vector from the corner P to the point of intersection 
of the medians from Q and R. We must show that D lies along the median from P (i.e., 
that it is a multiple of A + +B). The condition that D lie along the median from R is 
expressed as 


C+ D=s(C + $A) 


for some number s. while the fact that D lies on the median from Q implies that, for 
some number /. 


A—D = (1C +A) 

Solving for D and equating the expressions, we derive 
(sc 3: —1)С = (1—г—-5)А 
As in example 1.3, we conclude that both coefficients must vanish; thus 
2 
Using this in either equation for D and writing C in terms of A and B, we find 
= А + JB) 

which is the form that we sought. Exercise 11 provides a delightful generalization of 
this example. 
Example 1.5 Let 0 denote the angle between two nonzero vectors А and B. Show that 


A,B, + АВ, + А,В, 


cos 0 = 
|A\ |B 


(1.6) 


(Note: This is one of the most important identities in vector algebra.) 
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ІВ| sin 0 


[В| cos 0 {A]— |B] cos à 


Figure 1.19 
2 


Solution This formula will “рор out" if we compare two expressions for |А — В|, 
one derived componentwise and one derived geometrically. Using components, we know 
that 


[А — B|? = (А, — Bi)? + (42 — B3! + (А, — Вз)? 
Expanding powers and regrouping terms, we can write this as 
ЈА — В|? = |A|? + |B|? — 2(418, + 458; + А383) 


Now for the geometric formula. A, B, and # are depicted in figure 1.19; also, the per- 
pendicular from the tip of B to A is drawn, with the lengths of the appropriate segments 
indicated. We can visualize A — B as the hypotenuse of a right triangle and, according 
to Pythagoras, 


|^ — B|? = (|B| sin 6)?  ([A| — [В| cos 0)? 
= |B|? (sin? 0 + cos? 0) + |A|? — 2JA||B| cos 6 
[А = В|? = |A|? + |B|? — 2|A|[B| cos 8 (1.7) 
Comparing this with the componentwise expression, we conclude 
|А||В| cos @ = А,В, + А›В› + А,В, (1.8) 
which is equivalent to the desired identity. 
Incidentally, by referring to figure 1.19, the alert reader will recognize eq. 


(1.7) as the /aw of cosines from trigonometry. 
As an application of this formula, consider example 1.6. 


Example 1.6 Show that the vectors A = 2i — j + 5k and B =i + 7j + k are per- 
pendicular. 


Solution 
Л DES 0 
с = ea 
05 NEN 
Hence 0 = 90° 
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Example 1.7 Find the angle between 
(a) i+ 2j + 2kandi — j 
(b) iandi +j+k 


Solutions 
(a) cos @ = uA = —0.2357; 0 = cos-(—0.2357) = 103.63° 
1 
= = = 0.57735; 0 = cos- (0.57735) = 54.74 
(b) cos 0 Vivi 0 35 cos~'(0.57735) = 5 


Notice that the natural interpretation of the angle between two vectors always lies 
between 0? and 180°. Thus the principal value of the arccosine is perfectly appropriate 
for these calculations. 


Summary: Geometrical and analytical descriptions 


Now is a good time to catch our breath and get an overview of what we have 
learned. There are two ways of looking at vectors—geometrically and ana- 
lytically. Geometric descriptions are more physical; a vector has magnitude 
and direction, and relationships are described in terms of lengths and angles. 
But it is often difficult to compute with these quantities, especially if the 
problem is three-dimensional and hard to sketch. Thus, to solve such problems 
as finding the resultant of several forces, we introduce a cartesian coordinate 
system and represent all vectors by their components. Then a vector becomes 
an ordered triple of numbers. (Another reason for using this rather unphysical 
component description is communication. How, for instance, does an astronaut 
on the moon convey information to his earthbound colleagues about a quantity 
with magnitude and direction? The astronaut must describe its components 
in some coordinate system common to both, as determined by, for instance, 
the fixed stars.) 

Let us summarize the equations we have derived; they tell us how to relate 
one description to the other. The geometrical concept of length of a vector is 
computed in terms of components by 


|A| = (4 + 42 a 
The angle 0 between two vectors A and B is computed from components using 
eq. (1.6): 
А\Ву + AB: + А›В› 


cos 0 = 
|А||в| 
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In particular, the direction cosines of A, which are the cosines of the angles 
between A and the positive coordinate axes, can be computed by substituting 
i, j, or k for B in the above; thus 


qun 


cos 8 = 


cos ж At As 
er Ar 
la] la] 


Viewed another way, these equations can be used to compute the com- 
ponent description of a vector from its geometric characteristics; we have 


Av-|A|coa 4, = |А| cosB 43 = |A| cos y 


Table 1.1 Geometrical and analytical descriptions of vectors 


Geometrical Quantities: Analytical Quantities: Cartesian 
Lengths, Angles, Cosines Coordinates 

Length of A = |A| V(Aj + А; + A?) 

Angle between A and B cos ! [04181 + АВ: + А,В›)/|А||В|| 
Direction cosines АДА]. A2/|A], As/JAl 


Hence the cycle is complete, and we are free to exploit whichever description, 
geometrical or analytical, is more convenient. Exercises | through 5 illustrate 
these ideas; see table 1.1. 


Exercises 


. Find the angle between 2i + j + 2k and 3i — 4k. 
2. Find the angle between the x axis and i + jtk. 
Find the three angles of the triangle with vertices (2) O 912—9); 
(3,—4,— 4). 
Find the angle between the xy plane and 2i + 2j — k. (Note that k is perpen- 
dicular to the xy plane. You will have to decide what is meant by the angle between 
a vector and a plane.) 
Show that i + j + k is perpendicular to the plane x + y + z = 0. (Hint: This 
plane passes through the origin. Show that i + j + k is perpendicular to every 
vestor extending from the origin to a point in the plane.) 
Imitate the solution of example 1.2, but instead of proving that TU — —VW, 
prove that UV = — WT. 
Using vector methods, prove directly that if two sides of a quadrilateral are par- 
allel and equal in magnitude, the other two sides are also. 
By vector methods, show that the line segment joining the midpoints of two sides 
ofa triangle is parallel to the third side, and has length equal to one half the length 
of the third side. 

Ce | 


fo 


d 


Ба 


Lo: 


= 


oe 


24 


9; 
10. 


CHAPTER ONE: VECTOR ALGEBRA 


Show that the diagonals of a parallelogram bisect each other. 


Construct another proof of the fact that the medians of a triangle intersect at a 
point, based on the following observation: if D, E, and F are vectors drawn from 
some fixed point to the corners of the triangle, then 


D 4 3[4(D +E + F) – DJ = 4E + F) 


Verify this algebraically and then interpret it geometrically. [Hint: The tip of the 
vector +(D + E + F) is this point of intersection.] 


The following simple exercises are inserted here to help you recall some of the basic 
ideas of analytic geometry. 


11. 


12. 


13 
14. 
15. 


16. 
17: 
18. 
19. 
20. 
21. 
22. 


23. 
24. 


25. 


26. 


27 


A treasure map has n villages marked on it, and it contains the following instruc- 
tions. Start at village А, go + of the way to village B, + of the way to village C, 
+ of the way to village D, and so forth. The treasure is buried at the last stop. 
Problem: You lose the instructions, and don't know in what order to select the 
villages. Show that it doesn't matter! Then relate this to example 1.4 forn = 3. 
Let РОК bea triangle. By vector methods, show there exists a triangle whose sides 
are parallel and equal in length to the medians of РОК. 

True or false: 3x — 4y + 5z = 0 represents a plane passing through the origin. 
True or false: The yz plane is represented by the equation x = 0. 

True or false: The locus of points for which x = 3 and y = 4 isa line parallel to 
the z axis whose distance from the z axis is 5. 

True or false: х2 + y? + z? = 9 is the equation of a sphere centered at the origin 
having radius 9. 

Write down the equation of a sphere centered at the point (2,3,4) having radius 
3: 

Write down an equation for the cylinder concentric with the z axis having radius 
2. 

Do the equations x = у = z represent a line or a plane? 

What is the locus of points for which x? + 22 = 0? 

What is the locus of points for which (x — 2)? + (y + 3)? + (z — 4)? = 0? 
What geometrical figure is represented by the equation xyz = 0? (Keep in mind 
that a product of numbers is zero if and only if at least one of the numbers is zero.) 
What is the distance between the points (2,3,4) and (5,3,8)? 

What is the distance between the point (3,8,9) and the xz plane? (Distance in 
such cases always means shortest distance or perpendicular distance.) 

What is the distance between the point (0,3,0) and the cylinder x* + y? = 4? 
(You probably won't find a formula for this in any of your books. Just use some 
common sense.) 

The expression x? + y? gives the square of the distance between (x,y,z) and the 
z axis. In view of this, what figure is represented by x? + у? = z?? 

Do you know what figure is represented by the equation (x/2)? + (y/3)? + 
(z/4)? = 1? (If so, you know more analytic geometry than is required to read this 
book.) 
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(хо, Уо» Zo) 


Ro 


Figure 1.20 


1.8 Equations of a Line 


Recall that the position vector of a point is the vector extending from the 
origin to the point; the position vector of the point (x,y,z) is the vector xi 
+ yj + zk. This correspondence between points and vectors is the funda- 
mental means whereby problems in analytic geometry can be studied by vector 
methods. 

As an elementary example, let us derive the equations of a line passing 
through a given point (хо,уо,20) and parallel to a given nonzero vector V 
= ai + bj + ck (see fig. 1.20). 

Let R be the position vector of (xo,yo,zo) and let R be the position vector 
of a point (x,y,z). It is not immediately obvious what conditions on the vector 
R itself will make the point (x,y,z) lie on the desired line, but the vector from 
(the tip of) Ro to (the tip of) R must be parallel to V. This vector, describing 
R “relative to Ro,” is, of course, R — Ro. It will be parallel to V if and only 
if it equals some scalar multiple of V, so the condition that (x,y,z) be on the 
line is that R — Rp = /У for some number t. Rewriting this as R = Ro + tV 
and expressing it in terms of the components of the vectors, we obtain 


x= Xo t at 
R=R +V ZIEL 
z= 2 ct (1.9) 


A point (x,y,z) is on the line passing through (хо,уо,2о) and parallel to V 
= ai + bj + ck if and only if its coordinates satisfy all three of the eqs. (1.9 
for some value of the scalar t between — оо and +оо. 

Let us dwell for a moment on the significance of the scalar f. It seems t 
be somewhat artificial in the description. After all, physically speaking we сг 
draw the line once we know R, and V; no other data are needed. The intr 
duction of this element ¢ is just a mathematical device to help us say, wi 
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Figure 1.21 


equations, that R — Ro is parallel to V. Equations (1.9) are called the par- 
ametric form of the equations of the line, and the “dummy” variable t is called 
the parameter. 

An interpretation of the role of t can be gleaned from observing points R 
on the line for various values of t. Thus, for instance, if = 0, R = Ro; if 
бе 1,В = Ro + V;if t = —1,R = Ro — V; other points, in between and 
beyond, are indicated in figure 1.21. If we think of the parameter t as rep- 
resenting time, we can think of eqs. (1.9) as giving the position of a moving 
particle at time t. This particle traverses a line parallel to V and passes through 
the point (xo,yo,zo) at time г = 0. 

As far as the line itself is concerned, the scalar multiple 1 in eqs. (1.9) 
sould be replaced by any scalar function of t, such as 1/2, —t, or t?, as long 
is the function takes all values between — со and +оо. However, if we wrote 


R — К t ?V 


ve would be adding only positive multiples of V to Ro, so we would be gen- 
rating only “half” of the line (i.e., a ray; see fig. 1.22). If we wrote 


R = Ro + (sin ¢)V 


ve would generate just the segment of the line between Ro — V and R, + V 
since —1 < sin t < 1), and we would be covering this segment infinitely 
ften; interpreting ¢ as time, the particle would oscillate forever from one 
nd of the segment to the other. This same segment could be generated by 
Ye original parametric equations, eqs. (1.9), if we restrict ¢ to the interval 
EE 

Clearly, the parametric form is not unique. Most people, however, would 
zree that eqs. (1.9) are the simplest form. Even so, notice that Ro could be 
placed by the position vector of any other point on the line, and V could be 
placed by any other vector having the same direction. 
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Ro t :??V 


2 Ro + (sint)V 
= 


Figure 1.22 


The parameter t can be eliminated by manipulating eqs. (1.9). The reader 
can easily verify that if none of the components of V are zero, one can derive 


Ж одо о yos yn z Zo 
—— — = -_* 1.10 
a b c ( ) 


This is a nonparametric form, and from it one can immediately read off the 
components of V and of Ro. [In using eq. (1.10), keep in mind the essential 
feature that the coefficients of x, y, and z are 1’s! Also observe that eq. (1.10) 
represents two equations.] 


Example 1.8 Find equations of the line passing through (2,0,4) and parallel to 
2i + j + 3k, both in parametric and nonparametric form. 


Solution The condition that R — Ro is parallel to V becomes 
y= 22-1! pie Ow it Lats iue uda 
Thus 


Nonparametrically, 


Example 1.9 Find equations of the line passing through (0,3,—1) parallel ' 
3i + 4k. 


"Solution In parametric form, we have 


х= 31 y=3 z=-1l1+4 
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For the nonparametric form, b = 0, so eq. (1.10) does not make sense. If we eliminate 
t from the first and third equations above, we find 
ums de d 


3 4 


To this equation we append y = 3, which is already nonparametric. 


Example 1.10 Find a unit vector parallel to thc line 


ee | 
e 2m 2j к= аа а 
ч 2 
Solution Ву comparison with ед. (1.10), we havea = 1,6 = +, апіс = — 1, so 
a vector parallel to the line is i + 5j — К. Dividing this vector by its own length, we 
obtain a unit vector $i + +j — 4K. The negative of this vector is also a correct so- 


lution. The point (2,—+ ,+) lies on the line. 


Example 1.11 Find the point of intersection of the two straight lines 


R = 31+ 2j + Qi +) + K)t 
R-—i-O2k- (+ №; 


Solution This is a little deceptive. Although we have used the same letter, 1, for the 
parameter on both lines, we do not imply that at the point of intersection г takes the 
same values for each of the two lines; in terms of the particle-motion interpretation we 
are saying that the two paths may intersect, but the individual particles can go through 
the point of intersection at different times. The solution is more straightforward if we 
go to a nonparametric description. 

In order that the point (x,y,z) lie on the first line, we must have 


x8 
2 


-2y-2-2z 


The condition for the second line reads 
x=] y=z+2 


These constitute four equations that the three unknowns (x,y,z) must satisfy. If we 
consider just the first three equations 


х: 57.8 
2 


yas y-?-z а= 

we find that they have a solution (x,y,z) = (1,1,—1). We must still check that the 
fourth equation, 

ар Е 


is satisfied; otherwise, there is no point of intersection (which is quite possible in space!). 
In this case it checks, so the point of intersection has i + j j — k as its position vector. 
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Example 1.12 Find the angle between the lines in example 1.11. 


Solution We have already verified that the lines do intersect, so the problem makes 
sense. The first line is parallel to 2i + j + k, the second to j + k. The angle between 
these vectors satisfies 


(2)(0) + (00) + MG) 1 (andes 
(22 + 12 + 127200? 4 12 + 122 1212 


1 
cos 0 = эт 


Therefore 


= соз”! (4) = 54.74° 


Exercises 


1. Find parametric equations of the line passing through the origin parallel to 
3i 4- 7k — 2j. 

2. Find the equations of the line parallel to the z axis passing through the point (1,2,3). 

3. Find equations of the line perpendicular to the yz plane, passing through (1,2,3). 

4. Find the two unit vectors parallel to the line 


X dc y rà 


3 4 der. 


5. Find two unit vectors parallel to the linc x = 2y = 3z + 3. These equations can 
be written in form (1.10) as follows: 


6. Find two unit vectors parallel to the linc represented by the equations x + y 
= ],x — |32 = 5. [Hint: Rewrite in form (1.10).] 
7. Find equations of the line passing through the origin and parallel to the line 


12 
x-3- 5 -1-z 
8. Find equations of the line passing through the points (3,4,5) and (3,4,7). 
9. Find equations of the line passing through the points (1,4, — 1) and (2,2,7). 
10. By vector methods, find the cosine of the angle between the lines 


and x=y=2 


11. Find the angle between the two intersecting lines 


-3 — 
===. апі Lad 


Xil 
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12. Let A and B be two points with position vectors A and B, respectively. Show that 
the line passing through these points may be represented by the vector equation 


R=sA+ 1B ($+г=1) (1.11) 


13. Solve exercise 9 by making use of eq. (1.11). 


14. (Points of Division) If the points А, B, and P are collinear, P is said to divide the 
segment AB in the ratio А when the segments AP and РВ are related by 


AP = X(PB) (1.12) 


(a) For what values of А does P lie between A and B? to the left of A? to the 
right of B? 
(b) Show that, relative to an origin O, eq. (1.12) can be written 


OA + X(OB) 


ОР = 
д 1+^ 


Relate this to eq. (1.11). 

(c) If P and P' divide AB internally and externally in the same numerical ratios 
+X, show that A and B divide PP’ internally and externally in the ratios 
+(1 — X)/(1 +A). 

Find the point(s) of intersection of the following pairs of straight lines: 

(a) R = (Si + 4j + 5k)t + 7i + 6j + 8k and 
R = (6i + 4j + 6k)t + 8i + 6j + 9k 

(b) R = Qi + 2j + k)t + 2k and 


15 


R = (6i + 4j + 2k)t + 3i + 2j + 3k | 
ааа | 

R = (—6i + 2j — 2k)t + 2i | 
(d) R = (i + j + k)t and 


T E T | 
16. Redo example 1.11 using the parametric description. 


17. Equations (1.9) seem to indicate that six numbers (Xo, Jo, Zo, а, b, c) are needed 
to specify a straight line. Is this correct? 


18. Find the points of intersection of the lines 
IER = 2i + 3j + 3k +r — 2j + 5k) 


1.9 Scalar Products 


The scalar product of two vectors is the number 
= |А||В| соз 0 | (1.13) 


where 6 denotes the angle between the vectors. Although А and B are vectors, 
A ` B is a number. The scalar product is also called the alot product, or the 
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inner product. From figure 1.23, we identify [В| cos 6 as the component of B 
parallel to A, that is, the length of the orthogonal projection of B in the di- 
rection of A, with the appropriate sign. Thus we can interpret А · B as 


(length of A)(signed component of B along A) 


Since the definition is symmetric in A and B, it can equally well be interpreted 
as 


(length of B)(signed component of A along B) 


In a few simple cases the scalar product of two vectors is easily computed 
directly from this definition. For example, the scalar product of the vectors 
shown in figure 1.24 is 9\/3. 

If either A or B is the zero vector, we have |A| = 0 or |B| = 0, so by 
(1.13) it follows that A : B = 0. (We ignore the fact that б is not defined in 
this case.) 

On the other hand, it is possible to have A · B = 0 even though both A 
and B are nonzero vectors. For example, if A and B are perpendicular, then 
cos @ = cos 90° = 0 and hence A : B = 0. 

Recall that in section 1.7 we derived a component expression for the right- 
hand side of eq. (1.13), namely eq. (1.8): 


|А||В| cos 0 = А,В, + 428, + A3Bs (1.8) 
Combining this with eq. (1.13) gives us 
A- B = A,B, + А›В› + АзВз (1.14) 
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Thus we have two important formulas for the scalar product. Equation (1.13) 
describes A - B in terms of geometric concepts and provides a visualization, 
while eq. (1.14) gives the componentwise description and is useful for com- 
putations. Memorize both formulas now. They are important. 


Example 1.13 Find the scalar product of 41 — 5j — k and i + 2j + 3k. 


Solution (4)(1) + (—5)(2) + (—1)(3) = —9. (The negative sign indicates that 
the angle between the vectors must be greater than 90°.) 


Example 1.14 Find the angle between the vectors А = 2i + 2j — k and B = 3i 
+ 4j. 


Solution We have |A| = 3 апа |B| = 5. Using (1.14), we sec that А B = 14. 
Substituting these values in eq. (1.13), we solve to get 0 = cos-! 14/15. 


Example 1.15 - 1f F is a constant force acting through a displacement D, the work 
done by F is defined to be the product of the magnitude of the displacement with the 
component of the force in the direction of the displacement. In vector notation, 


Work —F:D 


The following properties of the scalar product are easily verified from eq. (1.14): 
А`В=В'А 
(sA + B): С = 5А -С+В:С 
A: (В + C) = 5А `В +А C 
А> = А-А 
Thus the magnitude of А can be expressed as (А · А)!/2. 


Example 1.16 (A Maximum Principle) Let there be given a nonzero vector D, and 
let n denote a unit vector. Then |n| = 1 and D : n = [D|[n| cos 0 = |D| cos 8. This 
will be a maximum when cos 0 = 1 (i.e., when @ = 0). Thus we have derived the 
following maximum principle, which will be useful to us in later sections: 


The unit vector n making D · n a maximum is the unit vector pointing 
in the same direction as D. 


Example 1.17 The scalar product can be used to express components along the axes, 
of course; thus the component of D in the x direction is D · i, and so forth. In fact, for 
any vector D, we can write 


D-(D:iji + (D: jj + (D. юк (1.15) 
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Figure 1.25 


As an important example of the use of the scalar product, consider the 
following problem. One is given two vectors, A and B, and one wishes to de- 
compose B into a vector parallel to A plus a vector perpendicular to A. In other 
words, one wishes to find expressions for the vectors B, and B , in figure 1.25. 
Clearly, the (signed) length of Bj is B - A/|A|. To construct a vector of this 
length in the direction of А, we take the unit vector along А and multiply by 
this scalar. Since A/|A| is the unit vector, we have the following simple for- 
mula: 


Bi CODES ARE 


[ay IA АСА 
Having computed Bj, we see tnat В | is just the rest of B: 
E 
В -B-B|—-B-.:. 
1 =B-B, ATAN 


Example 1.18 Resolve the vector 6i + 2j — 2k into vectors parallel and perpendic- 
-ular toi +j + К. 


Solution- The parallel vector is 
оа MR tt gera um 
ic St eh Le йн 
The perpendicular vector is 
6i + 2) — 2k — 2ü + j + k) = 4i — 4k 


Example 1.19 Find a formula for V', the mirror image of a vector V, reflected in a 
plane mirror with unit normal n. (See fig. 1.26a). 


Solution In figure 1.266, we have drawn representatives of n, V, and V' with a common 
tail. The dotted lines illustrate the fact that V and V' have the same component per- 
pendicular to n, but the parallel components are opposite. To obtain V' from V, we must 
subtract this parallel component twice. Hence, keeping in mind that n was given as a 
unit normal, we see that 


V -V—2V,7 V — XV : n)n 
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mirror 


(a) 


(b) 


Figure 1.26 


Exercises 


- Find the scalar product of 3i + 8j — 2k with Si SIE IC 

- Find the scalar product of 2i + 3j + 4k with 4i + 9j — 3k. 

. Find the scalar product of 3i + 4j with 5j — 10k. 

. Determine the angle between 2i + j — 2k and 3i — 4j. 

. Find the angle between 2i and 3i + 4j. 

- A force F = 21 + 3j + k acts through a displacement.D = —2i + j—k. Find 


the work done. 


- Find the component of 8i + j in the direction of i + 2j — 2k. 
. Find the component of i + j + k in the direction of i + L 
- Find the component of the force 5i + 7j — k in the direction of the displacement 


PQ, where P(3,0,1) and Q(4,4,4) are points in space. 


. Find the vector in the same direction as i + j whose component in the direction 


of 2i — 4k is unity. 


- If A- A = O and A: B = 0, what can you conclude about the vector B? 
. Decompose 6i — 3j — 6k into vectors parallel and perpendicular to 


(a) the vectori +j + k. 
(b) the vector 2i — j — 2k. 
(c) the vector 2j — k. 


Determine s and г so that C — sA — {Bis perpendicular to both A and B, given 
that 

A=itj+ 2k 

B=2i-j+k 


сезг gu 


The vector n = (3i + 2j + 6k)/7 is perpendicular to a plane. A line segment 
representing the vector A = 2i + 5j + 6k lies on one side of this plane. Regarding 
"ij plane as a mirror, write down the vector represented by the mirror image of 


15. 


16. 


17. 


28. 
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Figure 1.27 


By interpreting 2x + 3y + 4z as a scalar product, show that 2i + 3j + 4k is 
perpendicular to the plane 2x + 3y + 42 = 0. 

If A is a fixed nonzero vector, interpret geometrically (R — A) - R — 0, 

(а) іп the plane, R = xi + yk 

(b) in space, В = xi + yj + zk. 

If и and v are unit vectors, and 0 is the angle between them, find -zlu — v in terms 
of 6. 

Let A = (cos ¢)i + (sin 9)j and B = (cos 0)i + (sin 0)j. Draw these vectors in 
the xy plane. By interpreting the scalar product A · B geometrically, prove that 
со5(ф — 0) = cos ф cos 0 + sin sin 6. 

Prove, by vector methods, that the median from the vertex angle of an isosceles 
triangle is perpendicular to the base. 


. Prove the parallelogram equality, that is, the sum of the squares of the diagonals 


of a parallelogram equals the sum of the squares of its sides. 


. Prove the triangle inequality of section 1.3, |А + B| = |A| + |B|. (Hint: Square 


both sides, and use the scalar product.) 
Prove that |A|B + |B|A is orthogonal to |A|B — |В|А, for any vectors A and B. 


. Consider the cube in figure 1.27. Find the angles between 


(a) the face diagonals AB and AC. 
(b) the principal diagonal AD and the face diagonal AB. 
(c) the principal diagonal AD and the edge AE. 


. Suppose the line /, passes through the points (5,1,—2) and (2, — 3,1), and the line 


lz passes through (3,8,1) and (— 3,0,7). Are these lines perpendicular, parallel, 
coincident, or none of these? 


„ Prove: the diagonals of a rectangle are perpendicular if and only if the rectangle 


is a square. 


. Describe the set of points located by R such that (R — a) (В + a) = 0, where 


a is fixed. (Hint: Draw a diagram.) 


. Prove: the sum of the squares of the sides of any quadrilateral, minus the sum of 


the squares of the two diagonals, equals four times the square of the distance be- 
tween the midpoints of the diagonals. 

By vector methods, prove that the angle subtended at the circumference by a di- 
ameter of a circle is a right angle. 
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Figure 1.28 


1.10 Equations of a Plane 


Recall that in section 1.8 we specified a straight line by giving a point on the 
line and a vector parallel to the line. By analogy, then, we might specify a 
plane by giving a point (xo,yo,zo) in the plane, and two vectors A and B parallel 
to the plane. Of course, A and B must not be parallel to each other. Introducing 
the position vectors Ro = xoi + yoj + zok and R = xi + yj + zk, we seek 
the condition on R guaranteeing that (x,y,z) lies in the plane. It is not im- 
mediately obvious how R depends on Ro, A, and B, but, clearly, the "relative 
vector" R — Ro must lie in the plane (more precisely, it has a representative 
that lies in the plane; fig. 1.28); hence it can be expressed as a combination of 
A and B. Thus we have 


Е — Ro = sA + tB 


for some scalars s and t, each taking values between — со and +оо. 

These scalars s and t play a similar role to the single parameter t in the 
equation [eq. (1.9)] for a straight line. The need for two parameters to locate 
a point in a plane is indicative of the fact that a plane is à two-dimensional 
object. The vectors A and B are said to span the plane. 

The experience we have gained in deriving this parametric equation for 
a plane will be helpful in chapter 4, when we analyze other two-dimensional 
surfaces. The fact of the matter, however, is that we can derive a nonpara- 
metric equation that is much simpler, and the above parametric form is almost 
never used. So let us start afresh and try a different tack. 

The key to the nonparametric description is the observation that, instead 
of specifying two vectors A and B lying in the plane, it suffices to give one 
vector N that is perpendicular, or normal, to the plane. Given a point (Ro) in 
the plane and a direction (N) normal to the plane, one can reconstruct the 
plane unambiguously. 


SECTION 1:10 EQUATIONS OF A PLANE 37 


The condition that R is the position vector to a point in the plane can be 
expressed by saying that the “relative vector" R — Ro, which lies in the plane 
as before, is perpendicular to N (see fig. 1.28 again). According to the previous 
section, this condition can be written 


(R—R):N—0 (1.16) 


Conversely, if eq. (1.16) is satisfied, then В — Ro is perpendicular to N. This 
ensures that R is the position vector of a point in the plane. 

Hence eq. (1.16) is a vector equation describing the plane. In terms of the 
components of N = ai + bj + ck, it becomes 


a(x — xo) + Бу — yo) t elz — zo) = 0 (1.17) 
By lumping the constant terms, this can be written 
ax t by + ez = d (1.18) 


where d = ахо + byo + слу. 


Example 1.20 Find an equation of the plane passing through (1,3, — 6) perpendicular 
to the vector 3i — 2j + 7k. j 


Solution By eq. (1.17) we can write the equation at once: 3(x — 1) — Ay — 3) 
+ 7(z + 6) = 0. This can be simplified to 3x — дуй = —45. 


Example 1.21 Find an equation of the plane passing through (1,2,3) perpendicular 
to the line 


> 


Solution We recall from section 1.8 that we can find a vector parallel to the given 
line by reading off the coefficients in the denominators: 4i + 5j + 6k. This vector is 
perpendicular to the desired plane, and therefore the equation of the plane is 
4(x — 1) + S(y — 2) + 6(z — 3) = 0. 


To be logically complete we should show that any equation of the form 
(1.18) does represent a plane, with normal N = ai + bj + ck (assumed non- 
zero). This is straightforward: let Ro be the position vector of some point sat- 
isfying eq. (1.18), as, for instance, (d/c)k. Then if R also satisfies eq. (1.18), 
we have R: N = d = Ro ` N, so (R — Ro) ‘N= 0, and we have recovered 
the form (1.16). 


Example 1.22 Find a unit vector perpendicular to the plane 2x + y — 2z = 7. 
Solution Reading off the coefficients, we see that 2i + j — 2k is perpendicular to 


the plane. Its magnitude is 3, so the desired unit vector is 21 + 3j — 4k. The negative 
of this vector is also a correct answer. 
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Example 1.23 Find the angle between the two planes 3x + 4y = 0 and 2x + y 
— 22 os 5. 


Solution The desired angle equals the angle between the normals N, = 3i + 4j and 
N; = 2i + j — 2k. By the methods of section 1.9 


C MEL Vb 2 
|ы (бз) 3 


The desired angle is approximately 48°. 

Example 1.24 In books on analytic geometry it is shown that the distance between 
an arbitrary point (x1,y1,2,) and the plane ax + by + cz = dis given by the expression 
[axi + by + са — d| 
(a? + b? oua 

Derive this expression by vector methods. 
Solution Let Ro be the position vector of a point in the plane, and let Ry = xi 
+ yij + zik and М = ai + bj +-ck. The desired distance is the absolute value (dis- 


tance is never negative!) of the component of К, — Ro in the direction of N. Hence 
this distance is 


IR, В) -N| [Ris N — 4| 
IN| IN| 


which, written out in terms of components, is the expression given above. 


Example 1.25 Find the distance between the parallel planes x + y + z = 5 and 
х+у+т= 10. 


Solution Take an arbitrary point in the first plane, say (1,1,3), and find its distance 
to the second plane by the expression derived in example 1.24. We obtain 


[5 = 10] 5y3 
i VP eas, 
Exercises 


1. Find unit vectors normal to the planes 


(a) 2x +у + 22 = 8 (d х= 5 
(b 4х — 4: = 0 (e) у= 2+ 2 
(c) -y+ 62 = 0 (f xy 


2. Find an equation of the plane through the origin perpendicular to 2i — 8j + 2k. 
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. Find an equation of the plane perpendicular to D and through P, where 


D = 10i — 10j + 5k 


and P is (1,1,—3). 
Find a plane crossing through (1,3,3); parallel to the plane 3х+ y — z = 8. 


. Is it possible to find a plane perpendicular to both i and j? 


6. By vector methods find the distance from the point (3,4,7) to the plane 2x — y 


19. 


20. 


21. 


— 22 = 4. 


. Find the distances between the pairs of planes 


(a) x + 2у 4 3z = Sand x + 2y + 32 = 19 
(b) x y = 4and x + y = 10 
(c) x — Sand x = 7 (no calculations needed here!) 


. Determine cos 6, where is the angle between the planes x + y +z = 0. and 


XD. 


. By vector methods show that the line x = y = + (т + 2) is parallel to the plane 


Ох +әїёў#-Н122' smi 


. The vertices of a regular tetrahedron are OABC. Prove that the vector OA + OB 


+ OC is perpendicular to the plane ABC. 


. Find the angle that the plane OAB makes with the z axis, if A is the point (1,3,2) 


and B is (2,1,1). 


. Given the points O(0,0,0), A(1,2,3), В(0,— 1,1), C(2,0,2) 


(a) Find a vector perpendicular to the plane OAB. 
(b) Find the distance from C to the plane OAB. 


. By vector methods find the angle between the line x = y = 2z and the plane 


x+y +2= 0: 


. Find the angle between the plane x + y + z = 21 and the line x — | = y + 2 


= 27 + 3. 
Find the equation of a line in the xy plane perpendicular to the vector 3i — j. 


. Find the distance between the lines х + y = O and x + y = 5 in the xy plane. 
. Find a line in the xy plane parallel to 3x + 2y = 4 passing through the point 


(3,1). 


. Write the equation of the plane containing the lines 


anh Si 
4 


x=y 2x75 2'— y 42 

We are given two distinct parallel planes and are told the distance between the 
planes is d. A vector v is perpendicular to the planes, and its magnitude is 1/d. 
The planes intersect the y axis in the points (0,1,0) and (0,4,0) respectively. What 
is the y component of v? (There are two possible answers, depending on the two 
possible directions of v.) 

Find the distance from the point A(3,7,2) to the plane passing through B(5,10,8) 
that is perpendicular to the line AB. 

Find the distance from the origin to the plane through (3,2,6) that is perpendicular 
to the z axis. 
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22. Find the distance from the origin to the plane passing through (3,4,2) that is per- 
pendicular to the line joining (1,2,3) and (3,5,9). 

23. A plane has intercepts (4,0,0), (0,6,0), and (0,0,12). Find the equations of another 
plane through (6,— 2,4) that is parallel to this plane. 

24. Find the intersection of the following geometric objects: 
(a) the plane 3x + 2y — z = —9 and the line ix = yim? m —4(z ral) 
(b) the plane x + y + 22 = 6 and the line —x = 2y = 4z + 1 
(c) the plane 3x — y + z = 3 and the plane 2х + z = 0 
(d) the plane x — y + 2z = 4 and the plane —2x + 2y — 4z = 1 

25. What is the distance from the origin to the plane intersecting the x, y, and z axes 
at x — a, y — b, and z — c respectively? 

26. Find the distance between (1,2,3) and the plane 2x — 2y + z = 4. 

27. Find the distance between the planes 2x + y + z —2and2x + y +z = 4. 

28. In the study of crystals with cubic symmetry the Miller indices of a plane are 
numbers (A,k,/) proportional to the reciprocals of the intercepts of the plane with 


the x, y, and z axes. Write down a normal vector to a plane with Miller indices 
(h,k,1). 


1.11 Orientation 


In working in the xy plane, it is conventional to take the positive x direction 
to the right and the positive y direction upward. Angles are then taken to be 
positive in the counterclockwise direction. 

When working with planes in space, there is no generally accepted con- 
vention for determining the positive sense for angles. The choice is quite ar- 
bitrary. Given any plane in space, we may arbitrarily decree in which direction 
we shall consider angles to be positive. The plane is then said to be oriented. 

One way of orienting a plane is as follows. Let A and B be nonzero vectors, 
not parallel, represented by arrows in the given plane. Let these arrows extend 
from the same point. Let A be rotated through the smallest angle possible to 
coincide in direction with B. The sense of this rotation is then said to be “роѕ- 
itive” and the plane is thereby oriented. The plane is oriented by giving the 
vectors A, B, in that order. 

For example, the usual orientation of the xy plane is obtained by giving 
the vectors i, j, in that order. By a 90° rotation the direction of i can be made 
to coincide with that of j, and this rotation has the conventional “positive” 
sense. We obtain the same orientation by giving the vectors i + j and j, in that 
order (fig. 1.29). On the other hand, if we specified the orientation by giving 
j, i, in that order, we would obtain the opposite orientation, whereby angles 
would be measured positive in the clockwise sense (which is not conventional, 
but is perfectly satisfactory). 
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| fe 
ne 


Figure 1.30 


Another way of orienting a plane is as follows. Let there be given a single 
vector that is not parallel to the plane. Let this vector be represented by an 
arrow that has its initial point in the plane. Then the terminal point of the 
arrow will be on one side of the plane, which we call (arbitrarily) the positive 
side. If wé imagine the right hand grasping the given vector, with the thumb 
pointing in the direction of the arrowhead, then the fingers will curl around 
the shank of the arrow in the positive sense of rotation in the plane. 

In figure 1.30 both methods of orienting a plane are illustrated for planes 
perpendicular to the y axis. At the left, the plane is oriented by prescribing 
two vectors in the plane, A and B, in that order. On the right, the same ori- 
entation is achieved by prescribing a vector C extending from a point in the 
plane. 

Now let A, B, and C be nonzero vectors, not all parallel to the same plane, 
represented by arrows with initial points at the origin (fig. 1.31). The vectors 
А and B determine a plane passing through the origin. If the orientation of 
this plane, as determined by A, B, in that order, is identical to its orientation 
as determined by C, we say that A, B, and C, in that order, form a right- 
handed system. One reason for this terminology is that if the thumb and first 
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Figure 1.31 


two fingers of the right hand are held so that they are mutually perpendicular, 
the thumb, forefinger, and second finger form such a system. Another reason 
is that if A, B, and C, in that order, form a right-handed system, the rotation 
of A into B (through an angle less than 180?) will advance a right-handed 
screw into the general direction of C (regardless of which way the screw! is 
pointing!). The vectors A, B, and C of figure 1.30 form a right-handed system, 
as do the vectors i, j, and k. 


Exercise 


If an oriented plane area is represented by a vector perpendicular to the area, with 
magnitude numerically equal to the area, what is the geometrical significance of the 
components of the vector? 


1.12 Vector Products 


We have seen that the scalar product of two vectors A and B can be interpreted 
as the length of A times the component of B parallel to А; in mechanics, it 
expresses the work done by a force B exerted through a displacement A, and 
it is also a very useful tool in analytic geometry. So we are naturally led to 
explore the possible advantages of defining another kind of product, given by 
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Figure 1.32 


the length of A times the component of B perpendicular to A (i.e., |B| sin 6 
in fig. 1.32). Mechanics again lends a provocative interpretation to this op- 
eration. 

Let us suppose we have a rigid body and, for purposes of reference, we 
define a right-handed coordinate system fixed in this body. We interpret B as 
a force applied to the body at the point located by the vector A (relative to 
the origin, held stationary). Observe that the component of this force perpen- 
dicular to A tends to rotate the body about the axis normal to the plane of A 
and B. The rotational effect of this force is enhanced if the point of application 
is moved further from the origin, increasing the "leverage" of the force. In 
fact, the overall effect is measured by the vector product we just proposed. 
Consequently, in physics the torque due to the force B applied at the point A 
is defined to be a vector whose magnitude is this product (“lever arm times 
perpendicular force"), and whose direction is perpendicular to the plane of 
A and B, so that A, B, and the torque vector form a right-handed system (i.e., 
if the fingers of the right hand rotate A into B as in fig. 1.30, the extended 
thumb gives the direction of the torque). 

Motivated by these considerations, we now define the vector product of 
А and B to be the vector 


A X B = |A|[|B| sin On 


where 0 is the angle between the vectors, and the unit vector n is perpendicular 
to both A and B, with A, B, and n forming a right-handed system (see fig. 
1.33). Sometimes A X B is called the cross product. 

Notice that |А X B| is the area of the parallelogram determined by A and 
B (computed as base times height). Observe further that because of the rule 
determining the direction of n, we have 


АХВ = ВХА 


From these geometric considerations we see that if two vectors are parallel, 
their vector product is zero. Of course, A X B is also zero if either A or B is 
Zero. 
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АХВ 


Figure 1.33 


As particular instances of the definition, note that 
ixi=jxj=kxk=0 
ixpsk" PKR SOO RX TS] 
iXk--j jXi--k kxj=—-i 

As with the scalar product, it is convenient to have a representation of 
A X Bin terms of the components of A and B. The derivation of such a formula 
hinges on the validity of the distributive laws for the vector product, that is, 
AX(B+C)=AXB+AXC (1.19) 
(A+B)XC=AXC+BXxXC (1.20) 
The proof of the distributive laws appears at the end of this section as optional 


reading. If we accept the laws for now, we can compute the componentwise 
expression for A X B easily: 


A X B = (Ai + 42) + Ask) X (Bii + Bij + Bak) 
p Aji x Bj + Aij x Bii + Axk x Bi 
+ Ad X В) + A:j X В} + AK x Bj 
+ Aji X Bik + Aaj X Bik + Ak X ВК 
The vector products in this expression are easy to evaluate from the definition: 


Aj X Bii = 0, Aj X Bii = — A;B,k, etc. Thus we finally arrive at the com- 
ponentwise expression for the vector product: 


AXB= (A2B, qu A3B3)i + (4.8, " ALB3)j + (4,8, T A1B,)k (1.21) 


This formula may be conveniently memorized in determinant form: 


(О quac 
АХВ = |4; Az ^ (1.217) 
В, B; В, 
This symbolic determinant is interpreted to be the vector whose x, y, and z 


components are the cofactors, respectively, of the first, second, and third en- 
tries in the first row. 
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Example 1.26 Find the vector product A X B if A = 3i + 4j and B = i — 2j + 5k. 


Solution 
i j k 
AXB=|3 4 0| = 201 – 15) — 10k 
1. ~&5 


For convenience, we list the algebraic properties of the vector product here: 
АХВ = —(BX A) 
(sA + B) X € = (А X C) + (BX C) 
A X (sB + C) = s(A X B) + (A X C) 


Example 1.27 Find two unit vectors perpendicular to both A = 2i + 2j — 3k and 
В= 1+3) + К 


Solution We have seen that A X B is perpendicular to both A and B. We have 


(жт Me 
АХВ |2 2 -3|- 11 — 5j 4k 
pag » 


The length of this vector is 9/2. The desired unit vector is therefore 


a= v, Ul, DRE, 


If we had taken B X A instead, we would have obtained the negative of this vector. 
The two answers аге 
a ^» м, * A) 


Example 1.28 Find the area of the parallelogram determined by A = i + j — 3k 
and B = —6j + 5k. 


Solution 
i 1 k 
АХВ ~ |1 | = |е -13 — 9 — 6 
0 -6 5 


JA x B| = JIN FIFE = V1 
which is the desired area. 
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Example 1.29 Find the equations of the line passing through (3,2, — 4) parallel to the 
line of intersection of the two planes x + 3y — 22 = 8, x — 3y+z=0. 


Solution Observe that A = i + 3j — 2k and B = i — 3j + k are the normals to 
the planes, and A X B is perpendicular to both A and B. It follows that A X B is parallel 
to both planes. Hence A X B is parallel to the line of intersection. We have 


ic jaa 
AXB=|1 3 -2|- 3i— 3j — 6k 
ies em ui 


or, equivalently, 


Now consider a rigid body rotating about a fixed axis with constant an- 
gular speed w. The angular velocity is represented by a vector w of magnitude 
w extending along the axis of rotation with sense determined by the right-hand 
rule: if the fingers of the right hand are wrapped about the axis in the direction 
of rotation, the thumb points in the direction of w (fig. 1.34). 


Figure 1.34 


SECTION 1.13 THE PROOF OF THE DISTRIBUTIVE LAWS 47 


Let us assume that the origin O is on the axis of rotation, and let R denote 
the position vector of a particle in the body. Then the velocity v of the particle 
is given by 

v=wXR (1.22) 
To see this, we first note that |R| sin 6 is the distance of the particle from the 
axis of rotation, so v has magnitude w|R| sin 6. Moreover, the velocity v is 


necessarily perpendicular to both R and w, and the sense of w is such that v 
equals w X R rather than R X w, as we see from figure 1.34. 


Example 1.30 А rigid body rotates with constant angular velocity w about the line 
x = y/2 = 2/2. Find the speed of a particle at the instant it passes through the point 
(2,3,5). 


Solution the vector i + 2j + 2k is parallel to the axis. A unit vector parallel to the 
axis is 3i + 2) + 4k. Therefore 
w= жоі +) + 4k) 


(The statement of the problem leaves the sign ambiguous.) The velocity is 


i j k 
у= ХВ = хоу $ |= жән – 3) – 39 
2 EE) 


The speed is ` 
Wo +++ = vio 


1.13 Optional Reading: The Proof of the Distributive Laws 


Observe that we have to prove only eq. (1.19); eq. (1.20) will then follow since 
(A + B) ХС = —C X (A + B) 

—(CxXA+CXB) 

=AXC+BXC 


y 


We begin by proving eq. (1.19) in the special case where B and С are both 
perpendicular to A; then, of course, (B + C) is also. In this case it follows 
from the definition of the vector product that A X B is a vector that can be 
formed from the vector B by multiplying its length by the factor |A], and ro- 
tating it counterclockwise through 90° about A as an axis. In figure 1.35 think 
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+0) 


Ax(B 


Figure 1.35 


of the vector А as perpendicular to the page, pointing to the reader. Then B, 
C, and B + C all lie in the plane of the page, as do the “rescaled and rotated" : 
vectors А X B, A X C, and A X (B + C). 

Now eq. (1.19) makes a claim about the sum of vectors; geometrically, it 
can be interpreted as saying that A X (B + C) is the diagonal of the paral- 
lelogram whose sides are А X B and A X C. This can be seen by considering 
the similar triangles resulting from the equal angles and proportional sides in 
figure 1.35. 

To prove eq. (1.19) in the general case, with no assumptions about the 
directions of the vectors, we resolve B and С into their vector components par- 
allel and perpendicular to A, as in section 1.10 (recall fig. 1.25): 


B = В + B, С=с +С, 
Then it follows from the definition of vector product that 
AXB-AXB, AXC=AXC, 


(Think this over: neither the direction nor magnitude of A X B is changed if 
we replace B by B ,.) Furthermore, it is easy to see that the identity 


B + € = (Bi + С) + (B, + C.) 


resolves the sum B + C into vector components parallel and perpendicular to 
А, and therefore 


Ах(В+С)=АХ(В, +C,) 


Since we have proved the validity of eq. (1.19) for vectors perpendicular to 
A, the general validity is seen as follows: 


АХ(В+С)=Ах(В, +С) = АХВ, +AXC, =AXB+AXC 


(Another proof is outlined in exercise 19 of section 1.14.) 
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Summary: Multiplying vectors 


Now we have defined all the essential elements of vector algebra; let us review 
their interpretations and applications. 

We started by learning how to add two vectors; the sum has the usual 
algebraic properties of commutativity and associativity, and it is compatible 
with scalar multiplication. 

The effect of multiplying two vectors is rather more involved. We have 
defined two kinds of multiplication, and they have quite different properties. 
If we multiply two vectors by the scalar product, the result is not a vector— 
it is a scalar. If we multiply by the vector product, the result is a vector, but 
its direction is quite distinct from the directions of the original vectors—per- 
pendicular to both, in fact. Furthermore, it depends on the order of the orig- 
inal vectors, changing sign when we switch the order. 

The geometric formula for the scalar product of A and B is 


A> B = |A||B| cos 6 
where 0 is the angle between the vectors, while the componentwise expression 
is 
А `В = A,B, + АВ + А,В, 
For the vector product, the geometric formula is 
AX B = |A||B| sin én 
where n is the unit vector perpendicular to A and B so that A, B, and n form 


a right-handed system; and the componentwise expression is most conveniently 
represented by 


Pr Kk 
AXB= A, A2 Ay 
В, В, Bi 


From the geometric formulas, we saw that а zero scalar product was a test 
for orthogonality, while a zero vector product was an indication of parallelism. 


Example 1.31 Derive the nonparametric equations for the straight line passing through 
Ro = xoi + yoj + zok, and parallel to V = ai + bj + ck, using the vector product. 
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Figure 1.36 


Solution Recall that in section 1.8 we observed that R = xi + yj + zk would be 
the position vector of a point on the line if R — Ro was parallel to V. Setting the vector 
product equal to zero, 


i j k 
(R= Ro) XV =|x— х у-у z—zo|—- 0 
a b c 


we derive the equations 


(x — хо)Ь = (y — yo)a 
(у — уо)с = (z — zo)b 
(x — xo)e = (z — zo)a 


which are equivalent to eq. (1.10). 


The geometric interpretations of the scalar and vector products can be 
visualized with the aid of the by-now familiar figure 1.36. We see that the 
length of the component of B parallel to A can be computed from the scalar 
product: 

А.В 
(ви = 5— 
Jal 
while the length of the perpendicular component is computed from the vector 
product: 


ЈА x B| 
EET 
To express the vector Bj, we use a unit vector in the direction of A: 
B= АВА _ A'B 
ТАГА А-А 


while В, can be computed as the difference 
B, -B- B, 
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Example 1.32 Derive an expression for B, directly in terms of A and B. 


Solution Clearly we need an expression for a vector in the direction of B,. The key 
here is to analyze the vector (A X B) X A. 

Referring to figure 1.36, we see that А X B points toward the reader, perpendicular 
to the page. Now taking the vector product of this with A, we find that the resulting 
vector falls back in the plane of A and B, and in the direction of В |! Keeping in mind 
that the angle between A X B and A is 90°, we compute the length: 


|(A x B) X A| = |А x В||А| sin 90° 
= (|А||В| sin б)|А](П1) 


= |AP]B| sin 6 
Since |В || = |B| sin б, we have 
(AXB)XA. (AXB)XA 
p а = 


lal? А-А 


The parallel-perpendicular decomposition of B can thus be expressed 


A: B (A XB) XA 
ЕДД 
LU reir А-А 


Exercises 


1. Find A X B, where 
(a) A = 3i — j + 2k, B = i+ j — 4k 
(b) А= 21+ ј + 7%, В = 31+) – К 
(с) А=ј + 6, В =k + 2) – і 
(d A=i,B=j 
(e) ВХА is known to bei — ј 

2. Find the area of the parallelogram determined by 3i + 4j andi + j + k. 

3. Find the area of the triangle with vertices (1,1,2), (2,3,5), and (1,5,5). 

4. Find A X Bif A = i — j + k and B = 3i — 3j + 3k. What is the geometrical 
significance of this answer? 

5. Find a unit vector perpendicular to both 3i + j and 2i — j — 5k. 

6. By vector methods, find the equations of the line through (2,3,7) parallel to the 
line of intersection of the planes 2x + y + z = 0 and x — y + 72 = 0. 

7. Find equations of a line perpendicular to the lines х = y = zand x = 2y = 32, 
passing through the origin. ! 

8. Compute (A X B) X C and also A X (B X C), given that А = 2i + 2j, B = 3i 
— j + К, and C = 8i. Does the associative law hold for vector products? 

9, Given that u, v, and w are nonzero vectors having the same magnitude and 
(u X v) X w =u X (v X w), what can you say about u, v, and w? 
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16. 


17. 


19. 
20. 


21. 
22. 


23. 


24. 


25. 


26. 


27. 


By vector methods, determine the equation of the plane determined by the points 
(2,0,1), (1,1,3), and (4,7, —2). 


+ Find a unit vector in the plane of the vectors A = i + 2j and B = j + 2k, per- 


pendicular to the vector C = 2i + j + 2k. 
By taking the vector cross product of (cos 0)i + (sin 0)ј and (cos ұ)і + (sin y)j 
and interpreting geometrically, derive a well-known trigonometric identity. 


. If A, B, and C are vectors from the origin to points A, B, and C respectively, show 


that (А X B) + (B X C) + (C x A) is perpendicular to the plane ABC. [Hint: 
Consider (B – A) x (C — A).] 


. Find the distance from the point (5,7,14) to the line passing through (2,3,8) and 


(3,6,12). (Hint: Use the parallel-perpendicular decomposition.) 

Determine the shortest distance from the point (3,4,5) to the line through the 
origin parallel to the vector 2i — j -- 2k. 

Write the scalar equations of the line parallel to the intersection of the planes 
3x + y +z = 5, 5 = 2у +432 =A, and passing through the point (4,2,1). 
Vectors from the origin O to four points A, B, C, D are given as follows: 


А01 B3). Cm 4k  D=i+j+ 2k 


(a) Find the length of the perpendicular drawn from 4 to the plane BCD. 

(b) Find the length of the common perpendicular to the lines AB and CD. 

(c) Find a vector parallel to this perpendicular. 

Write an expression for a vector five units long, parallel to the plane 3x + 4y 
+ 5z = 10 and perpendicular to the vector i + 2j + 2k. 

Find r and s if (2i + 6j — 27k) X (à + rj + sk) = 0. 

Given that · B = 0 and A X B = 0, what can you conclude about the vectors 
A and B? 

If A = 0,doA-B- A : Cand AX B = A X C together imply B = С? 

Under what conditions can one find a unique vector X that solves both equations 
AXX-—BandC.X— 5? 

Express 2i — j + 3k as the sum of a vector parallel, plus a vector perpendicular, 
to 2i + 4j — 2k. 

Given that А and B are parallel to the yz plane, that |A| = 2, |B| = 4, and 
A^ B = 0, what can you say about A X B? 

(a) Do the lines x/3 — y/2 — z/2 and x/5 — y/3 = (z — 4)/2 intersect? 
(b) Find equations for a line perpendicular to both of these lines. 

(c) What is the distance between these lines? 

If о points in the direction of i + j + k and the body rotates about an axis through 
the origin with angular velocity 10\/3 rad/sec, find the locus of points having 
speed 20 ft/sec. What does this locus represent? 

Supply the missing details of the proof of the distributive law for vector products. 
(Use similar triangles.) 


- If u, v, and ware mutuaily perpendicular unit vectors and u X v = w, show that 


=wXuandu=vXw. 
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M 


29. 
30. 


31. 


32. 


33. 


Yi Y) Yi yy 45 v) 
У 


9, 8, l, oe 9, 


(а) (b) (с) 


Figure 1.37 


Given two nonintersecting lines x/2 — y — (z — 1)/3 and x/3 — y — z, find 
points P and Q, one on each line, such that PQ is perpendicular to both lines. 
Starting with arbitrary A, and B, define the sequence of vectors A, by А, 
— B X A,. What is the ultimate behavior of the sequence? 

Ampere's force is the magnetic force that one moving charged particle exerts on 
another moving charged particle. Suppose particle 1 has charge qı and velocity 
vi, and is located at Rj; q2, v2, and К, are the corresponding parameters for particle 
2. Particle 2 produces a “magnetic flux density” vector B at К that is proportional 
to qz and |v;| and inversely proportional to the square of the distance between qı 
and qx; its direction is perpendicular to v; and to the line from q; to qı. The force 
on particle 1 is proportional to 41, |B|, and |v;|, and is directed perpendicular to 
v, and to B. Show that the formula 


3 Rı— R: | 

F о ticle 1 = k x X ——— 

orce on particie 41421 ls IR: Lia в. 
has all these properties. 
What is the direction of the force on particle 1 for the situations depicted in figure 
1.37? Assume 4 = qi. 
What is the force on particle 2 in the situations depicted in figure 1.37? Is it equal 
and opposite to the force on particle 1? 


1.14 Triple Scalar Products 


The triple scalar product of three vectors A, B, and C is defined to be 


[A,B,C] = A- (B X C) (1.23) 


Notice that the parentheses can be omitted because there is no other sensible 
way of interpreting A · B X C. Using the componentwise expression derived 
in the previous section for the cross product, we have 


[A,B,C] = А,В›С; — А\В›С› + А›В›С, 
— A,B,C; F A3B,Cz a A3B,C; (1.24) 
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Figure 1.38 


Alternatively, from the determinant expression for the cross product we can 
express [A,B,C] in the form 


TAR А, А, Аз 
[A,B,C] = А · Bi В, В| = В, В, Bi (1.24) 
с, с, G aad 


The triple scalar product has a geometric interpretation. Consider the 
parallelepiped with A, B, and C as coterminal edges, as in figure 1.38. The 
base of this solid is a parallelogram whose area is given, as we saw previously, 
by |B X C|. Its height is the length of the component of A perpendicular to 
the base, which can be regarded as the component of A parallel to B X C, or 
JA] cos б, as shown in figure 1.38. To be precise, we should say that this height 
is the magnitude of |A| cos 0, because cos 0 would be negative if A pointed to 
the opposite side of the plane of B and C, that is, if A, B, and C formed a left- 
handed system. Thus we see that the volume of the parallelepiped, computed 
as base area times height, equals the magnitude of |B х С| cos 6|A |. But this 
is precisely А. B X C, the triple scalar product! Summarizing, we can state 
that the volume of the parallelepiped with coterminal edges A, B, and C is 
given, up to sign, by [A,B,C]. Furthermore, [A,B,C] is positive if and only if 
A, B, and C form a right-handed system. 


Example 1.33 Compute [A,B,C] if A = 2i + k, B = 3i + j + k, andC — ij 
+ 4k. 
Solution 


[А,В,С] = (2i + k, 3i + j + ki +) + 4k] 


=8+3-1-2=8 


2 1 
23 1 
1 4 
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Example 1.34 Compute [i, j, i + 2j]. 


Solution 
10.0 
fi, j,i + 2j] =|0 1 0]=0 
20 


(The vectors are coplanar, so the parallelepiped has zero volume.) 


We now list some properties of the triple scalar product that can be ver- 
ified from eq. (1.24). They will also be familiar to students who have studied 
determinants. 

First, notice that the absolute value of the triple scalar product does not 
depend on the order of the vectors, but the sign changes whenever two of the 
vectors are switched: 

[A,B,C] = —[B,A,C] = [B,C,A] (1.25) 
This shows that the position of the dot and cross can be changed freely, be- 
cause 
A:BXC = [A,B,C] = [С,А,В] =C-AXB=AXB-C (1.26) 
Second, the triple scalar product is linear in each of its factors: 
[sA + B, C, D] = s[A,C,D] + [B,C,D] 
[А, sB + C, D] = s[A,B,D] + [A,C,D] 


[A, B, sC + D] = s(A,B,C] + [A,B,D] (1.27) 
Third, we have the obvious identity 
[ijk] = 1 (1.28) 


Clearly, if any two of the vectors A, B, or C are equal, the triple scalar 
product will be zero (the parallelepiped will have zero volume). Furthermore, 
if any one of the three vectors is replaced by the sum of that one vector with 
a linear combination of the other two, the triple scalar product is unchanged. 
For example, if we replace A by A + sB + (C, where s and t are any numbers, 
then [A + sB + 1C, B, C] = [A,B,C]. The proof is easy: 


[A + sB + IC, B, C] = [A,B,C] + s[B,B,C] + t[C,B,C] 


and the last two terms are zero. 
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It is amusing to notice that these properties make it possible to evaluate 
any triple scalar product without using eqs. (1.24) or (1.24). For example, 
let A = i + 3j, B = i + k, and С = -k; then 

[A,B,C] = [i + 3j,i + k, +k] 
КЕЗЕКЕ] 
= [i,i,-k] + [i,k, —k] + (3j,i,—k] + [3j,k,—k] 


[К] — [kk] — 3[ j,k] — 3[j,k,k] 
—3[jik] = 3[ij,k] = 3 


As a final note, let us show how the scalar triple product can be used to 
relate the parametric and nonparametric equations of a plane derived in sec- 
tion 1.10. The parametric equation was based on specifying a point in the 
plane with position vector Re = xpi + yoj + zok, and two vectors A and B 


Table 1.2 Vector products 


Concept 


Geometrical Formula 


Analytical Formula 


AN 


Hn 


Scalar product, dot product 
A'B 


Vector product, cross product 
AXB 


==: ] 

1 f 
E T: 
в 


Triple scalar product, volume 
[А,В,С] 


Parallel-perpendicular 
decomposition 


` 


|А||В| cos # 


|A][B| sin 8 n 


A-BXC-AXB:C 


B, 


B, 


AiB; + А,В; + АВ, 


ij k 
A, А, Ay 
B, B; By 


(AXB)XA 


or B — B, 
А-А 4 
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parallel to the plane. Clearly R = xi + yj + zk will be the position vector of 
a point in the plane if the parallelepiped formed by R — Ro, A, and B is flat 
(i.e., has zero volume). Hence the equation for this plane can be expressed 


[R — Ro, A,B] = 0 


Inserting the definition (1.23) for the triple scalar product, we identify 
A X B as being a vector N normal to the plane, and we have 


(К – К) N=0 


This agrees with eq. (1.16), the nonparametric equation for the plane. 
Table 1.2 summarizes the properties of the various vector products. 


Exercises 


1. Find the triple scalar product [A,B,C] given that 
(a) A = 2i, B = 3j, С = 5k 
(bì) A=i+j+k, B= 3i + j,C = 5k —j 
(б) A=2i-—j+k,B=i+j+k,C = 21 + 3k 
(d A=k,B=i,C =j 

2. Find the volume of the parallelepiped whose coterminal edges are arrows repre- 
senting the vectors 3i + 4j, 2i + 3j + 4k, 5k. 

3. Find the volume of the parallelepiped with coterminal edges АВ, AC, and AD, 
where A = (3,2,1), B = (4,2,1), C = (0,1,4), and D = (0,0,7). 

4. Find the volume of the tetrahedron with coterminal edges representing the vectors 
i + j, i — j, 2k. Illustrate with a sketch. (Note: The volume of the tetrahedron is 
one sixth the volume of the parallelepiped having the same coterminal edges.) 

5. Find the area of the parallelogram in the plane with vertices at (0,0), (1,1), (3,4), 
(4,5). (Hint: Convert this to a three-dimensional problem, finding the volume of 
the parallelepiped with this parallelogram as base, taking the third edge to be of 
unit length along the z axis.) 

6. Find the equation of the plane passing through the origin parallel to the vectors 
A = 3i + j — 2k and B = i — j + 5k. 

7. Find the equation of the plane passing through (3,4, — 1) parallel to the vectors 
A = 2i +j +k and B = і — 3k. . 

8. (a) Show that the vectors i — j, j — k, k — i are parallel to a plane. 

(b) Find an equation of the plane passing through the origin that is parallel to 
these three vectors. 

9. Given the points P1(2, — 1,4), P2(—1,0,3), P3(4,3,1), and P4(3,— 5,0), determine 
(a) the volume of the tetrahedron P,P2P3P,. 

(b) the equation of the plane containing the points P}, P;, and Ps. 
(c) the cosine of the angle between the line segments P,P; and P,P}. 


10. 


п. 


12. 


13. 


14. 


15; 


Б 


16. 


17. 


18. 
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Consider 
A-itjtk 
B-i 
C= Сі + Cj + Gk 


(a) If C, = 1 and C; = 2, find С, to make the three vectors coplanar. 

(b) If C; = —1 and С; = 1, show that no value of C, can be found to make the 
three vectors coplanar. 

(c) Discuss the geometrical reason for the result in part (b). 

Find the altitude of a parallelepiped determined by A, B, and C, if the base is 

taken to be the parallelogram determined by A and B, and if 


A-ictjtk 
B= 21 + 4) – к 
С=ї+ј + 3k 


(Hint: Think of the geometrical interpretation of [A,B,C]/|A X В|.) 

Let A, B, C, and D be position vectors of the points A(1,3,—2), B(3,5,—3), 

C(—5,9,—5), and D(4,— 1,10) respectively. Find 

(а) [А — DJ (с) (А = O (A — В) 

(b AXB (d A:BXC 

Given the four points specified in exercise 12, determine 

(a) the area of the triangle OAB. 

(b) the volume of the tetrahedron OABC. 

(c) the angle CAB. 

Sketch the vectors A = і +j, В = i + 2j + 2k, and € = і + ЗК. Determine 

from your sketch whether or not A, B, and C, in that order, form a right-handed 

system. Check by computing the sign of [A,B,C]. 

What can you conclude about nonzero vectors А, B, C, and D, given that 

(А x B): C| + |(Bx C): D| = 0? 

Let u, v, and w be mutually perpendicular unit vectors, forming a right-handed 

system. 

(a) Show that the vector A = i X u +jX v + kX w makes the same angle 
with i that it does with u. 

(b) Find a vector extending along the axis of the rotation that carries i, j, and k 
into u, v, and w, respectively. 

Show that an arbitrary vector V can be expressed in terms of any three nonco- 

planar vectors A, B, and C, according to 


_ (VBC), , [VGA], , [УА,В) 
[А,В,С] [А,В,С] Bt [A,B,C] c (1.29) 


(Hint: We know that V can be expressed as a А + bB + cC; to find a, take the 
scalar product of V with B X C.) 

Devise a geometric proof of eq. (1.26) based on the interpretation of the triple 
scalar product as a volume. 
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19. Construct another proof of the distributive law for the vector product, based on 
the interchange of X and - (see exercise 18) and the distributivity of the scalar 
product. (Hint: Derive the identity 


D-AX(B+C)=D-AXB+D-AxC 


and then let D be i, j, and k, in turn.) 


1.15 Vector Identities 


Of the following identities, the first is the most important because the other 
three can be derived from it fairly easily: 


A X (B X C) = (A: C)B — (A-B)C (1.30) 
(A X B) X C= (A-C)B— (B: С)А (1.31) 
(A X B) X (C X D) = [A,C,D]B — [B,C,D]A (1.32) 


(A X B) - (C X D) = (A: C)(B : D) — (A: D(B: C) (1.33) 


In formula (1.30), if V — A X (B X C) is not the zero vector, then it must 
be perpendicular to B X C. Since B X C is itself. perpendicular to both B and 
C. it follows that V must be in the plane of B and C, and since they are nonzero 
vectors that are not parallel (otherwise V would be the zero vector), V must 
be a linear combination of B and C. Thus V = mB + nC for suitable scalars 
m and n. The fact that m = A - C and n = —A · B is not obvious, of course. 
The actual verification of eq. (1.30) can be accomplished by working out the 
componentwise expression for each side of the equality. We leave this laborious 
computation to energetic readers. (Or they can read section 1.16.) 

We suggest the following device for memorizing eq. (1.30). As we ob- 
served, A X (B X C) must be expressible as a linear combination of B and C. 
If you can remember only that the coefficients in this expression are scalar 
products of the other two vectors, and that the terms have opposite signs, you 
will be able to write і 


A X (BX C) = +[(А - C)B — (А · B)C] 
To get the proper sign, use the familiar vectors i, j, and К; thus 
ixüxj-ixk- -j- -[ü-pi — @- dj 
so the plus sign is correct. [This also works for formula (1.31), of course.] 
Formula (1.31) is easily proved by observing that 
(A X B) X C= -C X (A X B) 


and using eq. (1.30) for the right-hand side. 
To derive eq. (1.32), let U = C X D, whence 


(A X B) XU = (А · U)B — (B: U)A = [A,C,D]B — [B,C,D]A 
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To derive eq. (1.33), 


(A X B) U = [A,B,U] = A ` (B x U) = A: [B X (€ X р)] 
А-В: D)C — (B: C)D] 
= (B: D(A: C) — (B: CXA · D) 


The reader is advised to attach a permanent bookmark in this section, as 


ll 


an aid in referring to the identities in the future. 


Exercises 


. Derive the identity 


(A X B) X (C X D) = [A,B,D]C — [A,B,C]D 


. Derive the identity 


(A X B) (BX C) X (C X A) = [A,B,C]? 


. Derive the identity 


AX(BXC) + ВХ (СХА) + СХ (А ХВ) = 0 


. Verify formula (1.30) by working out the componentwise expression. 
. If the vector w in figure 1.34 is constant, then the acceleration of a particle with 


position vector R is a = w X (w X R). Simplify this expression. 


. Are any of the following identities generally valid for vectors? 


(a) AXB=BXA 

(b) (AX B) xX C = АХ (B X C) 

(с) AX B= A X Cif and only if B = С 
(d) A X B = 0 if and only if A = Oor B = 0 


7. Simplify |А х B|? + (A В)? — Авр. 
8. Let 
A = 3it+j+ 2k 
B= 41+) + 5k 
C-i-j*k 
Find A X B, [A,B,C], |A X В|, and the distance from the tip of C to the plane 
through the origin spanned by A and B. 
9, Prove, for any vector A, that 


10. 
1. 


ix (ix A) + jX (j X A) + kX (kX A) = —2A 


Prove: if A + B + C = 0, then A X B = ВХС = CX A. interpret geometrically. 
Simplify [A X (A X B)] XA: C. 
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12. The formula for the Ampere force that one moving charged particle exerts on 
another is given in exercise 31, section 1.13. Express the force on particle 1 аза 
component along у, plus a component along the line between the particles. 


Exercises 13 and 14 are quite advanced. 


13. Prove the following theorem of Desargues. Given two (nondegenerate) triangles 
ABC and DEF with the property that the line through AD, the line through BE, 
and the line through CF have a point in common; moreover, let the lines through 
AB and DE intersect at P, the lines through BC and EF intersect at Q, and the 
lines through AC and DF intersect at R. Then P, Q, and R are collinear. 

14. Prove the converse of Desargues’ theorem in exercise 13. 

15. Write (u X v) · (u X v) as a determinant involving only scalar products. 


1.16 Optional Reading: Tensor Notation 


The use of distinguished symbols such as A, A X B, and the like, to denote 
vectors and vector operations provides an excellent and often suggestive short- 
hand for expressing laws in geometry and physics. However, when we ulti- 
mately come down to the actual computations of a concrete problem, these 
expressions must be dealt with componentwise. Furthermore, the verification 
(and discovery!) of some of the more complicated vector identities such as 
those appearing in the previous section is often accomplished most efficiently 
by dealing with the components. In this section we shall introduce some no- 
tation that often facilitates this process; it is widely known as tensor notation. 
Although we do not intend to discuss tensors themselves here, we see no reason 
to designate the notational system by anything other than its proper name. 

The boldface vector symbol A suggests, as we have said, a quantity with 
magnitude and direction; this quantity is equally well represented by three 
numbers, 41, A2, and A3, the components of the vector. Every statement about 
the vector is actually a statement about its components. Thus А = B means 
Aj = By, A; = By, and Аз = Вз; briefly 


Ape В; 4G = 1,2,3) (1.34) 


Expressed simply, the basic idea in tensor notation is to try to write all 
vector equations in component form, but using dummy subscripts such as i in 
eq. (1.34) rather than explicitly writing out the equation for the first com- 
ponent, then the second, then the third. (Whether or not this is always possible 
will not be discussed here. For now, we will be satisfied with using tensor no- 
tation when we can.) We will indicate the components of a vector A by Aj, or 
(A); if it is more convenient; we shall regard the parenthetical phrase 
“(i = 1, 2, 3)” as understood, and! delete it. Let's try some examples. 
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The expression of the fact that vectors add componentwise becomes 
(A + B); = A; + B, 
That is, the ith component of A + B is the sum of the ith components of A 
and of B. Scalar multiplication is expressed 
(5A); = 5:4; 
The associative law for vectors, expressed componentwise, merely reduces to 
the associative law for numbers: 
КА + B) + C]; = (А + B); + C; 
= (Ai B) C; 
= Art (В; tr Cj) 
= [A + (В + С)]; 
The condition that R lie on the line through the tip of V and parallel to 
W is expressed 
Ri = V, + 1W, 
For the scalar product, we have — 
A-B-— А,В, S А,В, J AB, 


This can be compacted by using the Greek letter 5 to denote summation. For 
any set of n numbers [aj] (1 = 1,2, . . . , n), we abbreviate 
аца uror tas 


by the expression 


Thus our scalar product becomes 
3 
А-В = Y 48, (1.35) 
і=1 


The componentwise expression of the cross product is a bit complicated. 
Observe that each component of A X B is а sum of products of components 
of A times components of B. If we (conceptually) form all the products (4;81], 
we can say that the ith component of A X B is a linear combination of these 
with coefficients +1, — 1, or 0 (if the term doesn’t actually appear). So by 
defining ej appropriately, we can write 


uos 
(A x B); "A D Эр jk A;By (1.36) 


j=1 keel 


SECTION 1.16 TENSOR NOTATION 63 


eijk i$ the coefficient of 4;B, in the ith component of A X B. Comparison of 
this with expression (1.21) in section 1.12 shows 
+1 if (ijk) is either (123), (231), or (312) 
в >i if (ijk) is either (321), (213), or (132) (1.37) 
0 otherwise 


In fact, єр is the coefficient of Аил in the determinant 


Mox № 
ш Из из 
т 172 13 


—а fact that we could have anticipated by comparing the expression (1.36) 
with the determinant formula for the cross product in section 1.12. 
A few observations about the symbol ej, are in order: 


(i) єк = 0 if any of the subscripts are equal. 
(i) єк = Өш = «ыў that is, the subscripts can be permuted cyclically. 
(ШЇ) ejy = — ju; that is, the sign changes if two subscripts are switched. 


Of course, the scalar product A · B is also composed of products of A’s 
components with B’s components, and if the expression (1.35) weren’t so simple 
already, we would write it 


T 3 
А.В = e д;;4:В; 
і=1 ј=1 
where 
|] idii-j 
бу = 1.38 
н | 0 otherwise 935 


The effect: of буу in an expression is simple if (11е subscripts are summed; since 
бу = 0 unless i = j, опе can merely drop the: à and substitute і for j. Thus 


373 3 
NP 2 0jA;B; - Уд) АВ; (= A- B) 
i=1 j=] j=l 


For this reason, буу is sometimes called the su bstitution tensor. It’s also known 
as the Kronecker delta. 


Example 1.35 Show that the triple scalar produ ct can be computed as a determinant. 
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Solution In the expression A : B X C, we first use tensor notation for the scalar product: 


ABXC- X A(BX С), 


і=1 


Now using (1.36) for the vector product, 


3 3 3 
А. ВхХС= У 4 У D eaBjO. 


is} j=l kel 


з 3 


= У Ў 2 ABC (1.39) 


i=1 j=l kel 


As we observed earlier, this is the expansion of the determinant 


A, Az Аз 
Bp В, B 
с, C; Сз 


Notice that every time we have used the summation symbol 7, the sub- 
script over which we were summing occurred twice in the term expressing the 
addend; i is repeated in eq. (1.35), j and k are repeated in eq. (1.36), and so 

. on. This happens so often that the “Einstein summation convention" is used 
in tensor notation: whenever a subscript appears more than once in a single 
term, it is understood that this particular term is to be summed over all values 
(1, 2, and 3) of the repeated subscript. Scalar products are thus written А;В;, 
and the ith component of A X В is €;;,4;B,. In fact, we have б -3. Exceptions 
to this rule must be explicitly indicated. 

The manipulation of expressions involving more than one cross product is 
aided by the following identity: 


ЄїктЄрїт = бр бы — Dis бдр (1.40) 


(Observe that т is summed over.) To prove this, we notice that the right-hand 
side is zero unless it has the form 1 — 0 or 0 — 1. Thus 


1 ifi = pand k = s but i + s (or k + p) 
бу Ses — Ôn Sep = 4 —1 ifi = sand k = p but i # р (ог k # s) 
0 otherwise 
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On the left-hand side of eq. (1.40), is zero unless all subscripts are different; 
in which case, і # k and р # s and m must be different from i, p, k, or s. So 
there is actually only one (at most) nonzero term in the sum over values of m/ 
The product is +1 if (ikm) is a cyclic permutation of (psm), which can happen 
only if i = p and К = s; and — 1 results if (ikm) is in the opposite order as 
(psm), which requires i = s and k = p. Comparing these conditions, we see 
that the left- and right-hand sides of eq. (1.40) are equal. 


Example 1.36 Simplify A X (B X C). 


Solution The ith component is 
АВ X C), = €ijxAjeximBiCn 
7 eium A;BICm 


Remember that we are summing over repeated subscripts. First we sum over k. Since 
the other terms do not depend оп К, we can compute ejje, this is the same as ejje, 
which, by eq. (1.40), is би 5jm — бм 5j So the above expression equals 


(би бы — б би) АВС 
Now sum out the substitution tensors one at a time. Summing over т, we get 
04A;B,C; — 0jA;B,C; 
and, summing over /, 
AjC;B; — А,В,С; 
Identifying the scalar products, we recognize that this is the ith component of (A : C)B 
— (A · B)C. We have proved formula (1.30)! 
Example 1.37 Simplify (A X B) X (C X D). 


Solution The ith component is 
ej(A X B)(C X D), = eijsemnAmBstips CoD, 


If we sum over j first, only the two factors are involved. Rewriting them as єз єт, WE 
use eq. (1.40) to transform the expression to 


(Sim Sin — Örn б) A Brei CD, 
Summing over the subscripts of the substitution tensors is easy, yielding 


A,Bit 4 CoD, ya AjBye p C, D, 
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Now we identify ¢xpq4xCpDz as the triple scalar product, recalling eq. (1.39); similarly 
for «,,B,C,D,. So we are left with 
[A,C,D] B; m [B.C,D] A; 


which is the ith component of [A,C,D]B — [B,C,D]A. We have "discovered" formula 
(1.32). 


Exercises 


1. Simplify (А X B) : C. 
2. Simplify (A X B) : (C X D). 
3. Simplify (A X B) : (B X C) х (C X A). 


Vector Functions of a Single Variable 


2.1 Differentiation 


The theory of vector functions parallels that of real-valued functions. A vector- 

valued function F(t) is a rule that associates a vector F with each real number 

t in some set, usually an interval (4j < ¢ = t2) or a collection of intervals. For 

example, F(t) = (1/t)i is defined for —oo < t < 0 and 0 < t < о. 

The concept of a limit can be applied«to vector functions. The expression 

lim F(t) = A (2.1) 
ttg 

means that, given any positive number e, no matter how small, one can find a 

positive number 6 such that |F(¢) — A| < є whenever 0 < |t — о] < à. 

This has a simple intuitive meaning. It means that the magnitude of F(?) 
is approaching the magnitude of A, and that (if A is nonzero) the angle be- 
tween them is approaching zero (see fig. 2.1). Equivalently, the components 
of F(t) are approaching the components of А. 

The definition just given is identical to that provided in calculus books for 
real-valued functions, except that the expression |F(t) — A| now refers to the 
magnitude of the vector rather than to the absolute value of a number. 

A vector function F is said to be continuous at to if 

lim F(t) = F(to) (2.2) 


Ply 
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F(0-A 


EU) 


Figure 2.1 


It is said to be differentiable at tọ if the limit 


. > F(to + At) — F(to) 
lim = 
aro At 


(2.3) 


exists; this is then called the derivative of F(t) at ty and is written F(to) or 


dF Aion я 
m (to). The derivative is also a vector function. 


If F(t) is continuous (or differentiable) at every point t for which it is 
defined, we shall simply say that F(t) is continuous (or differentiable). 


Example 2.1 Use eq. (2.3) to compute the derivative of F(t) = Pi + tj. 


Solution We are inclined to write F'(r) = 211 + 302), Is this correct? By eq. (2.3) 
we have 


(t+ Ape (t NDS — i — nj 


F(t) = li 
(0 а At 
EXC (2tAt + Дг)і + (3?Ат + эм? + AD)j 
м—@ At 


y 


2 +30) 


In general, to differentiate a vector expressed in terms of i, j, and К, simply 
differentiate the coefficients. 

The fundamental theorems concerning differentiation of vector-valued 
functions are similar to those for real-valued functions, except that when dif- 
ferentiating the vector product of two vector functions, one must be careful 
to preserve the order of factors, since the vector product is not a commutative 
operation. 


THEOREM 2.1 7f F and G are differentiable vector functions, then so 
also is their sum F + С, and the derivative of the function F + G is 
the sum of the derivatives of F and G respectively: 

dF , dG 


2+6) = +9 (2.4) 
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THEOREM 22 If F is a differentiable vector function, and s is a dif- 
ferentiable scalar function, then the product sF is a differentiable vector 
function, and 

dF 


2 GF) - Tr try (2.5) 


THEOREM 2.3 If F and С are differentiable vector functions, then 
F ·С is a differentiable scalar function, and 


Zr 6-25 or. E (2.6) 


THEOREM 2.4 If F and С are differentiable vector functions, then 
F X G is also a differentiable vector function, and 


(Ех б) = хс + XT (2.7) 


The reader who is familiar with the proofs of the sum and product for- 
mulas of elementary calculus will have no difficulty filling in the proofs of 
these theorems. 


Example 2.2 Prove Theorem 2.4. 


Solution With the definition of the derivative in mind, we write 


F(t + Аг) X G(t + Ar) — F(t) X G(t) 
At 
E: [F(t + At) — F(0] X G(r + At) af F(t) X [G(t + At) — G(t)] 
At At 


As At goes to zero, the right-hand side approaches a limiting value given by 


dF 4G 
grs er exp 


Since the limit of the left-hand side is (d/dt)(F X С), we have proved the theorem. 


It follows from (2.4) and (2.5) that if 
F(t) = P(t)i + О(0)) + R(t)k 
then 
F(t) = P'(t)i + Q'(t)j + R'()k (2.8) 


Thus vector differentiation is like scalar differentiation, treating i, j, and k as 
constants. 
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Example 2.3 Let F(t) = i + 2j — k. Then Е is a constant vector-valued function, 
and its derivative with respect to t is identically equal to the zero vector for all 1. 


Example 2.4 If F(t) = sin ti + cos tj + 1k, then F'(t) = cos ti — sin tj + k. 
Example 2.5 1f F(t) = tj — k, then F'(1) = 37]. 
Example 2.6 If F'(t) = 0, then F(t) = C, where the constant C is a vector. 


Example 2.7 Prove that, if F(t) has constant nonzero magnitude (varies only in di- 
rection), then F'(r) is either the zero vector or a nonzero vector perpendicular to F(t). 


Solution 1f |F(t)| = constant, then we must have 
ЕЕ = constant 


and differentiating with respect to г, using (2.6), we have 


dF dF 
P^ FF di 0 
dF 
2F pA 


Hence the scalar product of F with dF/dt is identically Zero. This can happen only if 
the vectors F and d F/dt are perpendicular, or if one of them is the zero vector. This 
fact is well worth remembering: the derivative of a vector of constant length is per- 
pendicular to the vector, or is zero. 


Exercises 


1. Let F(t) = sin ti + cos tj + k. 
(a) Find F'(r). 
(b) Show that F'(7) is always parallel to the xy plane. 
(c) For what values of t is F’(t) parallel to the xz plane? 
(d) Does F(r) have constant magnitude? 
(e) Does F'(r) have constant magnitude? 
(f) Compute F"''(r). 
2. Find F'(r) in each of the following cases: 
(a) F(t) = 3d +]. 
(b) F(t) = sin ti + е) + 3k 
(c) F(t) = (ei + j + Pk) x (Fi + j — k) 
(d) F(t) = (sin : + )(i + j + 2k) 
(e) F(t) = 3i+k 
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3. Find f'(t) in each of the following cases: 

(a) f(t) = (Gti + 520j)- (ri — sin tj) 

(b) f(t) = |21 + 2tj — k| 

(c) f(t) = [G+ j — 2k) x (34 + tj)] k 
4. Show that 


d ( R) dR 
x x 
R R p 


5. Given the three vectors A = 3i + 2j + 6k, B = 3i + 4k, and C = 2i — 2j 
+ k, evaluate 


(a) Al (р) Ах(ВхС) 
ў а 

id be (h) y (A + Bt) 

(d B-BxC jig 

(e) [A,B,C] (i) 7 (Bx tC) 

(7) A/|B| 


2.2 Space Curves, Velocities, ага Tangents 


In the first chapter we showed that the parametric equations of a line can be 
written in vector form: 


R(t) = Ro + iV (2.9) 


Here Ry is the position vector of a fixed point on the line, V is parallel to the 
line, and as ¢ assumes values from —оо to +o, the tip of the vector R traces 
out the line in (x,y,z) space. We can also regard eq. (2.9) as defining R as a 
vector function of t (whose derivative is, of course, V). 

In this section we shall consider equations of the form R = R(t) where 
the function R(t) is mare complicated than eq. (2.9). Of course, the equation 
R = R(?) can be written out in terms of its components, giving the system of 
equations 


x = x(t) 
у = y() 
2 = z(t) (2.10) 


where х, y, and z are simply real-valued functions of t. 

As t increases from its initial value f, to the value tz, the point (x,y,z) [i.e., 
the tip of the position vector R(t)] traces out some geometric object in space. 
In the case of eq. (2.9), the object is a segment of a straight line. For more 
complicated (continuous) vector functions, this locus of points will be some 
more general kind of one-dimensional object, which we can call a space curve 
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or an arc. [We say it's one-dimensional because any point on it can be located, 
via the continuous function R(t), by specifying the single number /.] We use 
the term “curve” even if the trace of R(t) is a straight line. 

Thus we have associated with every continuous vector function К(ї) a curve 
in space, which is the set of values assumed by R(t) as t varies over an interval. 
Notice that this is quite different from graphing x, y, and/or z as functions 
of t; the curve traced by R(t) is a threadlike collection of points in (x,y,z) 
space. One cannot read, from the curve alone, the value of г corresponding to 
a given point. So the curve itself contains much less information than the func- 
tion R(t). Remember that as far as the curve is concerned, / is a sort of in- 
visible dummy variable, which we have glamorized by awarding it the officious 
title "parameter." 

Remember also that there are any number of different parametrizations 
for a given curve. For example, if W = +Y, the function 


R(t) = Ry +: W 


traces out exactly the same straight line as (2.9) for —oo < г < оо, as does 
the function 


Ri(t) = Ro + fant W 


for —7/2 < t < v/2. Thus we must keep in mind that many different func- 
tions may parametrize the same curve. 

There are a few "standard" parametrizations with which the reader should 
become familiar, in order to have a supply of examples for applying the theo- 
rems in this chapter. The first is the straight line described by eq. (2.9). The 
demarcations in figure 2.2 suggest that if the parameter г were to be inter- 
preted as time, then V would correspond to the velocity of a particle tracing 
out the line in accordance with eq. (2.9). 

To parametrize the circle x? + y? = | in the == 0 plane, it is most 
convenient to use the trigonometric functions, with t interpreted as the angle 
depicted in figure 2.3. Then we have x =cos t, y = sin t, or 


R(t) = cos ti + sin tj (2.11) 


If the circle is stretched to one of radius р, and its center shifted to Ro = xi 
+ yoj + zok, the parametrization becomes 


= p cos t + хо y = psin t + yo Z = Zo 
R(t) = Ro + pcosti t psintj (2.12) 


Finally, it is obvious that i and j can be replaceri by any pair of perpendicular 
unit vectors (ei, ез) to depict a circle of radi ui p, centered at Re, lying in the 
€i, ез plane; 


R(t) = Ro + p cos t e1 + psinte; (2.13) 
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Figure 2.3 


Example 2.8 Parametrize the circle of radius 2, parallel to the xz plane, centered at 
(0,1,0). 
Solution We use Ro = j, е = i, and e; = k in (2.13) to derive 

R(t) = } + 2costi + 2sint k 


Example 2.9 Parametrize the circle cutting the axes at the points x = 1, y = 1, and 
2 = 1 respectively (fig. 2.4). 


Solution Clearly the plane of the circle is normal to the direction i + j + k. Thus, 
for example, the mutually perpendicular unit vectors 


i et ir io a malt. 
= = 2 = — 
у. v6 
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Figure 2.4 


lie in this plane. The midpoint of the сігсіе. іѕ the center of the equilateral 
triangle, which is given by +(i + j + k) (if this is not obvious, please reread exer- 
cise 5, section 1.7). The radius is the distance from the midpoint to, say, i p = 


li — (i j + k)| = 6/3. Therefore 


ЕЛЕ ye GED y$ . @+]— ж) 


R(t) 3 t =z cost Vi -3; dnt v6 
a Fite а D sint] 20 


The simplest nonplanar curve is the helix, depicted in figure 2.5. Here the 
x and y coordinates describe a circle as before, but thé z coordinate increases 
(or decreases) in direct proportion to the angle 0 — t; thus 


x= pcost y = psint z — al (2.14) 


The vertical distance between the "coils" equals the increase in z as f jumps 
by 27. Thus the pitch (as it is called) is given by 2ra. 


Figure 2.5 
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More “к = R(t) has a tforma right-handed system of mutually 
perpendicular units, 3o. AP | 


R(t) = Ro + p cos t е + p sin t €z + at es (2.15) 
parametrizes a helix of radius p, with axis passing through Ro and parallel 


to ез. Its pitch is 2v|a|, and the helix is said to be right-handed if a > 0, left- 
handed if a < 0. S 


Example 2.10 Describe the helix generated by x = cos t, y = 2t, z = sin t. 


Solution This has the form of eq. (2.15), with Ro = 0, radius p = 1, e = і, and 
e; = k. Note, however, that i, k, j is not a right-handed system, so we must take 
ез = —j. We rewrite the equations as 


R = coste; + sint e; — 2e 


and see that this helix is left-handed and has pitch 47. 
Example 2.11 Describe the helix of example 2.10 using nonparametric equations. 


Solution We can eliminate t in favor of y; t = y/2. This results in 
x — cos y/2 z — sin y/2 


as a nonparametric form. 


The interpretation of the parameter t as denoting time, and the equation 
R = R(t) as giving the trajectory of a particle, is useful for curves in general. 
During a time interval of duration At, the position vector of the particle changes 
from the value R(t) to a new value, R(t + At). The displacement of the par- 
ticle during this interval of time is 


AR = R(t + At) — R(t) = Axi + Ayj + Azk (2.16) 


If the displacement is divided by the scalar At, we obtain the average 
velocity of the particle during the time interval: 
AR _ AX Ау Ат 
= = =i + —j + — 2. 
At Ar Fe iofra bac 
(In fig. 2.6, we take At less than unity; hence the vector AR/At is greater in 
magnitude than AR.) 
If R is differentiable, the average velocity AR/At tends to a limit as At 
tends to zero. This limit is, by definition, the (instantaneous) velocity v: 
dR ч dx, , dy dz 


Send пато обата S (2.18) 


Lo RO ona idid (ү, 


The magnitude of v is called the speed; it may be denoted v. 
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(x. y, z) м 


їга)ес\огу 


R) 


R+ M) 


(0,0,0) 


Figure 2.6 


ti 


Figure 2.7 


Figure 2.6 seems to indicate that the velocity vector dR/dt is tangent to 
the curve. Let us explore this further. Referring to figure 2.7, we say infor- 
mally that the line /, is tangent to the curve at P if the angle 8, between /, and 
the secant line /; determined by P and Q, goes to zero as Q approaches P along 
the curve; that is, the direction of the secant line of l, approaches that of /; as 
Q approaches P. 

If we try to apply this to the situation in figure 2.6, we identify the di- 
rection of the secant line as that of AR/At. Thus, as At goes to zero, the secant 
line must have a limiting direction, namely that of d R/dt, unless, of course, 
the latter is the zero vector, which has no direction. We have shown the fol- 
lowing: if the vector function R(r) has a nonzero derivative at fy, then the curve 
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parametrized by R = R() has a tangent at R(t) whose direction coincides 
with that of dR/dt. In short, dR/dt is tangent to the curve. 

It is conventional to denote by the letter T a unit vector tangent to a curve. 
Such a T is defined by the expression 


_ (dx/dt)i + (dy/dt)j + (dz/dt)k 


T= 19 
V(dx/dt)? + (dy/dt + (42/4)? m 

obtained by dividing the above vector by its own magnitude. 

Example 2.12 Determine the unit vector tangent to the circle x = cos t, y 

= sin t, z = 0, at 

(a) t—0 

(b) t = т/2 


Solutions The answers are obviously (a) j, (b) —i, as can be seen from figure 2.8. 
These answers can be obtained also by use of eq. (2.19), which gives 


—sinti+costj _ 
\/sin? t + cos? t 


Att = 0, we have T = —sin 01 + cos 0j = j, and att = 7/2, T = —sin(z/2) i 
+ cos(1/2) j = —i. 


—sin ti + costj 


1=0 


Figure 2.8 
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Example 2.13 Find the unit vector tangent to the curve x = 1, yT7thz-nD, 
at the point (2,4,8). 

Solution By eq. (2.19) we have 

it2tj + 37k 

VI + 42 + 94 


When г = 2 we have (x,y,z) = (2,4,8) and T = (1/ V161)(i + 4j + 12k). 


Tx 


We now wish to introduce some nomenclature for describing the curves 
pictured in figures 2.92.12. The simplest of these is the one in figure 2.9, 
which has a continuously turning tangent at every point and no self- 
intersections. From the above discussion we can see how to guarantee these 
properties. Accordingly, we say that an arc is smooth if it has a parametri- 
zation R = R(t), t4 € t x 2, satisfying the following conditions: 

(i) dR/dt exists and is a continuous function of / for all values of t in the 

interval fj < t < t. 

(ii) To distinct values of t in the interval tj < t < t; there correspond distinct 
points. 

(iii) There is no value of t in the interval t, < t < t, for which dR/dt is the 
zero vector. 


P; 


Pi-P, 
Py 


Figure 2.9 Figure 2.10 


Py К Р 


Figure 2.11 Figure 2.12 
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Р, 


Pi 
Figure 2.13 


We allow the possibility that a smooth arc can be closed, as in figure 2.10, if 
R(t;) = R(t). 

Notice that to show an arc is smooth we need produce only one such pa- 
rametrization; there may be others, which violate the three conditions. For 
example, a straight line segment can be parametrized by R(t) = Ro + pv, 
—1 <t <1, in violation of (iii); yet it is a smooth arc. 

The arc in figure 2.11 is not smooth since it fails to have a tangent at Q 
and R. However, it consists of a finite number of smooth arcs joined together, 
and it does not cross itself; such a curve is called regular. The curve in figure 
2.12 is not regular, because of the crossing at S. 

In figures 2.9 through 2.11, we have indicated the direction in which the 
particle is traversing the curve by a small arrow. Strictly speaking, any curve 
is nothing more than a collection of points in space. When, however, we in- 
dicate a direction along a smooth arc, as we have in these diagrams, then we 
say that the arc has been oriented. Obviously, a smooth arc can be oriented 
in only two ways. The arc in figure 2.13 is a replica of that in figure 2.9, but 
is oriented in the opposite way. 

When an arc is described by equations such as (2.10), in terms of a pa- 
rameter t, the orientation is usually understood to be determined by that pa- 
rameter: the direction is the direction of increasing t. For example, the closed 
arc 


= cost 
sin t 

2=0 (2.20) 
is simply a circle of unit radius in the xy plane. As t increases from 0 to 27 


the point moves counterclockwise around the circle, as shown in figure 2.14. 
The same arc with opposite orientation can be given parametrically by 


X = cost 
y= —sint 
z=0 (2.21) 
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Figure 2.14 


The eqs. (2.21) specify the same arc as eq. (2.20), but with opposite orien- 
tation, since as / increases from 0 to 27, the point (x,y,z) traverses the circle 
in the opposite direction. 

The same circle can be represented nonparametrically (i.e., without a 
dummy variable) by the equations 


х +.у% = 1 
z=0 (2.22) 


There is no way of knowing from eqs. (2.22) which orientation is intended. 
Note that eqs. (2.22) represent the arc as the intersection of two surfaces (a 
cylinder and a plane). When one specifies an oriented arc as the intersection 
of two surfaces, by giving two equations, it is necessary to specify the orien- 
tation separately, either verbally or by drawing a diagram. 

Undoubtedly the reader is familiar with the notion of arc length, which 
is discussed in calculus books (at least for plane curves). This notion gener- 
alizes easily to space curves. 

Suppose C is a smooth space curve. Let us subdivide C into smaller arcs, 
and approximate it by a polygonal path consisting of n straight-line segments 
joining the endpoints of the arcs (fig. 2.15). That is, we select points Qo, 
Qv... , Qn along С, in that order, with Qo and О, the endpoints of C. For 
each k = 0,1,. . ., n, let Ry be the position vector to the point Q,, and let 
AR, = R,—R,.i, for k = 1, 2,. . ., n. The total length of the polygonal 
path is then 2f_,|AR,|. This length of the space curve C is defined to be the 
limit of sums of this form, where the approximating polygonal paths are ob- 
tained by taking increasingly small subdivisions while increases without 
bound. 

We can compute this limit when the curve is parametrized by R(¢) for, 
say, a = t = bas follows. The length of AR, is 


|AR.| = (Axx)? + (Ay? + (Az)? 
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Figure 2.15 


Let t, be the values of ¢ that correspond to the points Rj; that is, К, = R(t,). 
Then, because dR/dt is continuous, the mean value theorem of calculus en- 
sures that for some number 7; between /,_ and tp, 
Ахк XR Xu к= (dil р“ = (пи) 
Similarly, there are numbers тд and ту'1п the same interval such that 
d 
Aye = (ty = tei) 3 zd (т) 
Az = (ty — th D ; (rk ') 
So for the length of the polygonal path we have 
n п dx 2 1/2 
2 АВ] ^x 2 | (Fen) an (4 By) + (= i ] (th — ti) 
k=1 k=l 


Now if the polygonal subdivision is made finer, the differences tx — tk-ı become 
smaller and this sum approaches the integral 


МЕГ T+ en 
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as a limit. Recognizing the integrand as |dR/dt|, we see that the length of the 
curve C is given by 
p 


The arc length of a regular curve is defined to be the sum of the lengths 
of the various smooth curves that constitute it. 

Sometimes it is possible to write two of the variables, say y and z, in terms 
of the other, say x. In that case dy and dz may be expressed in terms of x and 
dx, and the integral is taken with respect to x, the limits of integration being 
the values of x corresponding to f; and t. 

If the arc P,P; lies entirely in the xy plane, which is the simplest case 
treated in calculus books, then z is identically equal to zero and so dz/dt 
= 0 and, by eliminating the parameter t, eq. (2.23) may be written in the 


familiar alternative form 
X; dy А 1/2 
+(2 
f [ ( 2 rds (2.25) 


provided the integral exists, or 


frd" e 


provided this integral exists. It is possible that these integrals may not exist. 
For example, if the arc P,P, contains a segment that is parallel to the y axis, 
then dy/dx will not exist along this segment (i.e., dy/dx is infinite") and 
(2.25) will not make sense. 


dR 
ie | dt (2.24) 


Example 2.14 Find the arc length between (0,0,1) and (1,0,1) of the helix y = 
sin 27x, 2 = cos 27x. 


Solution 
dx? + dy? + dz? = dx? + Ат? cos? 2тх dx? + 4x? sin? 24x dx? 
Hence the integral is 


1 
y (+ 4m)? dx = (1 + Ag) 
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The expression (2.23) is sometimes written 


КС + (dy)? + (dz)]!? ог {| |dR| (2.27) 


where it is understood that dx, dy, and dz are expressed in terms of the pa- 
rameter t and the differential df (so that t is the variable over which the in- 
tegration is performed). The form (2.27) emphasizes that the arc length is a 
property of the curve alone and does not depend on the particular parametri- 
zation. 

Returning to eq. (2.24), we see that the arc length measured along the 
curve from some arbitrary initial position R(t) to a variable position R(t) is 


given by 
s= s(t) = | 
h 


This suggests the possibility of using s itself as the parameter. In principle, at 
least, we may invert the above equation to get ¢ in terms of s; substituting into 
the function R(t) gives R as a function of s. 

In practice, the direct computation of R(s) is prohibitively difficult except 
for some standard, contrived examples, to wit: 


dR 
* dt (t > ty) 


Example 2.15  Reparametrize the curves 


fts 
(i) R@) = 5i 3p 3k (01-2) 
(ii) R(t) — (2ices t)i + (2 sin t)j (0x 1 27) 


in terms of arc length. 


Solution (i) Choosing t; = 0, we have 
‚Да 
o| dt 


Inverting this produces 


ix der (EDAD 
dt = i (ck. 15) а = GU 


t= [6s + 1)3 — 1) 
and the new parametrization is 


от) 2/3 — 113/2 
RG) = (35 : liu [Bs + : ] k 
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(ii) Again with t, = 0, we find 
s= fa - f (4 sin? t + 4 cos? t)"? dt = 2t 


Hence t = s/2 and the arc length parametrization reads 


5. 


s : 
R(s) 200671 + 2 sin zi 


The arc length parametrization possesses some advantages. By the fun- 
damental theorem of calculus, we have 


(= |у) (2.28) 


(This identifies the speed with the rate of change of arc length, a reassuring 
fact.) In coordinate form, this becomes 


ds S dxM 2y (жү 

dt Ie Я t * а 

Because our assumptions guarantee that 25/41 # 0, it follows from the chain 
rule that 


dR  dR/dt 
ds а/а 


Since d R/dt is tangent to the curve, this shows d R/ds is also. (This reflects 
the obvious fact that the tangent direction is independent of the parametri- 
zation used to describe the curve.) Moreover, d R/ds is a unit tangent vector; 
so by eq. (2.19) 


_ 48 


T5 uf 


In example 2.15 these vectors are 


(0 a = (3s + 1)- + [Qs + 1)? — 1/35 + 1) 02 К 
. ЯК T 5 
(ii) "7 tin it css) 


and the reader can verify that both are unit vectors. 
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Exercises 


Find the unit vector tangent to the oriented closed curve 


x = acost у= bsint 20 


мг lx. 
2. For the curve 
х= sint — (eost y cost t (sint zmr 
find 
(a) thearc length between (0,1,0) and (~2r,1,4r?) 
(b) T(n) 
(c) TG) 
3. Observe that 
! А 
к= ysint z= cot 
-" 
is a parametrization of the helix in example 2.14. Compute the arc length between 
the same two endpoints using formula (2.24). What is the unit tangent vector at 
(0.0.1)? 
4. If T denotes the unit tangent to the curve 
х=! у= +5 z" M 
show that d T /dt = 0. Interpret this. 
5, (a) Determine the arc length of the curve 


7. 


x = е сол! у= еп! 170 


between г = O and г = 1. 
(b) Reparametrize the curve in terms of arc length. 
(c) This curve is a spiral. Sketch it to see why, 
Find the arc length of the curve described in exercise 4, between (0,5,0) and (1,7,3), 
(а) by using (2.24), and (b) by using а little common sense. 
By using identities concerning hyperbolic functions, eliminate the parameter / from 
the equations 

x = cosh г y * sinh г 20 


Show that the curve x = 1, y = 22,2 = (* intersects the plane x + 8y + 12: 
= 162 at right angles. 
As t varies from — 1 to 1, the point (x,y,z) where 


x=; у= :=0 


traces a regular curve. At what point on this curve is there no tangent? 
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10. The helix R = cos £ i + sin tj + tk is right-handed, according to the charac- 
terization of this section. Show that if the orientation is reversed by changing : to 
—t, the helix remains right-handed. 

11. Is the helix of example 2.14 right- or left-handed? 

12. Parametrize a right-handed helix with unit pitch that is wrapped around the cyl- 

inder described by y? + 22 = 1. 

Suppose that P,P, is a smooth arc in the xy plane. Is it necessarily true that 

dy/dx exists at every point on this arc? 

14. Study the consequences of. dropping condition (iij) in the definition of a smooth 
arc. (Hint: Sketch the arc R = ri + tj.) 

15. Show that the graph of any continuously differentiable function y = f(x) isa 
smooth curve. [Hint: Check the parametrization x — ty = fit), z = 01] 


13 


2.3 Acceleration and Curvature 


The acceleration of a particle is defined to be the time rate of change of its 
velocity. Since velocity is a vector quantity, this acceleration may be associated 
with a change in either the magnitude or the direction of the velocity, or both. 

Suppose first that the direction of the velocity is constant. Then the motion 
of the particle takes place along a straight line and the magnitude of the ac- 
celeration is the rate of change of speed: 


ll = zi = 1: 
"tg" а? 


where s is arc length along the trajectory [recall €q. (2.28)]. The acceleration 
is directed along the straight line. On the other hand, if the particle moves at 
constant speed around a circle of radius p, it is well known that it undergoes 
a “centripetal” acceleration of magnitude 


pa E d (any 


p p \dt 


directed toward the center of the circle. This is due solely to the change of 
direction. 

One of the aims of this section is to show that for motion along a general 
curve with v changing direction and magnitude, the acceleration vector can 
be expressed as the sum of two orthogonal vectors, one giving the rate of change 
of speed and the other giving the instantaneous centripetal acceleration cor- 
responding to a related circular trajectory. 

If motion along a curve is to be related to motion on a circle, we clearly 
need to select the circle that "best" approximates the curve at a given point. 
In figure 2.16 we indicate the circle approximating the curve at Pj. Two prop- 
erties that the circle must have are clear: it should pass through the point P, 
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Figure 2.16 Figure 2.17 


and its tangent must coincide with the tangent to the curve at P. It remains 
for us to decide what radius p the circle should have in order that it fit the 
curve as well as possible. 

Observe that circles with small radii are more sharply curved than circles 
with large radii. Thus, by choosing p appropriately, we should be able to select 
a circle with the same curvature as the given curve, at Py. But how do we 
measure this curvature? Intuitively, curvature arises as a result of the tangent 
direction changing as we move along the curve; а straight line has no curvature 
and an arc is more sharply curved if the tangent turns faster along the length 
of the curve. Let us therefore define the curvature К as the rate at which the 
unit tangent vector turns, with respect to arc length along the curve: 


dT 147/1] 

451. а/а 

What does this give for the curvature of a circle of radius p? In figure 
2.16 the arc length between Ру and P; on the circle is As = pA. The unit 


tangent vectors T, and T; also make an angle A6; and the change in the unit 
tangent as we proceed from P, to P; is 


AT = T; —- Ti 


For small Аб, the magnitude of AT is approximately A0, as we sec from figure 
2.17 (keep in mind that the Viros i of T, and T; are unity). Thus 


(2.29) 


|Z Ab 1 
QUT p 
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Figure 2.18 


This approximation becomes exact as As approaches zero, so we can write 


ZES 
ds p 


Thus the curvature of a circle as we have defined it is the reciprocal of its 
radius. This is in harmony with our intuition, and so we shall feel confident in 
adopting the definition (2.29). 

Consequently, the radius p of our approximating circle (called the “оѕ- 
culating circle") is given by 


І І 
Рк [ат/45| 


Now we Іеї N denote а unit. vector pointing toward the center of the ap- 
proximating circle, and as usual'let T denote the unit tangent vector. The di- 
rections of both T and N may vary at different points along the curve, but they 
are always at right angles with each other, as shown in figure 2.18. 

If our earlier considerations about circular motion can be generalized to 
motion along a curve, then we are led to anticipate that the acceleration a can 
be expressed as a sum of two components: 


а= a,T + а. (2.30) 


where а, = 225/412 is the rate of change of speed, and a, = |v|?/p results 
from the change in the direction of the velocity. To see that this is, in fact, the 
case, we start over with a more careful analysis. 
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The position vector of the particle, as usual, is taken to be 
R(t) = x(t)i + y(t)j + z()k 


which we visualize as the directed line segment extending from the origin to 
the point where the particle is located. We restrict our attention to a portion 
of the trajectory where R(t) defines a smooth arc and is twice differentiable. 
Its derivatives, which are the velocity v and the acceleration a respectively, are 
computed as in section 2.1: 


ym TT Tp + —k (2.31) 


dR а , dy, а 
4? ап ат! de 

It is convenient to visualize v(t) as a directed line segment with its tail at 
the point where the particle is located. As / varies, the corresponding vector 
v(t) may vary either in direction or magnitude, or both (fig. 2.19). The speed 
of the particle is the magnitude of the velocity ds/dt, where the arc length s 
is measured along the curve from some arbitrary initial point: 


“w= ш a) s 
ru ir) Ws TAa ai Tz odds) 


The unit tangent vector T may be obtained by dividing the velocity v(t) 
by the speed |v(z)|, since our assumptions guarantee that |v(t)| is never zero: 


(2.32) 


v(t) 
k= 2.34 
oy (2.34) 


v(t) 


Figure 2.19 
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We note that T is also given by the expression 


_4® 


que di (2.35) 


The curvature k of the curve at any point is defined to be the magnitude 
of the vector d T/ds at that point [recall eq. (2.29)]: 
aT 
ds 


If k # 0, the radius of curvature p is defined to be the reciprocal of the cur- 
vature: 


к= (2.36) 


за 
k 


The motivation for this definition of p was given above. By introducing k we 
will be able to avoid using the term "infinite radius of curvature." Thus the 
curvature of a straight line is k = 0. 

Since T has constant magnitude, the derivative of T with respect to £ is 
either the zero vector or a nonzero vector perpendicular to T. This was proved 
in example 2.7; moreover, it is clear geometrically from figure 2.17, where we 
see that AT is approximately perpendicular to T if AT is small. 

If d T/dt is not the zero vector, we define the unit vector N to be dT/dt 
divided by its own magnitude: 


p= (2.37) 


_ dT/dt 
147/41] 
This vector is called the principal normal. If we apply the chain гше dT/dt 


— (dT/ds)(ds/dt) to both numerator and denominator of this fraction, we 
can cancel ds/dt and obtain the alternative expression 


(2.38) 


_ dT/ds 
[aT /4s| 
and since К = |dT/ds| we can write 
Н aT _ 
= kN 
ds 


In words, we may say that T turns in the direction N, at a rate k (with respect 
to arc length). : 

Now we are ready to derive the representation for the acceleration of the 
particle. This has been defined as the time rate of change of the velocity: 
d'x, | d'y, , dz 


dk (2.39) 


dv 
THEE e aedi de ар 
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Since |v(t)| = ds/dt, we can write 
ds 
= 2.40 
v(t) at (2.40) 


So by the product rule for derivatives (section 2.1), 


dsdY  d?s ds d T ds 
sgg ee ruat gg 


is 
z us а (s) a 


In other words, we have 
a — a,T + a,N (2.41) 


where a, = 425/42 and a, = kv. This is exactly what we anticipated in eq. 
(2.30). 

We note that at any point on the curve where k — 0, the normal vector 
N is not defined. This does not matter, since we have a, = 0 in that case and 
hence have no need for N in eq. (2.41). In case k # 0, we can write a, = 
v?/p, the way we did in the previous heuristic discussion. 

Since T and N are mutually perpendicular vectors at any point where they 
are defined, we have, by the pythagorean theorem, 


а = а? + а? (2.42) 


To compute а, we need only find d?R/d?? by differentiation, and calculate the 
magnitude of this vector. To compute a, we need only find v = dR/dt, cal- 
culate its magnitude |dR/dt| = ds/dt, and differentiate this with respect 
to t. Having computed a and a, it is then easy to obtain a, by using eq. (2.42). 
In some problems, this is more convenient than using the expression kv?. 


Example 2.16 The position of a particle moving around the circle x^ + y? = 7? in 
the xy plane, with angular velocity ш, is 


X = r cos ot y=rsin wt 2—0 


Find the normal and tangential components of acceleration of the particle, and deter- 
mine the curvature of the circle. 


Solution We have 


R-rcosoti + rsinotj 


dR : : T 
— = — ғо Sin ot i + ro cos ot j 


di 
aR 


— = —ro! cos wt i — ro? sin wt j 


а? 
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The magnitudes of these vectors are 


ds |dR 
y = — = |—— | = (rhe! sin? wt + r?w? cos? ot)? = wr 
a dile. 
aR|_ 
а= |— |= «ғ 
а? 


Since ds/dt is a constant, a, = d?s/d?? = 0 and a = а, Therefore Ку? = or; and 
since v = wr, we have k = w?r/w*r? = 1/r. This verifies that the curvature of a circle 
is the reciprocal of its radius. The answers are: а, = wr, a, = 0, k = 1/г. 
Example 2.17 The coordinates of a particle at time г are 

x = sin t — tcost y = cos t + t sint 2= Р 
Find the speed, the normal and tangential components of acceleration, and the cur- 
vature of the path, in terms of /. 
Solution 


R = (sin t — t cos t)i + (cos t + t sin 1)j + Pk 


R = (t sin t)i + (t cos t)j + 2tk 
dR ara К, И 
РР (t cos t + sin t)i + (—tsin t + cos t)j + 2k 


The speed is ds/dt = |dR/dt| = (2 sin? + t? cos? + 4£2)? = \/5t. The tangen- 
tial component of acceleration is a, = 225/402 = V5. 
From eq. (2.42), 


a, = (a! — a)? 
= [(t cos t + sint)? + (г іп t + cos t)? + 22 — 5]? = t 
Since a, = kv?, we have k = a,/v? = 1/5? = 1/51. 


One can derive a fairly simple expression for the curvature К by taking 
the vector cross product of 


2 
R'(r =||Т апа R(t) = at + k|vN 
which, since T X T = 0, gives 
R'x R" = k|? (T X N) 


Since T and N are mutually perpendicular unit vectors, their cross product 
B = T X.N is a unit vector; this vector is called the binormal. We have 
R' X R” = k|v|’B and 


|R x R"| = Ау 
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and hence 


хв] |R'XR'| 
k= oR RP (2.43) 


However, in most cases il is easier to use eq. (2.29). 

Once again we point out that although many of these formulas involve 
derivatives with respect to arc length s, one never actually needs to compute 
the reparametrization R(s), because of the chain rule. 


2.4 Optional Reading: The Frenet Formulas 


Because of its importance in geometry, it may be well to say more about the 
vector B, which is a unit vector mutually perpendicular to both T and N. The 
vectors T, М, В, in that order, form a right-handed system. It is useful to think 
of these three vectors as attached to a particle moving along the curve: as the 
particle moves, its associated triad of mutually perpendicular unit vectors moves 
and rotates (see fig. 2.20).* For a plane curve, T and N lie in the plane of the 
curve, so that B is a constant unit vector always perpendicular to the plane. 

Let us try to describe how the triad rotates as a particle proceeds along 
a space curve. As we have seen, the vector T turns toward the vector N at a 
rate k, measured with respect to arc length: 

dT 


== 44 
j ЫҸ (2.44) 


But since N is always perpendicular to T, these vectors will turn together like 
a rigid body. N must therefore turn toward the direction —T at the same rate, 
k. In addition, it is also possible for N to rotate about T as an axis; this would 
happen if the instantaneous plane of the curve were to "'tilt."** In such a case, 
dN/ds would have a component perpendicular to both T and М (i.e., along 
B). Thus we would have 


тин ЕЕЕ 7тВ (2.45) 


where 7 measures the rate at which the curve twists; accordingly, it is known 
as the torsion. 


* The triad can be visualized as an aircraft, whose nose points in the direction T (parallel 
to the velocity), with wings aligned along N and tail fin along B. 
** Or if the aircraft were to “bank.” 
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Figure 2.20 


Figure 2.21 


where 7 measures the rate at which the curve twists; accordingly, it is known 
as the torsion. { 

The torsion can be visualized by observing the cross section of a piece of 
solder wire bent into the shape of the curve, as in figure 2.21. The torsion, or 
twisting, of the wire will effect a rotation of the cross-sectional pattern. One 
can shape the wire into any plane curve without introducing torsion, but if the 
curve is nonplanar, the wire must twist. 

Once again, the fact that М turns toward B at a rate 7, and the fact that 
N and B are rigidly fixed at right angles, imply that B turns toward —N at 
the same rate. At first glance it seems conceivable that B might also rotate 
about N as an axis, thus turning in the direction of T. However, if this hap- 
pened, T would be forced by rigidity into turning in the direction — B; but T 
turns only in the direction N, by definition! Thus we have 


uo (2.46) 
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Equations (2.44) through (2.46) are called the Frenet formulas. They are 
important in differential geometry, where it is shown that any two curves with 
identical corresponding values of curvature and torsion are congruent (as usual, 


subject to certain restrictions). 
The curve formulas we have derived are summarized in table 2.1. 


TABLE 2.1 Formulas for Curves 


Parametrization R = R(t) 
Velocit aR 
ve 
М а 
Arc length ds = |dR| = |v\dt 
- dR ds (£) 
= = = =т=) N 
Acceleration a-Uu dB di 
dl 
- wi + klvPN 
dT 
Curvature PE 
Radius of curvature р = 1 
M 
Tangent qe M 
Normal N= EPA 
k ds 
Binormal B=TXN 
dB dB 
Torsi NEC Без 
‘orsion T N ds (+) FE 
Frenet formulas ate kN 
ds 
N 
dN = —kT + 7B 
ds 
dB ! 
THU TN 
Chai 1 e x LE 5) 
(Chain rule) ds М di 
Exercises 


In the first four problems below, the coordinates of a moving particle are given as a 
function of the time г. Find (a) the speed, (b) the tangential and normal components 
of acceleration, (c) the unit tangent vector T, and (d) the curvature of the curve, as 
functions of time. 


1. х = e' cost, y = e'sint,z = 0 3 
2. x = 3t cos t, y = 3t sint, z = 4t 
З, х = e cos t, y =e'sint,z = е 


4. 
5. 


10. 


12. 


13. 
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x = 5 sin 4t, у = 5 соз 4t, z = 10t 
The position vector of a moving particle is 


R = cos t (i — j) + sine (i + j) + tk 


(a) Determine the velocity and the speed of the particle. 

(b) Determine the acceleration of the particle. 

(c) Find a unit tangent to the path of the particle, in the direction of motion. 

(d) Show that the curve traversed by the particle has constant curvature k, ‘and 
find its value. 

(e) Show that the curve is a helix. 


. Find the curvature of the space curve 


х= pb SET Rm ys ЗР 


. Let C be the curve given by the equation 


R(t) = sint i + cos tj + log sec t k (0 =t < т/2) 


Find 

(a) the element of arc length, ds, along C, in terms of t. 
(b) the unit tangent T. 

(c) the unit normal N. 

(d) the curvature k. 


- A particle moves so that its coordinates at time / are given by 


x(t) = е" cost y(t) = e^ sint z(t) = е" 


Find its velocity, speed, and acceleration, and the curvature of its path at time t. 


- A particle moves so that its position R at time t is given by 


R(t) = log(t? + 1)i + (t — 2 arctan йу + 22tk 
(a) Show that this particle moves with constant speed v = 3. 
(b) Find the curvature of the path of this particle. 
A point moves along a curve so that its position R is given by 


R=f1+4+ 0j + tk 


Find 

(a) its speed v. 

(b) the unit tangent T to its path. 
(c) the vector kN. 


- Graph the planar curve y — sin x. Without writing equations, demonstrate on the 


graph how the normal N jumps discontinuously each time the curve crosses the 
axis. What is the curvature at these points? 


If F is a function of t possessing derivatives of all orders, find the derivative of. 


Find the curvature and torsion for the helix 


x=t у sint Ez; 608 f 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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. The position vector of a particle is given by 


R(t) = \/2 соз 31% + V2 cos 31] + 2 sin3t k 


Find its speed, the curvature and torsion of its path, and describe the path geo- 
metrically. 
By inspection, write бозуп the values of each of the following: 


(a) 4.7 (d) T:N (в) [LN,B] 
e dR, aR 

(b) at T) (e) a E (h) eu 
d?R dN . dB 

(c) vas (f) л; P (i) di 


If C is the curve given parametrically by 
R(t) = costi t sintj + 2tk 


find 

(a) the normal М and the binormal B for this curve at t = 0. 

(b) the equation of the plane passing through the point R(0) and parallel to both 
vectors N and B of part (a). 

Find the unit tangent T, the principal normal N, the binormal B, the curvature, 

and the torsion for 


x = cos? t ysint т = 2sin!t (0 < t < 7/2) 


True or false: 

(a) If R is the position vector of a particle, t denotes time, and s denotes arc 
length, d?R/d?? is a scalar multiple of d?R/ds?. 

(b) A moving particle achieves its maximum speed at the instant 1 = 3. (Before 
and after that instant, its speed is less than its speed at £ = 3.) It follows 
from this that its acceleration is zero at the instant t = 3. 

(c) Theacceleration of a particle moving along a curve with binormal B is always 
perpendicular to B. [Móre precisely, a(t) and B(t) are orthogonal for each 
fixed value of r.] 

Express the curvature and torsion of a helix (eq. 2.15) in terms of its radius and 

pitch. 

The evolute of a curve R(t) is the locus of the centers of curvature of the curve. 

Using the parametric formulas, show that the tangent to the evolute is normal to 

the original curve. 

If the curve R(t) lies on a sphere |R(t)| = constant, prove that 


(Hint: Keep differentiating R · R = constant, using the Frenet formulas.) 
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22. ^ rigorous derivation of the Frenet formulas proceeds as follows: 
(a) Regard eq. (2.44) as the defining equation for К and М. 
(b) Show that dN/ds + kT is perpendicular to both T and М. (Here it is helpful 
to differentiate the relation T М = 0.) Thus eq. (2.45) can be regarded as 
the defining equation for r. 
(c) Prove eq. (2.46) from eqs. (2.44) and (2.45) by differentiating the relation 
B=TXN. 
Carry out the details of this program. 
23. The Darboux vector is defined to be 


w — TT + kB 
Show that the equation 

dU 

—= ох 

ee U 


is satisfied for U = T, N, and B. Note the resemblance of this equation to the 
angular velocity equation (1.22). 


2.5 Planar Motion in Polar Coordinates 


In this section we consider the motion of a particle in the xy plane where the 
position of the particle is given in polar coordinates, r and 0. We remind the 
reader that г and 0 provide alternative descriptions of points in the plane, and 
they are sometimes more convenient when circular symmetries are present. 
They are depicted in figure 2.22 and are related to (x,y) coordinates through 
the equations 


x = r cos 0 r= (х2 + у?)!/? 
A 5 y a x 
= 6 Пр ире «28007 ИТАС ПИРЕ. 
у = ліп sin (+ уул со$ Qd yn 


The extra equations for 0 are necessary to avoid quadrant ambiguities; cus- 
tomarily, one takes ~r < 0 < m.* 

We assume that the particle's trajectory is specified by giving г and 6 as 
functions of the time t, and that these functions possess second derivatives. 

In order to work directly with polar coordinates, it is convenient to intro- 
duce unit vectors u, and us, which point respectively along the position vector 
and at right angles to it (in the direction of increasing 6), as shown in figure 
2.22. 


* Thus, for example, if x < 0 and у < 0, # would actually lie in the third quadrant. The 
principal value of arcsine would output an angle in the fourth quadrant, and arccosine would yield 
a second-quadrant angle. 
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Figure 2.22 


It is easy to see that u, and u, can be written in terms of i and j as follows: 
и, = cos Oi + sin 6j 
uy = —sin6 i + cos ô j (2.47) 


Note that u, and w are functions of 0 and are defined at every point in space 
except the origin. Unlike i and j, u, and u, are not constants. For example, 
along the positive x axis, u, = i, but along the positive y axis, u, = j. It follows 
that we must be careful in differentiating vectors written in terms of u, and 
Uy 

Directly from eq. (2.47) we see that 


Seale (2.48) 


(Notice that these important formulas reinforce the observations we made in 
the previous section about the derivatives of unit vectors rigidly attached to 
each other.) 

The position vector of a particle located at a point (7,8) is 


R= rm, (2.49) 
We obtain the velocity by differentiating eq. (2.49) and using the chain rule: 
з 
ТАГЫ а 
ГАРУ 
d ^ T qoi 
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Hence by eq. (2.48) the velocity is given by 


dR dr dà 
-——-—w-ctr— 2.50 
fW dE ар el 
This expresses the velocity as the sum of a radial component, directed away 
from or toward the origin with magnitude |dr/dt|, and a transverse component 
with magnitude |r d0/dt|. 


Example 2.18 A particle moves around the circle r — 2 with angular velocity d0/dt 
= 5 rad/sec. Find its speed. 


Solution Since r is a constant, dr/dt — 0. Hence 
46 
у= EN = 10 w 
Therefore |v| = 10. 


Example 2.19 A circular disc rotates with constant angular velocity 3 rad/sec. A fly 
walks from the center of the disc outward to the rim at a rate of 2 cm/sec (relative to 
the disc). Find the speed of the fly 4 seconds after he starts at the center. 


Solution Since dr/dt = 2, we have r = ro + 2t. Because the fly starts at the center, 
ry = 0. Hence by eq. (2.50) 


v = 2u, + 3ru, 


At time t = 4, r = 2t = 8, sov = 2u, + 24u,. The speed is then (2? + 242)!/2 
= (580)? cm/sec. 


Returning to eq. (2.50), we differentiate again to obtain the acceleration: 
2 2 
dv d I. dr dr dw , dr dr d0 Mcr 4%9 48 du, 


dre aet ТАНЕР t ant qe de 
d?r dr du, d0 * dr а@ d? ‚© а@ du, 


Tode арав deeded de can Se Ca di ud 


27 a +2 dr шы E dug | 2) 
~ ап“ ai dt "ад ПИЕ 
Combining terms, we find 
Sudan zu G 96 dr Zw 
z Е iis "lue qu 221) 


The first term іп eq. (2.51), (d?r/d??)u,, gives the acceleration for pure 
radial motion; and the third term, (420/412) ць, measures the effect of angular 
acceleration. In the special case that r is a constant, we have motion in a circle 
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with center at the origin; then и, and и, are, respectively, the vectors T and 
—N of the preceding section. In this special case the second term is the cen- 
tripetal acceleration term. 

The fourth term, 


is more complicated and is usually not discussed in elementary physics text- 
books. Under certain circumstances it is known as the Coriolis acceleration. 
As a careful examination of the above derivation will show, this term is due 
partly to the change in direction of the radial component of velocity, and partly 
to the fact that, as r changes, the transverse component of velocity changes, 
even if the angular velocity d0/dt is constant. 

According to Newton’s second law, F = ma, where F is the total force 
acting on the particle. This force F may be written as the sum of two com- 
ponents: 


F = F,u, + Руш 


The motion of the particle is then governed by the two differential equations 


d?r d6o\? 
Е, = т dB "(e (2.52) 
429 dr dé 
= mr— + 2m tL — 
F, = mr di 2m "di (2.53) 


If both sides of eq. (2.53) are multiplied by г, eq. (2.53) can be written in the 
form 


rF; = (mef) (2.54) 


which may be interpreted as stating that the torque applied to the particle 
equals the time rate of change of its angular momentum. 

If Е = 0, (2.54) may be integrated to yield mr? d0/dt = C. In other 
words, if the force is always directed radially toward or away from the origin 
(a “central force field”), then the angular momentum of the particle will be 
constant. This immediately implies Kepler's second law of planetary motion, 
which states that the radius vector in a central force field sweeps over area at 
1 constant rate, since the rate at which the vector R sweeps out area is 


dA ‚ do 


dA 1,4 
2 


dt dt 
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Exercises 
1. Find v and a if a particle moves such that 
r = b(1 — cos 0) 


2. Find v and a if 
г = (1 + sin t) 6 = е! – 1 
3. А particle moves so that its position (7,0) in polar coordinates is given by 
г = 2(1 + sin 0) 0 = e 


Find its velocity v in terms of the vectors и, and w. 


4. A particle, starting at ¢ = 0 from the point r = 2, 0 = 0 in polar coordinates, 
moves such that 


r=2+sint v= y2cost 


Find a formula for the angle 6 in terms of t, and determine the position of this 
particle at time 1 = 7/2. (Assume that 0 > 0 for all t.) 
5. A particle moves along a straight line not passing through the origin. Is (40/41)? 
nonzero? 
6. Which terms in eq. (2.51) will be nonzero in each of the following cases? 
(a) A particle moves around a circle with center at the origin with constant non- 
zero angular velocity. 
(b) A particle moves around a circle with center at the origin with constant non- 
zero angular acceleration. 
(c) A particle moves along a straight line not passing through the origin, with 
constant speed. 
(d) A person is walking from the center of a merry-go-round toward its outer 
edge (discuss various possibilities). 
7. A charged particle moves along the curve 


dos ast (£ e +) 
1 + 2 cos 0 a т 
(a) Ву differentiating the equation R = ru, show ‘hat 
dR 5 1 
ЖР. = 2sinĝ u, + z W 


(b) Find d?R/d?? and simplify. 

8. A disc rotates back and forth with angular velocity cos t rad/sec. An insect starting 
1 ст from the center of the disc at time t = 0 crawls outward at a rate of 2t 
cm/sec. Find the position, velocity, and speed of the insect after 2r seconds. 


9. Find the magnitude of the Coriolis acceleration of a particle moving in the xy 


plane with position given by 


x = 3t cos 4xt y = 3t sin 4xt 


10. 


п. 


12. 


13. 


14. 
15. 


16. 
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A particle moves with constant radial speed 2 cm/sec away from the center of a 
platform rotating with uniform angular velocity 30 rev/min. 

(a) What is its radial acceleration? 

(b) What is its Coriolis acceleration? 

The force F exerted by a magnetic field B on a particle carrying a charge q is 
given by F — q(v X B), where v is the velocity of the particle. Draw a diagram 
showing the relative directions of v, B, and F, in some special cases. Under what 
circumstances will the field exert no force on the particle? 

A particle of mass т and charge q moves in a constant magnetic field B directed 
parallel to the z axis. If the resulting trajectory is a circle of radius r in the xy 
plane, express q/m in terms у, r, and B. 

An experiment is being designed in which a particle of mass 1 is to exhibit the 
following planar motion in polar coordinates: 


r(t) =1+t 
(1 > 0) 


009 Yr 

(a) Determine the position and velocity of this particle at time ¢ = 1, illustrating 
your answer in a diagram. 

(b) Find the radial and transverse forces F,(t) and F;(t) needed on the particle 
to attain the desire motion. 

(c) If the forces acting on this particle are removed at t = 1, find its position at 
t=5. 

Find 438 / 21° in terms of u, and w. 

A particle moves in a plane with constant angular velocity w about the origin, but 

r varies such that the rate of increase of its acceleration is parallel to the position 

vector R. Show that 227/402 = ғо? /3. А 

The equations of a curve аге given in polar coordinates as r = r(t), 8 = б(ї). 

[dentify the Frenet parameters k, т, T, N, and B in terms of u,, иу, and the deriv- 

atives of r(t) and 6(1). 


2.6 Optional Reading: Tensor Notation 


As shown in section 2.1, differentiation of a vector function proceeds com- 
bonentwise. That is, the ith component of dF/dt is the derivative of the ith 
component of F: 
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This happy circumstance makes the tensor notation for the rules in theorems 


2.1 through 2.4, and their proofs, quite apparent. Thus for the cross product 
we have 


d dF; dG, 
dt «ЕС, ER €ijk UE Gk =F “жЕ, x 
by the rules of ordinary calculus. Interpreted in vector notation, this says 
d dF dG 
—(F x G) = — хс + Ех — 
ae ) dt ӨЕ dt 


which is eq. (2.7). 
The other theorems are equally straightforward. 


Exercise 


Derive the rule for the derivative of the dot product. 


Scalar and Vector Fields 


3.1 Scalar Fields; Isotimic Surfaces; Gradients 


If to each point (x,y,z) of a region in space there is made to correspond a 
number f(x,y,z), we say that f is a scalar field. In other words, a scalar field 
is simply a scalar-valued function of three variables. 

Here are some physical examples of scalar fields: the mass density of the 
atmosphere, the temperature at each point in an insulated wall, the water 
pressure at each point in the ocean, the gravitational potential of points in 
astronomical space, the electrostatic potential of the region between two con- 
denser plates. Such scalar fields as density and pressure are only approximate 
idealizations of a complicated physical situation, since they take no account 
of the atomic properties of matter. 

For the sake of fixing ideas, the following scalar fields are given as ex- 
amples that will be referred to repeatedly: 


l. f(x.y,z) = x + 2y 32 
2. fxyz = x2 + y? + 2? 
3. flx,y,z) = x + у? 

x у? 
4. (хул) = x + Es st 
5. Луг) = Vx у? > z 
Д 1 
6. Ах,у,2) = xg yt 
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The fields in examples 1 through 5 are defined at every point in space. The 
field in example 6 is defined at every point (x,y,z) except where x? + y? 
= 0, that is, everywhere except on the z axis. 

If f is a scalar field, any surface defined by f(x,y,z) = C, where C is a 
constant, is called an isotimic surface (from the Greek isotimos, meaning “of 
equal value"). Sometimes, in physics, more specialized terms are used. For 
instance, if f denotes either electric or gravitational field potential, such sur- 
faces are called equipotential surfaces. ЇЇ f denotes temperature, they are called 
isothermal surfaces. If f denotes pressure, they are called isobaric surfaces. 

In the above examples, the isotimic surfaces are (see fig. 3.1): 


all planes perpendicular to the vector i + 2j — 3k 

all spheres with center at the origin 

all right circular cylinders with the z axis as axis of symmetry 
a family of ellipsoids 

a family of cones 

the same as in example 3 


QUU VPE Dar 


Figure 3.1 
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(хо, Уо, Zo) 
Figure 3.2 


It is impossible for distinct isotimic surfaces of the same scalar field to 
intersect, since only one number f(x, y,z) is associated with any one point (x,y,z). 

Let us consider the behavior of a scalar field in the neighborhood of a point 
(хо,уо,20) within its region of definition. We imagine a line segment passing 
through (хо,уо,20) parallel to a given vector u. Let s denote the displacement 
measured along the line segment in the direction of u (fig. 3.2), with s — 0 
corresponding to (хо,уо,20). To each value of the parameter s there corresponds 
a point (x,y,z) on the line segment, and hence a corresponding scalar f(x,y,z). 
The derivative df/ds at s = 0, if this derivative exists, is called the directional 
derivative of f at (ху,уо,2о), in the direction of the vector u. 

In other words, the directional derivative of f is simply the rate of change 
of f, per unit distance, in some prescribed direction. The directional derivative 
df/ds will generally depend on the location of the point (хо,уо20) and also on 
the direction prescribed. 

The directional derivative of a scalar field f in a direction parallel to the 
x axis, with s measured as increasing in the positive x direction, is conven- 
tionally denoted 9//9х, and is called the partial derivative of f with respect to 
x. Similarly, the directional derivative of fin the positive y direction is called 
д/у, and that in the positive 2 direction, af/dz. We assume that the reader 
has had some experience with partial derivatives. 

The directional derivative of a scalar field f in a direction that is not par- 
allel to any of the coordinate axes is conventionally denoted df/ds, but of course 
this symbol is ambiguous; it would not make sense to ask “what is df/ds” 
without specifying the direction in which s is to be measured. 

A convenient way of specifying the desired direction is by prescribing a 
vectot u pointing in that direction. Although the magnitude of u is immaterial, 
it is conventional to take u to be a unit vector. We have already seen (section 
2.2) that a unit vector in a desired direction can be obtained by computing 
dR/ds in that direction, where R = xi + yj + zk. That is, 


aa dy, , dz 
ans дата ает (3.1) 
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is a unit vector pointing in the direction in which s is measured. Here we are 
thinking of x, y, and z as functions of the parameter s, for points (x,y,z) on 
the line segment; s is, of course, arc length along the segment. 

If the partial derivatives д//дх, д//ду, and Of/dz exist and are continuous 
throughout a region, then it is well known (see Appendix B for a proof) that 
the following chain rule is valid: 


df af dx , dy | of dz 


3; 
ds  óxds  óyds 9245 m 
If we define the gradient of f to be the vector 
ofise O ЖД 
= 1+) 3.3 
ered f= аі ak (3.3) 

we see that the right side of (3.2) is the dot product of u with grad f: 

4 

е ис grad f (3.2) 


ds 


Since u is a unit vector, u · grad f = |u|[grad /| cos 6 = |grad f| cos 0, where 
0 15 the angle between grad f and u. This gives us the first fundamental prop- 
erty of the gradient. 


PRoPERTY 3.1 The component of grad f in any given direction gives 
the directional derivative df/ds in that direction. 


By the maximum principle (example 1.16), the largest possible value of 
u г grad f, for unit vectors и, is obtained when u is in the same direction as 
grad f (assuming that grad f = 0). Since u · grad f = df/ds, it follows that 


the maximum value of df/ds is obtained in the direction of grad f. This is the 
second fundamental property of the gradient. 


PROPERTY 3.2 grad f points in the direction of the maximum rate of 
increase of the function f. 


If и points in the direction of grad f then 
u: grad f = |u||grad f| cos 6 = [grad f| 
which gives the third fundamental property of the gradient. 


PROPERTY 3.3 The magnitude of grad f equals the maximum rate of 
increase of f per unit distance. 


Experience has shown that the wording of:these fundamental properties 
makes then rather easy to memorize [and they should be memorized, together 
with the definition (3.3)]. 
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The fourth fundamental property of the gradient of a function makes it 
possible to use the gradient concept in solving geometrical problems. 


PROPERTY 3.4 Through any point (хо,уо,20) where grad f # 0, there 
passes an isotimic surface f(x,y,z) = C; grad f is normal (i.e., perpen- 
dicular) to this surface at the point (хо,уо,20). 


This property holds only when 9//9х, Of/dy, and ðf/ðz exist and are con- 
tinuous in a neighborhood of the point in question. The constant Cis, of course, 
equal to /(хо,уо,20). If grad f = 0, the locus of points satisfying f(x,y,z) = С 
might not form a surface. (Consider, for example, this locus if f is a constant 
function). К 

We omit a detailed proof of this fourth property, but the following dis- 
cussion may make it seem reasonable. Let C denote the value of f t (x0,¥0,Z0)- 
Since grad f 0, it follows from the preceding fundamental propertic. hat 
df/ds will be positive in some directions. If, then, we proceed away from 
(хо,уо,20) in one of these directions, the value of f(x,y,z) will increase, and if 
we proceed in the opposite direction, its value will decrease. Since f and its 
partial derivatives are continuous, it séems reasonable that there will be a sur- 
face passing through (xo,yo,zo) on which f remains at the constant value C; on 
one side of this surface the values of f will be greater than (and on the other, 
less than) C. Now suppose we consider any smooth arc passing through 
(хо„уо,2о) and entirely contained in this surface. Then Д\х,у„2) = C for all 
points on this arc, and so df/ds = 0, where s is measured along this arc. Since 
df]ds = u grad f, and in this case u is a unit vector tangent to this arc, we 
see that u : grad f = df/ds = 0, implying that grad f is perpendicular to u. 
This reasoning applies to any smooth arc in the surface passing through 
(хо,уо,20). Hence grad f is perpendicular to every such arc, at that point, which 
can be the case only if grad f is perpendicular to the surface (fig. 3.3). 


grad f 


Figure 3.3 
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We now return to the six examples given previously. In each case the gra- 


dient is easily computed using the definition (3.3): 


A рЫ 


grad f = i + 2j — 3k 
grad f = 2xi + 2yj + 2zk 
grad f = 2xi + 2yj 
2y 


X., i 
рат 1+ 9 ) * 2zk 
xi + yi 
= ———— — k 
m7 Very 
2x 2y 


grad f (х2 + yy! (x? + yp? 

(This is the only one of the six examples for which grad f is a constant.) 
We already know from section 1.10 that i + 2j — 3k is perpendicular to 
any plane of the form x + 2y — 3z = C. We see that grad f = i + 2j 
— 3k. Thus we have verified the fourth fundamental property in this spe- 
cial case. 

In this case the isotimic surfaces are spheres centered at the origin, so the 
normals to these surfaces must be vectors pointing directly away from the 
origin. Sure enough, we have grad f = 2xi + 2yj + 2zk = 2R, and we 
know that the vector 2R always points directly away from the origin. To 
see the significance of the number 2 here, let R denote the distance from 
the origin to the point (x,y,z). Then we can, in this example, write the 
function in terms of R: it is simply R?. Moreover, if we move away from 
any point in the direction of maximum increase of R?, which obviously 
means moving directly away from the origin, then the element of arc length 
is simply dR. In this direction, the derivative df/ds is df/dR, and 
(d/AR)(R?) = 2R. Also, |R| = 2R, so we have verified the third funda- 
mental property in this special case. 

The reader familiar with cylindrical coordinates can do the same thing 
here as we just did with example 2. Let р = (x? + y2)!/2, the distance 
from the point (x,y,z) to the z axis. The function f in this example is simply 
о? and obviously increases most rapidly in a direction perpendicular to the 
z axis. Its derivative in this direction is 2p, which is also the magnitude 
[grad f| = (4x? + 4y?)!/2, The direction is clearly normal to the isotimic 
surfaces, since the latter are right circular cylinders centered on the z axis. 
The second, third, and fourth fundamental properties are extremely trans- 
parent in this case, as they were in example 2. 

[We skip example 4.] All we care to note here is the elementary geo- 
metrical significance of the —k term in grad f. The isotimic surfaces of 
this function are conical; each has an apex on the z axis and spreads out- 
ward with increasing z. Thus, we see easily that the normal to one such 
surface will not point directly away from the z axis, as it does in example 
3, but will have an additional, constant component in the negative z di- 
rection. 
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The following examples are some sample problems that illustrate the use 
of the fundamental properties of the gradient of a scalar field. 


Example 3.1 Find df/ds in the direction of the vector 4i -- 4j — 2k at the point 
(1,12) if f(x..z) = x? + y? 2. 


Solution grad f = 2xi + 2yj — k = 2i + 2j — k at (1,1,2). A unit vector in 
the desired direction is и = 21 + 2) — +k (obtained by dividing 4i + 4j 
— 2k by its own length). Property 3.1 then gives df/ds = u · grad у= + 
+ 4+ 4 = 3. This means that the value of the function f is increasing 3 units 
per unit distance if we proceed from (1,1,2) in the direction stated. 


Example 3.2 The temperature of points in space is given by f(x,y,z) = xi 
+ y! — z. A mosquito located at (1,1,2) desires to fly in such a direction that he will 
get cool as soon as possible. In what direction should he move? 


Solution As we saw in example 3.1, grad f = 2i + 2j — k at (1,1,2). The mosquito 
should move in the direction —grad f, since grad f is in the direction of increasing 
temperature. 


Example 3.3 A mosquito is flying at a speed of 5 units of distance per second, in the 
direction of the vector 4i + 4j — 2k. The temperature is given by f(x,y,z) = x? + y? 
— z. What is his rate of increase of temperature, per unit time, at the instant he passes 
through the point (1,1,2)? 


Solution As shown in example 3.1, df/ds in this direction is 3 units per unit distance. 
The rate of increase of temperature per unit time is thus айа = (df/ds)(ds/dt) = 
(3)(5) = 15 degrees per second. 


Example 3.4 What is the maximum possible dffds, if f(x. y.z) = x? + y? — z, at the 
point (1,4,2)? 


Solution |grad f| = |2i + 8j — k| = \/69. The answer is approximately 8.31 units 
per unit distance. 


Example 3.5 Find a unit vector normal to the surface x? + y? — z = 6 at the point 
(2,3,7). 


Solution This is an isotimic surface for the function (x,y,z) = х? + y? — 2. At 
(2,3,7) we have grad f = 2xi + 2yj - k = 4i + 6j — k. The length of this vector is 
V53. Thus an answer is (/53/53) (4i + 6j — k). (The negative of this vector is also 
a correct answer.) 


The reader may have observed that the number 6, the constant on the 
right-hand side of the equation defining the isotimic surface in example 3.5, 
appears to have no effect on the normal, grad f. This is not quite true. Granted, 
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the formula for grad f ignores the 6, but when it is evaluated at (x,y,z), the 
numbers x, y, and z must satisfy x? + y? — z = 6, Clearly 22 + 32 — 7 
= 6. 


Exercises 


1. Compute grad f if 
(a) f sinx te% + 2 
(b) f= 1/]R| 
с) f7R'ixj 
2. If flxy.z) = x? + y! what is the locus of points in space for which grad / is 
parallel to the y axis? 
3. What can you say about a function whose gradient is everywhere parallel to the 
y axis? 
Find all functions f(x,y,z) such that grad f = 2xi + zj + yk. 
5. Can you find a scalar whose gradient is yi? 
Describe grad fin words, without actually doing any calculating, given that Дх,у„2) 
is the distance between (x, y.z) and the z axis. 
- Given f(x, yz) = x? + y? + 22, find the maximum value of df/ds at the point 
(3,0,4), 
(a) by using the gradient of f. 
(b) by interpreting f geometrically, 
A volcano just erupted and lava is streaming down from the mountain top. Sup- 
pose that the altitude of the mountain is given by 


> 


е 


м 


= 


z(x,y) = he? + 22 


where h is the maximum height, and Suppose also that lava flows in the direction 
of steepest descent (fastest change in z). Find 
(a) the projection on the xy plane of the direction in which lava flows away from 
the point (1,2,he-*). 
(b) the projection on the xy plane of the equation of the flow line of the lava 
passing through the point (1,2,he~°). 
9. Find the derivative of f(x,y,z) = x + xyz at the point (1,—2,2) in the direc- 


tion of 
(a) 2i+ 2j — к 
(b 1+2) + к 


10. Find the directional derivative df/ds at (1,3,—2) in the direction of —i + 2j 
+ 2k if 
(a) Лх,у,2) = yz + xy + xz 
(b) Дх) = x? + 2y? + 322 
(c) Лх,у,2) = ху + xi! 
(d) Лх,у2) = VA Fy 2 

11. Find the magnitude of the greatest rate of change of f(x,y,z) = (x? + z? at 
(1,3,—2). Interpret geometrically. 


12. 
13. 
14. 


15. 
16. 


17. 
18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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Find the direction of maximal increase of the function f(x,y,z) = е7 cos z at the 

point (1,1,0). 

By vector methods, find the point on the curve x = t, y = P,z = 2 at which the 

temperature (x,y,z) = x? — 6x + y? takes its minimum value. 

Find a vector normal to the surface x? + yz = 5 at (2,1,1). 

Find an equation of the plane tangent to the sphere x? +y +z = 21 at (2,4,—1). 

Find a vector normal to the cylinder x? + z? = 8 at (2,0,2), 

(a) by inspection (draw a diagram). 

(b) by finding the gradient of the function f(x,y,z) = x? + z? at (2,0,2). 

Find an equation of the plane tangent to the surface z? — xy = 14 at (2,1,4). 

Find equations of the line normal to the sphere x? + y? + 22 = 2at (1,1,0), 

(a) by inspection (draw a diagram). 

(b) by computing the gradient of f(x,y,z) = x? + y? + 2? at (1,1,0), and using 
this to find the normal. 

Find a unit vector normal to the plane 3x — y + 2z = 3, 

(a) by the methods of section 1.10. 

(b) by the methods of the preceding section. 

Find an equation of the plane tangent to the surface 2 = x? + y? at (2,3,13). 

[Hint: Consider the function f(x,y,z) = x? + y? — z.] 

Let T(x,y,z) = x? + 2y? + 322, and let S be the isotimic surface: T = 1. Find 

all points (x,y,z) on S that have tangent planes with normals (1,1,1). 

If ф(х,у,2) = x*y + zy + 2%, find 

(a) the gradient of ¢. 

(b) the equation of the plane passing through the point (1,—1,1) and tangent to 
the level surface of ф at that point. 

Find a unit vector tangent to the curve of intersection of the cylinder x? + y? 

= 4 and the sphere x? + y? + z? = 9 at the point (V2, V2, V5), 

(a) by drawing a diagram, obtaining the answer by inspection. 

(b) by finding the vector product of the normals to the two surfaces at that point. 

(c) by writing the equation of the curve in parametric form. (Hint: Let x = 
2 sin t and y = 2 cos t.) 

Determine the angle between the normals of the intersecting spheres x? + у? 

+ 22 = 16апі (x — 1)? + y? +z? = 16 at the point (1/2, 3/2, 36/2). 

At what angle does the line 2x = y = 2z intersect the ellipsoid 2x? + у? + 22? 

= 87 

What is the angle between the tangent to the curve 

R(t) = ti + 2) + 2Pk (0=1= 3) 


and the normal to the surface z = 16 — x? — y at their point of intersection? 
At what angle does the curve x = t, y = 2t — 12, z = 21* intersect the surface 
x? + y? + 3z? = 14 at the point (1,1,2)? 


. Find the angle between the surfaces z = x? + y? and x? + y? + (2 — 3)? 29 


at the point (2, — 1,5). 
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the formula for grad f ignores the 6, but when it is evaluated at (x,y,z), the 
numbers x, y, and z must satisfy x? + y? — z = 6, Clearly 2? + 32 — 7 
= 6. 


10. 


п. 


Exercises 


- Compute grad / if 


(a) f=sinxt+ev+z 

(b) f= 1/]R| 

(с) f-R'ixj 

If f(x,y,z) = x? + уг, what is the locus of points in space for which grad f is 
parallel to the y axis? 


- What can you say about a function whose gradient is everywhere parallel to the 


y axis? 


- Find all functions f(x,y,z) such that grad f = 2xi + zj + yk. 
. Can you find a scalar whose gradient is yi? 
. Describe grad fin words, without actually doing any calculating, given that Лх,у2) 


is the distance between (x,y,z) and the г axis. 


- Given f(x, yz) = x? + y? + 22, find the maximum value of df/ds at the point 


(3,0,4), 

(a) by using the gradient of y 

(b) by interpreting f geometrically. 

A volcano just erupted and lava is streaming down from the mountain top. Sup- 
pose that the altitude of the mountain is given by 


z(x,y) = hec? + 27) 


where A is the maximum height, and suppose also that lava flows in the direction 

of steepest descent (fastest change in z). Find 

(a) the projection on the xy plane of the direction in which lava flows away from 
the point (1,2,5e-?). 

(b) the projection on the xy plane of the equation of the flow line of the lava 
passing through the point (1,2,he^?). 


. Find the derivative of f(xyyz) = x + xyz at the point (1,—2,2) in the direc- 


tion of 

(a) 2i - 2j—k 

(b) 2i - 2j - k 

Find the directional derivative df/ds at (1,3, —2) in the direction of —i + 2j 
+ 2k if 

(a) Дх) = yz + xy + xz 

(b) ЛДх,у,2) = x? + 2y? + 322 

(c) Лх,у,2) = xy + x 

(d) Дх) = vx Fy F Z 

Find the magnitude of the greatest rate of change of f(x,y,z) = (x? + z2)? at 
(1,3,—2). Interpret geometrically. 


12. 
13. 
14. 


15. 
16. 


17. 
18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


77. 
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Find the direction of maximal increase of the function f(x,y,z) = e^? cos z at the 

point (1,1,0). 

By vector methods, find the point on the curve x = t, у = P, z = 2 at which the 

temperature (x,y,z) = x? — бх + у? takes its minimum value. 

Find a vector normal to the surface x? + yz = 5 at (2,1,1). 

Find an equation of the plane tangent to the sphere x? + у? + 22 = 21 at (2,4,— 1). 

Find a vector normal to the cylinder x? + z? = 8 at (2,0,2), 

(a) by inspection (draw a diagram). 

(b) by finding the gradient of the function f(x,y,z) = x? + z* at (2,0,2). 

Find an equation of the plane tangent to the surface z? — xy = 14at (2,1,4). 

Find equations of the line normal to the sphere x? + y? + 22 = 2 at (1,1,0), 

(a) by inspection (draw a diagram). 

(b) by computing the gradient of f(x, yz) = x? + y? + 22 at (1,1,0), and using 
this to find the normal. 

Find a unit vector normal to the plane 3x — y + 2z = 3, 

(a) by the methods of section 1.10. 

(b) by the methods of the preceding section. 

Find an equation of the plane tangent to the surface 2 = x? + y? at (2,3,13). 

[Hint: Consider the function f(x,y,z) = x? + y! — z.] 

Let T(x,y,z) = x? + 2y? + 322, and let S be the isotimic surface: T = 1. Find 

all points (x,y,z) on S that have tangent planes with normals (1,1,1). 

If ф(х,у,2) = xy + zy + z^, find 

(a) the gradient of ф. 

(b) the equation of the plane passing through the point (1,— 1,1) and tangent to 
the level surface of ¢ at that point. 

Find a unit vector tangent to the curve of intersection of the cylinder x? + y? 

= 4 and the sphere x? + y? + z? = 9 at the point (/2, V2, V5), 

(a) by drawing a diagram, obtaining the answer by inspection. 

(b) by finding the vector product of the normals to the two surfaces at that point. 

(c) by writing the equation of the curve in parametric form. (Hint: Let x — 
2 sin t and y = 2 cos t.) 

Determine the angle between the normals of the intersecting spheres x? + y? 

+ 22 = 16 and (x — 1)? + y? + 22 = 16 at the point (1/2, 3/2, 3\/6/2). 

At what angle does the line 2x = y = 2z intersect the ellipsoid 2x? + y? + 22? 

= 8? 

What is the angle between the tangent to the curve 

R(t) = ti + 2) + 2?k (0 =1= 3) 


and the normal to the surface 2 = 16 — x? — y at their point of intersection? 
At what angle does the curve x = t, y = 2t — t?, z = 2t* intersect the surface 
x? + oy? + 3z? = 14 at the point (1,1,2)? 

Find the angle between the surfaces 2 = x? + y? and x? + y? + (z — 331-9 
at the point (2, — 1,5). 
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29. Let S, and S; be the surfaces with equations 


Vader Lud 06 

b Жл АС l 
Show that, if а?В? — b?A? = 0, then the curve of intersection of S, and 5, must 
be parallel to the xy plane: 

30. If R, denotes the position vector of a point P relative to an origin O, in the xy 
plane, and R; denotes the position vector of the same point relative to another 
origin Oz, then |R,| + [Е = constant is the equation of an ellipse with foci О, 
and Oz. Use this observation to prove that lines O,P and ОР make equal angles 
with the tangent to the ellipse at P. (Hint: grad (|В\| + |R|) is normal to the 
ellipse. ] 

31. Find the point on the sphere x? + y? + z? = 84 that is nearest the plane x + 2y 
+ 4: = 77, 

32. Find the point on the ellipsoid x? + 2y? + 322 = 6 that is nearest the plane 
х+2у+ 32 = 8. 

33. What point on the curve x = t, y = 02,2 = 2 is closest to the surface х2 — 6x 
+у +7 = 07 

34. Show that апу level curve R(x) for the function fx. y.z) satisfies 

a ‘grad f = 0 

35. Given ф = tan^' x + tan"! y and = (x + y)/(1 — xy), show that V X Vy 
= 0. [Hint: It is easy if you recognize the formula for tan (A + B).] 

36. Given w = uv, where u and v are scalar fields, show that Vw: Vu X Vv = 0, 
(a) by direct calculation. 


(b) without calculation. 
37. Generalize the result of the preceding exercise. 


3.2 Optional Reading: Constrained Optimization 
The fact that grad / : и gives the directional derivative of fin the direction of 
the unit vector u is expressed, in the language of finite differences, as 

lim AR + su) — ДВ) 


s—0 5 


=u: grad / 


It follows that if u · grad f — 0, f must definitely increase for some distance 
in the direction of и (and decrease in the opposite direction). If f changes rap- 
idly, it may start to decrease shortly thereafter, but there is no question that 
some increase must take place. 
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grad / 
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What does this say about a point where f takes a maximum value? If R 
is a local maximum for f, there can be no direction in which f increases. There- 
fore grad f can have “no direction" at such a point; that is, it must be the zero 
vector (see fig. 3.4.). Grad f is zero at any local maximum (or minimum) of 
a continuously differentiable scalar field. Thus the condition grad f — 0 re- 
places the familiar necessary condition, df/dx = 0, for an extremum of a func- 
tion of one variable. 


Example 3.6 Find the maximum value of f(x,y,z) = —x* — 2y? — 42% +1222. 


Solution Clearly f approaches —оо as |R| = |xi + yj + zk| grows, so the stan- 
dard theorems of analysis show that f does, in fact, achieve a maximum value. At such 


a point grad f — 0. Thus 
cx == () —4y = 0 and —162 + 42 = 0 


The possible maximum points (remember that we have only derived necessary 
conditions) are x = 0, y = 0, and z = 0, xl. The corresponding values of f 
are 0, +, and }. Thus the maximum value of f is + and it occurs at the two 
points R = +(+)k. 


A more interesting situation arises when the set of points over which we 
seek to maximize f is constrained. Thus suppose that g(x,y,z) is another con- 
tinuously differentiable scalar field and the surface g(x.y,z) = 0 divides all of 
space into regions where g(x,y,z) < 0 and g(x,y,z) > 0 (fig. 3.5). Now we 
seek the point in the region g = 0 where f is maximal. Perhaps f takes still 
larger values outside this region, but such points are irrelevant to our quest. 
What are-the necessary conditions on f at this constrained maximum point? 
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Feasible points 


Figure 3.5 


There are two possibilities. Either g is greater than zero at the maximum 
point of f, or it is equal to zero there. As figure 3.5 suggests, points where 
g > 0 аге called interior points, and g = 0 at the boundary points. [Together 
these are known as feasible points; if g(x,y,z) < 0, the point is called infeas- 
ible.] For technical reasons we make the assumption that grad g is continuous 
and nonzero on the boundary. (See exercise 12.) 

If the maximum of f occurs at an interior point, then the situation as de- 
picted in figure 3.6 is similar to that in figure 3.4, and the necessary condition 
grad f = 0 continues to hold. Since this is no different from the unconstrained 
case, we say the constraint g — 0 is inactive. 

On the other hand, if the constrained maximum point for f lies on the 
boundary, it is not necessarily true that grad f equals zero there; it is only 
necessary that one is unable to increase f without leaving the feasible region. 
Figure 3.7 tells us how to express this. In order that all feasible directions 
emanating from the maximal point be directed at least 90° away from grad 

ff. clearly grad f must be oppositely directed to grad g. Consequently the nec- 
essary condition for a boundary point to be a constrained maximum for f is 
that, for some nonnegative (i.e., positive or zero) scalar А, 


grad f = —) grad g х>0 (3.4) 
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Figure 3.6 


This condition is markedly different from the unconstrained criterion, and we 
say the constraint is active in this case. Notice, however, that both the active 
and inactive necessary conditions can be expressed by eq. (3.4), since А = 0 
is permitted. 


Example 3.7 Find the maximum of f(x, yz) = x* — 2y? — 424 + 2z? subject to the 
constraint g(x,y.) =x + у —2z 0. 


Solution Note that both unconstrained maximum points (0,0,5) and (0,0, =+) are 
now infeasible. At the maximum point the equations 


—4x3 = —\ 4y = = 162? + 4: = 0 (3.5) 
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Figure 3.7 


must possess a common solution, with А > 0 and g(x,y,z) > 0. Clearly the last equation 
implies z equals 0 or ++ as before. 


(i) If the constraint is inactive then А = 0 and grad f = 0. The equations then imply 
x = y = 0; but this violates the constraint x + y — 2 = 0. 
(ii) Thus the constraint is active, А > 0, and x + y + 2 = 0. The only real solution 
of all these equations is x = y = 1, = 4 (see exercise 9). 


The constrained maximum therefore lies at one of the points (1,1,0), 
(1,1,2), or (1,1,—4). The corresponding values of f are —3 and —1} (twice), and 
the latter value is maximal. 


How does this generalize to two constraints: g(x,y,z) = 0 and A(x,y,z) 
> 0? In figure 3.8 we see that if the maximum of f occurs at an interior point 
then both constraints are inactive and grad f = 0 there. If the maximum occurs 
at a point where g = 0 but h > 0 (fig. 3.9) then one constraint is active and 
the other inactive; thus grad f = — grad g with А = 0. The analogous con- 
dition holds at points where h = 0 but g > 0. 
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Now at a point lying in both boundary surfaces, we must ensure that no 
feasible direction makes an angle of less than 90? with grad f. As figure 3.10 
demonstrates, this requires that grad f lie in the planar “wedge” (keep in mind 
that the situation depicted is three-dimensional) whose sides are rays paral- 
lel to —grad g and —grad h. This means that grad f is expressible as 
—) grad g — u grad h, with nonnegative coefficients А and д. The necessary 
condition for a maximum point subject to two constraints becomes 


grad f = —А grad g — y grad h х>0,и>0 


The generalization of all this is known as the Kuhn-Tucker theorem of 
mathematical programming. Roughly stated (that is, omitting the continuity 
hypotheses), it says that if R is a point at which f achieves a maximum subject 
to the constraints gi(x,y,z) > 0, 22(х,у,2) > 0,. . . , #(х,у,2) = 0, then the 
equation 


grad f = —), grad gı — M grad gz — > — M grad g 
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must hold at R, with nonnegative coefficients Ау, Az, . . . , A». These coeffi- 
cients are known as Lagrange multipliers. 


Example 3.8 Find the maximum of f(x, yz) = —x* — 2y? — 4:* + 27? subject to 
the constraints g(x,y,z) = x + y — 1 = 0 and h(x,y,z) = 22 — 1 = 0^ 
Solution The Kuhn-Tucker equations are 

—4x3 = —À —4y = —À and —16:2% + 42 = — 2р2 


As before, x = y — 1 is the only real feasible solution to the first two equations. The 
last equation has solutions 


z=0 z= +ү[ + 25/16]. 


z = 0 is unfeasible. If u = 0,2 = ++} , neither of which meets the constraints. Thus 
и > 0 and the constraint is active: z? — 1 = 0. As a result the maximum occurs at 
(1,1, x: 1) and has the value —5. 
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Figure 3.10 


Exercises 


Find the maximum of f(x, yz) = —2x? — 3y? — 422 + 8x + 12у + 242 + 15. 
(a) Restate the Kuhn-Tucker conditions for finding the minimum of a function f 
subject to the constraints gy > 0, gz > 0,. .. , Zn = 0. 

(b) Restate the Kuhn-Tucker conditions for finding the minimum of f subject to 
£&20,g8z0...,g,-0. 

Find the minimum of f(x, y) = x? — 4x + y? — 2y + 5 subject to the constraint 
(а) х2 у 

(b x=y 

Interpret geometrically. [Hint: Complete the square for f.) 

The equality constraint g(x,y,z) = 0 can be implemented as a pair of inequality 
constraints g > 0 and g < 0. State the Kuhn-Tucker conditions for a maximi- 
zation problem with n equality constraints. 
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5. Use the Kuhn-Tucker conditions to test which of the following points could be the 
minimum point for a function f(x,y) whose gradient is given by (4x + 2y — 10)i 
+ (2x + 2y — 10)j, subject to the constraint x? + y? < 5: 

(a) (1,2) 
(b) (0,5) 
(c) (1,1) 

6. Consider the problem of maximizing y? — 2x — x? subject to x? + y? < 1. Which 
of the following points satisfy the Kuhn-Tucker conditions? Which give(s) the 
maximum? 

(a) (1,0) (Ы) (710. (9 (75,95) (9) (=, 9) 

7. Consider the problem of minimizing f(x,y) = x. subject to (x — 3)? + (y — 2)? 
> 13 and (x — 4)? + y? < 16. Find the three points satisfying the Kuhn-Tucker 
conditions, and find the minimum. 

8. Minimize x? + 2y subject to x? + у? = 1. 

9. Prove the statement made in example 3.7, that x = y = 1 is the only real feasible 
solution to the Kuhn-Tucker conditions. (Hint: The function х? + x — 2 has a 
positive slope everywhere, so it can cross the x axis only once.) 

10. Draw a figure illustrating the possible directions for grad f at a maximum point 
lying on the boundary of three constraint surfaces. To make things easier, you 
might begin by taking the three constraints to be x = 0, y = 0, and z = 0. 

11. How would figure 3.10 look if grad g and grad h were parallel at the point S? 
What would the Kuhn-Tucker condition for grad f become? 

12. The assumption was made in the text that the surface g(x,y,z) = 0 separates space 
into two regions, where р < 0 and g > 0 respectively. Of course, this would not 
occur if the maximum value of g happened to be 0, because then the region 
g > 0 would be empty. How is this related to the “technical assumption" that 
grad g + 0 on the boundary surface? 


3.3 Vector Fields and Flow Lines 


A vector field F is a rule associating with each point (x,y,z) in a region a vector 
F(x,y,z). In other words, a vector field is a vector-valued function of three 
variables. 

In visualizing a vector field, we imagine that from each point in the region 
there extends a vector. Both direction and magnitude may vary with position 
(fig. 3.11). A good visualization of a vector field is a sandstorm, with F(R) 
giving the velocity of the sand particle at R. 

Some vector fields are not defined for all points in space. For example, 
the vector field 


xi + yj 


F(x,y.) = a ў 


is not defined along the z axis, since x? + y? = 0 for points оп the 2 axis. 
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Figure 3.11 


A vector field may be written in terms of its components: 
Е(х,у,2) = Fi(x,y,z)i  FyGoyz)j + Fa(xy,z)k 


Example 3.9 1f f(x,y,z) is a scalar field, grad f is a vector field. 


Example 3.10 Each of the “vectors” u, and п, (section 2.5) is a vector field defined 
in the plane. 


Example 3.11 In hydrodynamics, one associates with each point of a region the ve- 
locity of the fluid passing that point. In this manner one obtains, at any instant of time, 
a vector field describing the instantancous velocity of the fluid at every point. 


Example 3.12 In theoretical physics, there is associated with each point in space an 
electric intensity vector, representing the force that would be exerted, per unit charge, 
on a charged particle, if it were located at that point. This electric field, at any instant 
of time, constitutes a vector field. (Magnetic fields and gravitational fields also provide 
examples of vector fields defined in space.) 


Let us consider a vector field F that is defined and nonzero at every point 
of a region in space. Any curve passing through the region is called a flow line 
of F provided that, at every point on the curve, F is tangent to the curve. (Flow 
lines are also called stream lines or characteristic curves of F. If F is a force 
field, the flow lines are commonly called /ines of force.) In figure 3.11, three 
flow lines are indicated as dotted curves. 

This may be visualized another way. The vector field F determines, at 
each point in the region, a direction. If a particle moves in such a manner that 
the direction of its velocity at any point coincides with the direction of the 
vector field F at that point, the space curve traced out is a flow line. 
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useless and a bit dangerous, since (if taken literally) both of these preceding 
sentences are not only vague but technically incorrect. As we shall see, it is 
possible for a field to have a positive divergence without appearing to "'di- 
verge" at all, and it is possible for a field to have a nontrivial curl and yet have 
flow lines that do not bend at all. 

In this section we consider only the divergence. We begin by presenting a 
heuristic derivation, which will serve to motivate the formal definition. As usual 
the vector field will be denoted by 


F = Fi + Frj + Fk 


Let us once again picture the velocity field for a stream of flowing par- 
ticles, such as sand particles in a sandstorm, electrons in a wire or plasma, or 
fluid particles in a jet emerging from a nozzle. Denote the number of particles 
per unit volume—the particle density—by v. Now if each particle weighs m 
grams (say), then the mass density и equals my grams per unit volume. 

Next let v(x,y,z) be the velocity of the fluid particle located at (x,y,z); v 
is the velocity field of the fluid. The vector field 


Е(х,у,2) = щ(х,у,2)ү(х,у,2) 


is called the mass flow rate density of the fluid. We shall use F to calculate 
the mass flow rate, or number of grams per unit time, that crosses any hy- 
pothetical “window” in the flow pattern. 

Thus consider a small planar patch of surface área 6S inside the fluid, as 
in figure 3.13; the arrows depict the velocity field v(x,y,z). If we start counting 
particles crossing 5S for the next At seconds, which will be the last particles 
to make it through? Clearly they are the ones that are — (УДГ) away from the 
patch at the start—and as figure 3.13(b) illustrates, all the particles in the 
cylinder with base AS and slant height |v|At cross AS in that time. 

How many particles are in this cylinder? Its volume is given by 


(base area) times (height) = AS п · våt 
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where n is the unit normal to the patch as shown; therefore it contains 
v(AS)n · vAt particles. As a result the mass flow rate through the small area 
AS per unit time is given by 


[mvv] - nAS = uv: nAS = F: nAS 


This is called the flux of the vector field F through AS. 
[If we had used the charge q per particle instead of the mass m and de- 
fined the vector field j(x,y,z) in terms of the charge density p = qv 


}(х,у,2) = eGQoy.z)vGoy.z) 


then the flux of the “current density" j through AS would give the charge flow 
rate, or current, through the patch.] 

To define the divergence of the field F, we imagine an infinitesimal rect- 
angular parallelepiped having corners at (x,y,z), (x + Ax, y, 2), (x, у + Ay, 
z), (x, у, z + Az), and so on (fig. 3.14). We shall compute the total flux of the 
field F through the six sides of this box in the outward direction (i.e., on each 
side we choose n to be the outward normal). We then divide this flux by the 
volume of the box and take the limit as the dimensions of the box go to zero. 
This limit is called the divergence of F at the point (x,y,z). In other words, 
the divergence is the net outflux per unit volume. 
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If the vector field F(x,y,z) describes the velocity at each point in a hy- 
drodynamic system, the flow lines are the paths traversed by the component 
particles of the fluid, assuming that F is not a function of time. (The situation 
is more complicated for time-varying flows.) 

Note that if g(x,y,z) is a scalar field that is not zero at any point, the flow 
lines of the vector field 2(х,у,2)Е(х,,2) will be the same as those of F(x,y,z), 
since only the direction of F at any point is relevant in determining the flow 
lines. 

Since the direction of a flow line is uniquely determined by the field F, it 
is impossible to have two different flow directions at the same point, and there- 
fore it is impossible for two flow lines to cross. If the magnitude of F is zero 
at some point in space, then no direction is defined at that point and no flow 
line passes through that point. Now let's see how to calcul» te flow lines. 

If R is the position vector to an arbitrary point of a f ow line, and if s 
represents arc length measured along the flow line, then the unit vector tan- 
gent to the curve at that point is given by 


p (3.6) 


The requirement that T have the same direction as F can be written 
T = ВЕ (3.7) 


where 8 is a scalar-valued function of x, y, and z. This can be written in terms 
of components: 


= 
ds 


If Fi, Fn, and Fs are all nonzero, we may eliminate @ and write eq. (3.10) in 
differential form: 


ВЕ = — ВР. == ВЕ (3.8) 


= = = = (3.9) 


If one of these functions (say Ез) is identically zero in a region, then we obtain 
directly from eq. (3.8) that the curve lies ina plane (say, z — constant) parallel 
to one of the coordinate planes. 


Example 3.13 If F = xi + yj + k, then Fy = x, Е, = y, and Fs = 1, giving dx/x 
= dy/y = dz. Solving the differential equations dx/x = dz and dy/y = dz, we obtain 
x = Се, y = Ce. Thus the equations of the flow line passing through the point 
(3,4,7) are x = 3е:- 7, y = 4e—7. The equations of the flow line passing through the 
origin are x = 0, y = 0— i.e., the z axis. 
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Example 3.14 КЕ = xi + yj, then F, = x, F, = y, and F; = 0. In this case eq. 
(3.8) becomes Вх = dx/ds, By = dy/ds, and 0 = dz/ds. Eliminating В from the first 
two equations, we obtain dx/x = dy/y, and, solving, we obtain y = Cx. From the third 
equation we obtain z — constant. The field is zero when both x and y equal zero, and 
so the flow lines are not defined along the z axis. The flow lines are straight half-lines 
parallel to the xy plane, extending outward from the z axis. 


Example 3.15 If F = —yi + xj, then —8y = dx/ds, 8x = dy/ds, and 0 = dz/ds. 
Thus —dx/y = dy/x, and hence x? + у? = constant. Also, we have z = constant. The 
flow lines are circles surrounding the z axis and are parallel to the xy plane. As in 
example 3.14, no flow lines pass through points on the z axis. 


Flow lines may be infinite in extent, as in examples 3.13 and 3.14, or they 
may close upon themselves, as in example 3.15. 


Exercises 


1. A vector field Е is defined in the xy plane by F= —yi + xj. Draw a diagram 
similar to figure 3.11 showing the values of F at the points (1,0), (0,1), (— 1,0), 
(0,—1), (1,1); Cb) (—1,—1), (1,—1), and a scattering of other points. In- 
dicate flow lines. 

2. Let P= хі + y!j t k. 

(a) Find the general equation of a flow line. 
(b). Find the flow line through the point (1 1:21: 

3. Without doing any calculating, describe the flow lines of the vector field R = 

xi + yj + zk. [Hint: If a particle located at (x,y,z) has velocity R, in what di- 
,rection is it moving relative to the origin?] 

4. The flow lines of the gradient of a scalar field cross the isotimic surfaces orthog- 

onally. Explain. 


3.4 Divergence 


The concept of gradient, as we have presented it, describes the rate of change 
of a scalar field. We now consider the more complicated problem of describing 
the rate of change of a vector field. There are two fundamental measures of 
this rate of change: the divergence and the curl. 

Roughly speaking, the divergence of a vector field is a scalar field that 
tells us, at each point, the extent to which the field explodes, or diverges, from 
that point. The curl of a vector field is a vector field that gives us, at each 
point, an indication of how the field swirls in the vicinity of that point (fig. 
3.12). However, to describe divergence and curl in such a brief manner is both 
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(x + Ax, y+ Ay, 2 + Az) 


(x,y, z + Az) 


Ax 


Figure 3.14 


The computation of this limit proceeds as follows. On face I in figure 3.14 
the outward norrnal is —i. Thus, according to the above analysis, the flux out 
of this face is approximately — F1AyAz. The flux out of face II, whose outward 
normal is i, is F,AyAz. These need not cancel, however, since F1 may grow о: 
diminish along the length Ax of the box. To account for this we estimate the 
total flux out of faces I and II as 


[Fie + Ax, у, z) — Е(х,у,2)]Ауд2 
The difference in these values of F, is given, to the same order of accuracy, 
by 
OF, 
a 


Thus the contribution to the net outward flux from faces I and II is 


дЕ! 
Ox 


Similarly, the two faces in the y direction contribute 


55 —ayAxAz 


and, adding the contribution of the two remaining faces, we see that the net 
outward flux is approximately 


дЕ! 4 Ез 
(S дх a B dr 
After we divide by the volume AxAyAz, our approximations become accurate 


as we take the limit, and we are led to the following statement, which we take 
as our formal definition of divergence: 


=—АхАуА: 


23) ауд: 
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The divergence of a vector field 
F = Еі + Р) + Fk (3.10) 
is a scalar field, denoted div F, defined by 


; OF; OF, , OF3 
ee ee oh mm @ Л 
div F B. Әу Er di (3.11) 


It is easy to compute the divergence of a vector field, as we demonstrate 
with examples. Keep in mind that div F is defined by eq. (3.11), and that our 
heuristic discussion gives us the interpretation of div F as net outflux per unit 
volume. 


Example 3.16 Find div F if F = x i + yzj + xz? k. 
Solution 
д д д 
div F = — (ута) + (х2? 
iv 00 + ay” z) a 
Dd 2yz T 3132? 
Example 3.17 Find div F if F = xe? i + ej + sin yz k. 
Solution 
Д д д д 
div F = —(xe’) + —(e”) + —(sin yz) 
ax oy dz 
=e + хе” + у cos yz 


Example 3.18 Give an example of a vector field F that has divergence equal to 3 at 
every point in space. 


Solution Many solutions can be given, for instance F = 3xi or F = xi + yj + zk. 


Example 3.19 In figure 3.15, is the divergence of F at point P positive or negative? 
Assume no variation of F in the z direction and that F; is identically zero. 


Solution Heuristically, we can see from the diagram that the flux through the x faces 
of a parallelepiped at P will cancel, while there is definitely flux out of both y faces. 
Since there is no flux in the z direction, we expect that the divergence is positive. 

More rigorously, we observe that F; is approximately constant, so ðFı/ðx = 0. 
Below P, Е, is negative, and above Р, Fz is positive, so 0F2/dy is positive. Since 
F, = 0, we have 0F3/dz = 0. It follows that div F is positive at point P. 
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Figure 3.14 


The computation of this limit proceeds as follows. On face I in figure 3.14 
the outward normal is — i. Thus, according to the above analysis, the flux out 
of this face is approximately — F1AyAz. The flux out of face II, whose outward 
normal is i, is FjAyAz. These need not cancel, however, since F; may grow or 
diminish along the length Ax of the box. To account for this we estimate the 
total flux out of faces I and II as 


[Fix + Ax, y, 2) — Fi(x,y,z)]AyAz 
The difference in these values of F, is given, to the same order of accuracy, 
by 
OF; 
—Ax 
Ox 
Thus the contribution to the net outward flux from faces I and II is 


OF 1 
a AxAyAz 


Similarly, the two faces in the y direction contribute 


OF, 

——AyAxAz 

ду 7 
and, adding the contribution of the two remaining faces, we see that the net 
outward flux is approximately 


8F, | BF, | as 
| дх e ду з д2 
After we divide by the volume AxAyAz, our approximations become accurate 


as we take the limit, and we are led to the following statement, which we take 
as our formal definition of divergence: 


Jaxayae 
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The divergence of a vector field 
F = Еі + F;j + Fk (3.10) 
is a scalar field, denoted div F, defined by 


F 
ce ORAE oF 
Ox 


3. El 
ду д2 ( ) 


It is easy to compute the divergence of a vector field, as we demonstrate 
with examples. Keep in mind that div F is defined by eq. (3.11), and that our 
heuristic discussion gives us the interpretation of div F as net outflux per unit 
volume. 


Example 3.16 Find div Fif F = xi + yzj + xz? k. 
Solution 


à д д 
div F = —(x) + —(y?z) + —(xz? 
iv F 3 эу” z) pet ) 


= 1 Dyz + Зх? 
Example 3.17 Find div F if F = xe" i + evj + sin yz К. 
Solution 
ð ð ð 
div F = —(xe) + —(e”) + —(sin yz) 
дх ду 92 
=e + xe? + у Cos yz 


Example 3.18 Give an example of a vector field F that has divergence equal to 3 at 
every point in space. 


Solution Many solutions can be given, for instance F = 3xi or F = xi + yj + zk. 


Example 3.19 In figure 3.15, is the divergence of F at point P positive or negative? 
Assume no variation of F in the z direction and that Рз is identically zero. 


Solution  Heuristically, we can see from the diagram that the flux through the x faces 
of a parallelepiped at P will cancel, while there is definitely flux out of both y faces. 
Since there is no flux in the z direction, we expect that the divergence is positive. 

More rigorously, we observe that F, is approximately constant, so 0F;/dx = 0. 
Below P, F; is negative, and above P, F; is positive, so OF;/dy is positive. Since 
Ез = 0, we have 0F3/dz = 0. It follows that div F is. positive at point P. 
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Figure 3.16 


Example 3.20 In figure 3.16, is the divergence of F at point P positive or negative? 
Assume no variation of F in the z direction and that F; is identically zero. 


Solution Again heuristically, there is no flux in the y ог z direction, and the flux in 
the x direction decreases as we move to the right. So the net flux through the sides of 
а box at P is inward, and the divergence must be negative. 
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More precisely, we note that F is decreasing with increasing x; hence àF;/óx is 
negative. Рз and Ез are zero at every point. It follows that the divergence of F is neg- 
ative at every point. 


In figure 3.15 where the divergence is positive, the lines of flux do, in a 
sense, diverge in a neighborhood of P. This is the picture that motivates the 
common (incorrect) statement that “positive divergence means the field is di- 
verging, negative divergence means the field is converging." Note that in figure 
3.16 the divergence is negative, but the flow lines are not converging. The 
divergence is negative because more fluid enters a given region from the left 
than leaves it to the right. 

Returning to our mental image of F as a mass flow rate density uv, we 
can derive an important relationship by considering the consequences of the 
principle of conservation of mass. The quantity 


div(uv) AxAyAz 
measures the flux of (uv) out of a box with dimensions Ax, Ay, and Az. But 
we have seen that the flux measures the mass of fluid crossing the faces of the 


box. Therefore this outflux must result in a decrease in the amount of fluid in 
the box 


pAxAyAz 


and hence a decrease in the density. Thus we can write 
: д 
div(uv) = ЕЕ 


This is called the equation of continuity in fluid mechanics. The corresponding 
equation for charge density 


буру) = -£ 


expresses the conservation of charge. 

The heuristic reasoning employed in this section is, of course, subject to 
criticism, as are most arguments involving "infinitesimals." Its rigorous jus- 
tification rests on a result known, appropriately enough, as the divergence 
theorem, and we will study it in the next chapter. For the present, we are 
satisfied with having a formal, precise definition of div F in eq. (3.1 1), and an 
intuitive picture of what it represents. 
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Exercises 


Find div F, given that F = ei + sin xy j + cos? zx К. 
Find div F, given that F — x i 4- yj tzk. 
Find div F, given that F — grad ф, where ф = 3xy'z. 


. Find the divergence of the field 


xi + yj + zk 
(x? + у? + 22)272 


Is the divergeace of this field defined at every point in space? 
Show in detail that div(dF) = $ div F + F- grad ¢. 


. Construct an example of a scalar field ф and a vector field F, neither of which is 


constant, for which div(#F) is identically equal to ф div Е. 
Give an example of a nonconstant field with zero divergence. 
Give an example of a field with a constant negative divergence. 


- Give an example of a field whose divergence depends only on x, is always positive, 


and increases with increasing x. (Hint: The function e* is positive for every x.) 
What can you say about the divergence of the vector field in figure 3.17 at points 
P, Q, and R? Assume no variation of F in the z direction and that Е, is identically 
zero. 

What can you say about the divergence of the vector field in figure 3.18 at points 
P, Q, and R? Assume no variation of F in the z direction and that Fy is identically 
zero. 

Another hydrodynamic interpretation of divergence is as follows. Let F be the 
velocity field ofa fluid. Consider a small rectangular parallelepiped of fluid located 
at (x,y,z). Then the divergence of F is the time rate of change of the volume of 
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Figure 3.18 


this body of fluid, per unit volume, as the size of the box goes to zero, Show this. 
[Hint: With R = xi + yj + zk, the box initially has corners at R, R + Axi, R 
+ Ду}, R + Azk, etc. After time Ar these corners have moved to the new positions 
R + F(x,y,z)At, R + Axi + F(x + Ax, y, z)At, R + Лу} + F(x, y + Ay, z)At, 
R + Azk + F(x, y, z + Az)At, etc. Calculate the new volume using the triple 
scalar product, and compute the limit described above.] 

13. The velocity field of a fluid is described by figure 3.15, A quantity of fluid occupies 
a spherical region centered at P at time t = 0. Describe the region occupied by 
the same particles a short time thereafter. Will the region be spherical? 


3.5 Curl 


As in the previous section, we shall preface our formal definition of the curl 
of a vector field with some heuristic considerations. Once again imagine a 
flowing liquid with velocity field v(x,y,z) and unit density w= 1; thus the mass 
flow rate density is F = ду is simply v itself. Consider a small paddle wheel, 
like that shown in figure 3.19, that is free to rotate about its axis AA’. 

Imagine that we immerse this paddle wheel in the liquid. Because of the 
flow of the liquid, it will tend to rotate with some angular velocity. This an- 
gular velocity will vary, depending on where we locate the paddle wheel and 
on the positioning of its axis. For definiteness we shall compute the angular 
velocity with the paddle wheel lined up along the z axis. 
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zit 


Figure 3.19 


Figure 3.20 


The mechanism that rotates the wheel is provided by the tendency of the 
fluid to swirl around the z axis; this motion is due to the counterclockwise 
components of the velocity near the axis. If we impose a polar coordinate system 
centered around the paddle wheel axis, as in figure 3.20, then the counter- 
clockwise component of F at the point (ғ,0) is given by F · uy. This component 
of the velocity would turn a blade of the paddle wheel at an angular rate of 
F : u,/r, in radians per second. Of course, this rate will differ from point to 
point near the axis, so that the different blades of the wheel are “pushed” at 
different speeds. But it seems plausible to expect that if we take the average 
counterclockwise velocity component over a small circle around the axis, and 


SECTION 3.5 CURL 135 


then divide by the radius of the circle, the quotient would give the angular 
velocity of the paddle wheel (whose blades we regard as rigidly fixed to each 
other). 

Let us perform this computation. In figure 3.20, (x,y,z) are the coordi- 
nates of the center of the circle; the z axis comes out of the page toward the 
reader. At the point on the circle with coordinates (x + Ax, y + Ay, z), the 
unit vector иу is given in terms of the angle 0 by 

w = —sin60i + cos 0j 
The components of the velocity F(x + Ax, y + Ay, z) at this point can be 
expressed to first order of accuracy by 
OF дЕ! 
Fi(x + Ax, y + Ду, 2) = Fi(x,yz) + ——Ах t ——А 
u(x + Ax, y + Ду, 2) = Р(х,у) + 2 dpi 
дЕ 


OF; 
F(x + Ax, y + Ay, z) zx Fy(x,y,z) + Ах А 
(х у + Ay, 2) ›(х,у,2) ax dy y 


F; does not concern us, since we are interested in only the counterclockwise 
component F · w. Expressing Ax and Ay in terms of r and 6, 

Ax = r cos 6 

Ay = rsin 6 


we have, for the counterclockwise component of velocity at (7,0) on the circle, 
Е 
Ещ = -(5 + соё + sin) sin 6 
F; дЕ; 
+ (r; цаас +28, sino) cos 0 
Ox oy 
The average counterclockwise component around the circle will be 


1 2x 
A F:u,d0 


2r Jo 


Since the integrals, over one period, of cos 0, sin б, and sin 0 cos @ are zero, 
and since f?" cos? 0 40 = 2" sin? 0 40 = т, this average is seen to be 


(ав _ ав) 


[2;^ дх ду 


and dividing Бу г we conclude that the angular velocity of the fluid about the 
z axis is 


чагы) 
2 \дх ду 


136 CHAPTER THREE: SCALAR AND VECTOR FIELDS 


The computation of the angular velocity about the x axis yields 
IS 


2 \ dy д2 
and, for the y axis, 
A аьа) 
2\ dz Ox 


We want the curl of a vector field to express its tendency to swirl; so, 
dropping the factor + for convenience, we formulate the following definition: 
the curl of a vector field F = Еі + Е} + Fk is the vector field 

OF; a СА A (= "| 
ео + —-— — — — Jk 3712 
| ду дг i д2 Ox d дх ду ( ) 
Rather than memorize eq. (3.12), the student is advised to write the сит! in 
the form of a symbolic determinant: 
Рр [ау 
1F = а 9 3.13) 
vobis Ox ду дт Ө. 
Fi FF 


Example 3.21 Find curl F if F = худ + х2у222) + ylzk, 


Solution 
i i k 
curl F = 2i д brug Qyz! — 2х2у22)і + (xy)j + (2xy?z? — xz)k 
дх ду д2 d v 
х2у222 уыз 


xyz 
Example 3.22 Find curl F if F = xi + yj + zk. 
Solution 
i 


J 

à 

ЇЕ = — 
P 9х ду дт 

у 
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| 


Figure 3.21 


Example 3.23 In what direction is curl F at points P and Q in figure 3.21? Assume 
that F; is identically zero and that there is no variation of F in the z direction. (This 
field is the same as that shown in figure 3.18.) 


Solution It should be clear from our discussion that curl F points in the positive z 
direction. Using the formal definition, observe that at the point P, F; is increasing in 
the x direction, so Р /дх is positive. Although F; is zero at P, it is positive below P 
and negative above, so F is decreasing as we move through P in the y direction; that 
is, OF,/dy is negative. Since we assume that F} is identically zero, the derivatives 
дЕз/ду and дЕ›/дх are also zero, and since we assume no variation in the z direction, 
дЕ›]д: and OF,/dz are zero. It follows that the only term in eq. (3.12) that does not 
vanish is the last term, and that the last term is positive. 

At point Q, F; is zero, but it is negative to the left of Q and positive to the right; 
hence dF ,/ dx is positive. F, is negative at О and is becoming even more negative with 
increasing y, and so Р, /9у is negative. The term (0F2/dx — дЕ\/ду) is therefore 
positive. The other derivatives in eq. (3.12) equal zero. It follows that curl F at point 
Q is also perpendicular to the xy plane, directed toward the reader. (In fact, a little 
reflection will convince the reader that curl F at point P is equal to curl F at point Q.) 
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Figure 3.22 


Example 3.24 In what direction is curl F, if F is as shown in figure 3.22? 


Solution Since F is directed parallel to the y axis and appears to have magnitude 
proportional to x, we can guess that F — Cxj, where C is a negative constant. Hence 


b. ak 
0.0 9 

curl F 2i E" re Ck 
0, €x,,.:0 


Since C is negative, the curl is directed into the page (negative z direction). 


In figure 3.22 the paddle wheel would tend to rotate most rapidly with its 
axis perpendicular to the page; it will rotate because the velocity of the fluid 
is greater on one side than on the other. The direction of the curl is into the 
page, because the paddle wheel will tend to rotate clockwise. Note, however, 
that the flow lines for this pattern are straight! Thus it is possible for a vector 
field to have nonzero curl even when the flow lines are straight lines; hence, 
to describe curl F as “а measure of the rate of swirling of F” is not completely 
accurate. 


Example 3.25 Let us imagine that F represents the velocity field of a fluid of constant 
mass density rotating with uniform angular velocity w about the z axis. Find curl F. 
(Assume the angular velocity vector w to point in the positive z direction.) 


Solution Since w = wk, we have [eq. (1.22)] Е = wk X R, where R = xi + yj + 
zk. Hence F = —wyi + wxj. Using eq. (3.13) we find that curl F = 2wk. As we 
expected, the curl of F is just twice the angular velocity vector; in this situation, it is 
the same at every point in space. 


The reader should convince himself/herself that the field in example 3.25 
is portrayed in figure 3.21. 


SECTION 3.6 DEL NOTATION 139 


Exercises 


In Exercises 1 through 3, find curl Е, 


2. 
3. 
4. 


12. 


F = xyi + ху] + хук 

F = evi + sin хуј + cos yz? К 

Е = zijtyzj-zyk 

Given the vector field F = (x + xz?)i + ху} + yzk, evaluate 

(a) div F. 

(b) curl F. 

Draw a rough picture of the vector field F = xi + yj + zk and, thinking of the 
paddle wheel interpretation of curl F, explain why curl F is identically zero in this 
case, 

Give an example of a vector field with curl identically equal to 2i. 


. The flow lines of a velocity field F are straight lines. Does this imply that curl F 


= 0? 


. Is it possible to tell anything about curl F, given only a description of the flow lines 


of F? 


. Can you find a vector field whose curl is yi? xi? 


Given F = yi + 22) + xk, find 
(a) the curl of F. 
(b) the component of curl F along the tangent to the curve 


x= совт è y'sinzt z= (t= 1) 


Let F(x,y,z) be a vector field defined in all space, and consider an intelligent ant 
living on the xy plane. Suppose all the ant knows about F is its values on the xy 


plane. 

(a) Can this ant compute curl F? Explain briefly. 

(b) Can this ant compute (curl F) · к? Explain briefly. 

Find curl /(R)R], where R = xi + yj + zk, R = |R|, and fis a differentiable 
function, 

(a) by direct calculation. 

(b) by geometrical interpretation. 


3.6 Del Notation 


To understand properly the notion of an "operator," it is necessary to take a 
broader look at the concept of a "function." For this reason we digress mo- 
mentarily to consider what is meant by a function. 


In elementary calculus, the functions considered are usually “real-valued 


functions of a real variable.” That is, a function fis а rule that associates with 
every real number x in its domain of definition a single real number f(x). For 
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example, the exponential function is defined for all x, and to each real number 
x associates a single real number e*. We define this function by writing f(x) 
= ех, Other functions are defined by writing, say, f(x) = x? or f(x) = sin x. 
Most mathematicians nowadays distinguish rather carefully between the 
symbol fand the notation f(x). The former denotes the function and the latter 
denotes the value of the function (which is a number and not a function). Thus, 
if f(x) = х?, the function f is the rule “square the given number," but /(3) is 
the number 9. 

In more advanced courses we encounter functions of two or three vari- 
ables. In this book, “scalar fields" are simply real-valued functions of three 
real variables. Thus, the function f defined by f(x,y,z) = х2у22? says “multiply 
together the squares of the given numbers." When used alone, in this context, 
the letter f denotes this rule, but if we write, say, /(2,1,3), we mean the value 
of the function at the point (2,1,3), which in this case is the number 36. 

Most of the functions we have been considering in this chapter are de- 
scribed by expressions involving x, y, and z. In studying vector analysis it is 
useful to “visualize” such functions in geometrical or physical terms. Thus the 
engineering student may think of “an arbitrary function /" as meaning “ап 
arbitrary electric potential," or “ап arbitrary temperature distribution," and 
the mathematics major may think of this as meaning "à rule whereby we tag 
each point in space with a number." The student who thinks of a function as 
a jumble of х5, уз, and z's doesn't have much fun, and misses much of the 
point. 

The vector fields we discuss are vector-valued functions of three real vari- 
ables. But the idea is still much the same. In this context, a function F is a 
rule that associates with each point (x,y,z) a single vector F(x,y,z). 

But now we come to what is a big hurdle for some students: passing to 
the general notion of a function. Much of the mystery of modern mathematics 
vanishes when we realize that a mathematician uses the word "function" in 
a much more general way to denote any rule that associates an object with 
each one of a class of objects. Thus we have not only functions that associate 
numbers with numbers (the functions of elementary calculus), numbers with 
points in space (scalar fields), and vectors with points in space (vector fields), 
but also those that associate functions with functions. 

Partly for reasons of convenience, but mainly (we suspect) because so many 
people have old-fashioned ideas of what the word “function” means, the latter 
types of functions are usually called “operators.” An operator is simply a rule 
that associates a new function with each member of a particular class of func- 
tions. 

To take an example from elementary calculus, the process of differentia- 
tion defines what is called the derivative operator. This is the operator that 
associates with every differentiable function f its derivative df/dx. The oper- 
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ator is sometimes denoted d/dx or sometimes, even more simply, D, and it 
converts each differentiable function f into its derivative. We may formally 
write this 


ш 
dx 

Some textbooks say that D is simply an abbreviation for d/dx, and that 
the symbol d/dx means nothing by itself, having meaning only when it is ap- 
plied to some function f. Then we may write df/dx, which of course we all 
understand. Other differential operators, such as L = (d?/dx?) + 2(d/dx) 
+ 4, are similarly interpreted as symbols that are meaningless unless followed 
by a function. In this case we have 


а? а 
L4) +20 + a 


This is to miss the whole point of the operator concept, however. It would be 
much better to visualize this operator as a sort of meat grinder, into which we 
drop the function f, turn the handle, and out drops the function (d?f/dx?) 
+ 2(df/dx) + 4f. There is really no insurmountable difficulty in under- 
standing that an operator T is a rule that associates with a function f some 
other function (or possibly even the same function) 7( f). It is misleading to 
say that the symbol d/dx means nothing by itself. It means a great deal: it 
represents the rule whereby we associate with a differentiable function its de- 
rivative. There is no point in recounting here the basic definition of “deriva- 
tive" or the innumerable techniques involved in actually computing a derivative. 
The point is that a differentiable function has a derivative and the derivative 
operator pairs the derivative with the function. (The exceilent concept of 
"pairing" is used in many modern books in discussing the function concept. 
The derivative of a function is just another function, and the derivative op- 
erator is the mathematical twine that binds the two together.) 

Another example of an operator is the gradient. We recall that the gra- 
dient of a scalar field f is a vector field grad f. Divergence is also an operator. 
It is an operator that converts a vector field into a scalar field. Similarly, cur? 
is an operator, but it is an operator that changes a vector field into another 
vector field. 

The three operators that concern us most are gradient, divergence, and 
curl. Although they may be written grad, div, and curl, there is a suggestive 
and convenient symbolic way of writing them that is commonly used. For this 
purpose, we introduce the symbo! V, called “del” (sometimes “‘nabla’’), which 
is an abbreviation for 1(д/дх) + }(д/ду) + К(д/д>). In terms of this symbol, 
we can write grad f as Vf. Working with V purely formally, pretending for the 


p" 


DCf) = 
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moment it is a vector, we see that if we form the scalar product of V with a 
vector field F, we obtain 


wen$4,9 2). 
VF (i$ iz (iF) + ЈЕ + КРЗ) 


OF, , OF, , OF3 
= — + — + — 
Ox ду T д2 
which is the divergence of Е. Similarly, if ме imagine V to be а vector and 
form the vector cross product of V with F, we obtain the curl of F: 


УХЕ = (i$ «12 +02) хат +з + ke» 


дх 92 
it j =k 
05.0 @ 
= | ax ду д2 7 mF 
Fi FF 
To recapitulate, V is an abbreviation: 
д ð д 
=—+);-—- == 3.14 
y lax ihe s. 
The symbols Vf, V : F, and V X F are defined by 
Vf — grad f (3.15) 
V-F—divF (3.16) 
VXF — cul F (3.17) 


After eq. (3.14) is memorized, formulas (3.15) through (3.17) provide 
very convenient ways of remembering the expressions for gradient, divergence, 
and curl. We just operate with V as though it were a vector. Henceforth we 
will use these abbreviations frequently. 


Exercises 


1. If f(x yz) = xy + z, what is f(2,3,4)? 
2. If f(x, yz) = x?y + z, what is the value of Vf at (2,3,4)? 
3. If g(t) = г? and f(x, yz) = x? + yz, what is g[f(1,1,3)]? 
4. Given F(x,y,z) = х?уі + zj — (x + y — z)k, find 

(а) V-F 

(b УХЕ 

(с) У(У F) 
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If F is a vector field, is V · (V X Е) a scalar field or a vector field? 
If F is a vector field, is V X (V X F) a scalar field or a vector field? 
Find V + Rand V X R where R = xi + yj + zk. 
If f(x, yz) = xyz + е“, find V · (Vf). 
. (a) Compute V X (Vf) for the scalar field f defined in exercise 8. 

(b) Now do the same thing for another scalar field f (use any of the scalar fields 

defined in preceding problems, or make one up yourself). 

(c) What can you conjecture from this? 
10. (a) Compute V · (V X F) for the vector field F defined in exercise 4. 
(b) Do the same for a vector field F that you have made up yourself. 
(c) What can you conjecture from this? 


eer an 


3.7 The Laplacian 


In electrostatics, the gradient of the electric potential is a scalar multiple of 
the electric field intensity, and the divergence of the electric field intensity is 
related to the charge density. For this and other reasons it is convenient to 
introduce a single operator that is the composite of the two operators grad and 
div. This operator is called the /aplacian. 

The laplacian of a scalar field f is defined to be div (grad f). Note that 
grad f is a vector field and the divergence of grad fis a scalar field; hence the 
laplacian of a scalar field f is a scalar field. In del notation this is V · (Vf) and 
for simplicity is frequently written V?f, or Af. 

We have 


I 2r d of af (3.18) 


laplacian (f) = Vf = V: (Vf) = ay? tog 


since 


Oy Hy 4 My) a, 2 
Vind iet а hs зай га Әх? 5 ду? as oz 


The symbol V? or A may be considered to be simply an abbreviation for 
9? д? д? 
óx?^ dy? _ д2? 
The laplacian operator is by far the most important operator in mathe- 


matical physics. It is a natural tool for use in the analysis of diffusive pro- 
cesses. Recall that in section 3.4 (fig. 3.13) we called F : n ôS the flux of the 
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vector field F(x,y,z) through the surface element 6S, and when F was inter- 
preted as fluid velocity times mass density, then F -n dS measured the amount 
of fluid crossing dS per unit time. In this context we speak of F as a flux 
density vector. Flux densities are also used to describe the kinetics of any pro- 
cess wherein one species of matter diffuses through another. 

For example, if some chemical is dissolved in a liquid, the concentration 
of the solute may vary from point to point, and the flux density vector field 
would describe how this chemical species is being transported through the sol- 
vent. Such transport processes also take place in solids, as when a dopant im- 
purity is diffused into a semiconductor chip. In fact, even though Леа! is not 
a physical substance, its flow in a body is a diffusive process described by a 
flux vector field, the “heat flux." 

In all these cases the transport processes are physically driven by non- 
uniformities in the species concentration; thus solutes flow from regions of 
high concentrations to regions of low concentrations, and heat flows from high 
temperature points to lower ones. Experimentally one finds that a great many 
of these processes obey Fick's law, which states that the flux vectors are pro- 
portional to the gradients of the species concentrations: 


Е(х,у,2) = —KVf(x,y,z) 


where f(x.y,z) is the concentration of the species or the temperature, K is a 
physical parameter known as the diffusivity or thermal conductivity, and the 
minus sign emphasizes that the flow is away from regions of higher concen- 
tration. (Fick's law can also be justified by statistical mechanics.) 

In section 3.4 we saw that the divergence of F measures the net outflux 
per unit volume. Thus, if the K in Fick’s law is constant, this outflux is pro- 
portional to the laplacian of the species concentration: 


V F= -KV 


When the laplacian is negative, there is a positive outflux of the species at the 
point, and the concentration (or temperature) must go down; positive lapla- 
cians indicate influxes and increasing concentrations (assuming there are no 
outside sources of sinks maintaining the imbalances). When an "unpumped" 
diffusive process is at equilibrium the laplacian must be zero everywhere and 
the concentration satisfies Laplace's equation, 


vf=0 (3.19) 
while if sources are present the concentration satisfies Poisson’s equation, 


Vif = #(х,„у,2) 
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Figure 3.23 


where g is a measure of the source at (x,y,z). Solutions of Laplace's equation 
are known as harmonic functions. 

(Appendix D describes some occurrences of the laplacian in electromag- 
netics.) 

We can conjecture some of the mathematical properties of the laplacian 
from its form: 


SAMNIO ү кие, 
ver ax? 1 Up S 02° 
Certainly V2f is a generalization of the second derivative of a function of one 
variable. Recall that the second derivative determines the convexity of a func- 
tion; if f" is positive, the graph of f “holds water,” and if it is negative it spills 
water (fig. 3.23). 

In other words in a region where f" < 0 the value of f at x lies above 
the secant line connecting the values of f at x + Ax and x — Ах: 


fix + АФ f(x-— Ax) 
2 
and when f"' > 0 the opposite occurs. The extent to which f exceeds the av- 


erage of its neighbors, as quantified by eq. (3.20), appears to be proportional 
to the negative of the second derivative in the figure. [In fact the expression 


ries _ Дх + Ax) + Дх — Ax) 
Ах? |» 2 | 


is a well-known approximation for f” (x).] 


fx) > (3.20) 
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Thus we might reasonably expect that some variant of this property would 
hold for the “three-dimensional second derivative," V?f; it should measure (in 
a negative sense) the extent to which f(x,y,z) exceeds the averaged neigh- 
boring values f: 


Лх,у2) — f = МУУ (3.21) 


In the next section we shall show that an approximation like eq. (3.21) holds 
when f is averaged over a small cube centered at (x,y,z), with the constant M 
equal to з; the square of the length of one side. (The reader will be invited 
to demonstrate that if f is averaged over a sphere, eq. (3.21) holds with M 
equal to тр the square of the radius.) 

In section 4.13 we will derive a very specific equality expressing this prop- 
erty of the laplacian in exact terms. For the present let us proceed with the 
study of the algebraic properties of the operator. 

The formal differential operator 

зз» ARN MICA 
ыр дх? - ду? " д2? 
may also be applied to vector fields to obtain new vector fields, since if F is a 
vector field, (9?F/x?) + (д?Е/ду?) + (d?F/dz?) makes perfectly good sense. 
For example, if 


Е = x!yi + y!zj + xyz*k 


then we have 


OF 

A Emo yi 

дх? ^ r 

gF 

a = 22% 

oF 

uz РЕР 

a2 6y!zj + 12xyz'k 


whence V?F = 2yi + (22? + 6y?z)j + 12xyz?k. When used in this sense, to 
operate on vector fields to produce vector fields, we will call V? the vector 
laplacian operator. 
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A summary of the vector operators appears in table 3.1. 


TABLE 3.1 Vector Operators 


ð ð д 
mim + kh 
М Ox j ду 92 
Name; Symbol Interpretation 
grad ф = Vo Maximum rate of change of ф, in the maximal 
direction 
divF = V-F Net outflux of F per unit volume 
hii i 
"aes 
dos 
cul F=VXF Swirl of F per unit area 


YA РӘ 
M, 


Laplacian ф = V!$ = Ad A measure of difference between #(R) and the 
average of ф around R 


Exercises 


1. Find V?f, given that f(x,y,z) = x5yz*. 

2. Find V?f, given that f(x, yz) = 1/(x? + y? + z?)'?. 

3. Find V?F, given that Е(х,у,2) = 3i + j — x2y?z*k. 

4. Which of the following functions satisfies Laplace's equation? 
(a) fix,y,z) = e sin y 
(b) f(x,y,z) = sin x sinh y + cos x cosh z 
(c) f(x,y,z) = sin px sinh qy (p and q are constants) 
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5. Tell whether each of the following is a vector field or a scalar field, given that f is 
a scalar ficld and F is a vector field. Two of the expressions are meaningless; de- 
termine which two. 


(a) Vf (f) vxf 
(b) V-F (в) VF 

(с) VXF (h) V X (VF) 
(d) V (Vf) (i) Vx (Vf) 
(e) VX(Vf) G) (27) 


6. (a) Show that, if f and g satisfy Laplace's equation, / + g does also. 
(b) Find a function satisfying Laplace’s equation and also the following identi- 
ties: /(0,у,2) = 0, /х,0,2) = 0, fry.z) = 0, /{х,5,д) = sin x + sin 2x; 
[Hint: Use Exercises 6(a) and 4(c) to guess an answer.] 
7. Given f(x,y,z) = 2x? + y and R = xi + yj + zk, find 
(a) Vf 
(b VR 
(с) Vf 
(d) V X (fR) 
8. If F = x?i + xyj + zk, evaluate each of the following at the point ( — 1,2,3): 
(a) VF 
(b VXF 
(с) V-F 


3.8 Optional Reading: Dyadics; Taylor Polynomia!s 


Notice that when V? is used as an operator on vector fields, as in VF, its inter- 
pretation as div grad is rather strained. After all, there is no meaning to grad 
F in our scheme of things. 

However, in some areas of physics and engineering it proves convenient 
to use such strange symbols. To see how this might come about, suppose we 
want to express the vector component of a vector F in the direction of a unit 
vector n. The answer is given by n(n · F) (recall section 1.9). This formula 
tempts one to define an operator, the projection operator їп the direction n, 
and to denote it as nn; then the projection of F in the direction n is 


(пп): F = пп F 


Generalizing, given any two vectors A and B, one formally defines the 
dyadic AB as an operator acting as follows: for any vectór F, 


(AB): F = AB F 
and 
F : (AB) = Е · AB 


SECTION 3.8 DYADICS; TAYLOR POLYNOMIALS 149 


Thus the dyadic ii projects a vector onto the x axis. As another example, ob- 
serve that the dyadic ii + jj + kk is an identity operator because 


Gi + jj + kk) F = F = Е: (ii + jj + kk) 


[Recall eq. (1.15).] 
In this context, we can consider grad F, or VF, as a dyadic: 


тє = (iĝ eid ees mi + РЖ) 
-Hi | DN 
+ y+ T M 
+ Ein + Fin + Sk 


(Notice that we do not equate ij with ji.) Then the dyadic interpretation of 
div grad F becomes 


30. ШО д (55 uh oF, ) 
Ms y = =, T ie: " ai Ae -— Rm 
(VF) (2+3 +k | ax if UN Ts 


OF; OF: OF. 
3 + ud + те k 
ФЕ.  @F,. , PFs 
which is the same as V7F. 
In calculus it is shown that if a function f(x) has at least n derivatives at 
the point xo, then the Taylor polynomial of order n, 


pax) = fo) + /'(хо)(х — х)/1! + f" Go) C: — xo 
oco fo) (c — xo)*/nt 622) 


provides a “best fit” to f near xo, in that the first n derivatives (and the zeroth) 
match at xo. Various forms of the "error" term, f(x) — р(х), are known (La- 
grange, Cauchy, integral) and can be used to estimate the accuracy of the 
approximation. Roughly spes king, this error goes to zero faster than 
(x — хо)" as x approaches ху, if f" + D(x) is continuous. 

The Taylor series for f at xo is the power series generated by letting n be 
infinite in eq. (3.22); it exists only if f has derivatives of all orders at xo, and 
the question of whether it converges to f(x) is the essence of analytic function 
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theory. Some students get the impression that the convergence of the Taylor 
series is the whole story. This is quite wrong; even if the Taylor series fails to 
converge (or doesn't exist!), the Taylor polynomials provide good approxi- 
mations to fin the neighborhood of хо. 

In this section we are going to see how to express the Taylor polynomials 
for a scalar field, that is, a function of three variables, f(x,y,z). We shall take 
Ro to be the “base point” (corresponding to хо above) and we seek the formula 
for the Taylor polynomials evaluated at the point R. 

It is convenient to express the difference R — Ro as su, where и is a unit 
vector. Thus 


R = Ro + su (3.23) 


where s is the distance between R and Ro. 
Now let g(s) be the single-variable function defined by 


g(s) = f(Ro + su) (3.24) 


where we regard u, as well as Ro, as fixed. Expanding f around Ro corresponds 
to expanding g around zero, The Taylor series for g looks like 


g(0) + g'(0)s/1! + g'"(0)52/2! +-->- (3.25) 


What is g'(0)? It is the rate of change of g(s) = f(Ro + su) = AR) with 
respect to s, which measures distance in the direction u, at the point s = 0. 
Well, that is precisely the directional derivative of f at Ro! In other words, 


g'(0) = u* Vf(Ro) 


By the same token, g'’(0), being the derivative of the first derivative, is 
the directional derivative of the above quantity: 


g"(0) = wu: V[u : Vf(Ro)] 


Remembering that the dot product is commutative, and that V commutes with 
constants, we rewrite this in dyadic form: 


g"(0) = u: VVf(Ro)  u 


where the dyadic in the middle, which is known as the Hessian of f at Ro, 
takes the form 


vai bgn) =з ig Әг 7 a) 
wf E *is * zt ax cda, 
Г: EP SY R Фу f oT y of 
б аы кыд ылыы, a n 
i434 1437 урау (3.26) 


д2дх i azə + oz? 
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Expressing the variables in terms of R and Ro, we obtain the second-order 
Taylor polynomial for f around Ro: 


P (R) = f(Ro) + (В — Ro) : УДЕО) 
+ +(R — Ry: VV/(R) : (R — Ro) (3.27) 


In matrix notation (section 5.3) this takes the form 


ys 
PY(x.y.z) = fGoozo) + |(х — хо) (у — yo) G — zo) |» 
ti 


ix Sy Р. X — Xo 
+ 4G — xo) (y — yo) G = zol|f Sy f|» о р (3.28) 
MA 95, dte 2— 20 
where the subscripts denote differentiation and the Hessian matrix, which is 
symmetric, is evaluated at Ro. 


The reader will be invited in exercise 1 to verify directly that all partial 
derivatives of P; and f, up to order 2, agree at Ro. 


Example 3.26 Compute the second-order Taylor polynomial for sin x sin y t sinz 
around (0,0,0). 


Solution We have /(0,0,0) = 0. The gradient matrix is 


0 
Vf = |0 
1 
The Hessian is 
gut. v0 
10 0 
0 0 


Thus P2(x,y,z) = z + xy. 
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Example 3.27 Compute the second-order Taylor polynomials for the function 
—x* — 2y? — 4z* + 22? at the points (0,0,0) and (0,0,+) 


Solution We studied this function in example 3.6. There we showed that the gradient 
was zero at the two points in question, and that /(0,0,00 = 0 while 
f(0,0,5) = +, the maximum value for this f. The Hessians at the two points 
are 


0 0 0 0 
DT and 0 —4 
0 0 0 0 -8 
respectively. Thus we derive the Taylor polynomials —2y? + 2z? and 4 — 2y? 


- 4G - +). 


We can learn a lot about the extremal points of the function from the 
second-order Taylor polynomials. The polynomial —2y? + 2z?, for example, 
will increase in the z direction. Thus (0,0,0) could not have been a maximum 
point in the above example; (0,0,+) is a better bet, because the polynomial 
y — 2y! — 4(z — 4)! does not increase from this point. 

In general, when the second-order Taylor polynomial is expanded about 
а maximum point, the linear terms are missing because the gradient vanishes. 
Thus the quadratic terms describe the behavior of f for small deviations from 
Ro (unless they, too, are zero). From the display in eq. (3.27), then, we would 
agree that at a maximum point Ry of f the Hessian must have the property 
that u ` VVf(Ro) > u is negative or zero for every direction u. This statement, 
called the “negative semidefinite" condition, generalizes the second-derivative 
criterion for a maximum of a function of a single variable. 


Example 3.28 Using the second-order Taylor polynomial, estimate the difference be- 
tween the value of a function f(x, y,z) at (0,0,0) and the average of its values throughout 
the interior of a cube of side a centered at (0,0,0). 


Solution The Taylor polynomial around the origin takes the form 
х? у? г? 
Ж0,0,0) + xf, + yf, + zf: + phat m f Ја + ху» + узу + xfa 


where subscripts denote the derivatives evaluated at (0,0,0). Let's average these terms 
over the cube. The first term is constant, and thus equals its average. By symmetry, 
the average of x, y, and z is zero, as is the average of the cross-terms xy, yz, and xz. 
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The average of x? is given by 
pf f fi " a? 
p pr est ШЙ ad dx dy dz — 12 
Thus the difference between f(0,0,0) and its average value throughout the cube is given 
approximately by 


а? a? 
0,0,0) — fav == 7» p fy + f= 724 V? f(0,0,0) 


We alluded to this property of the laplacian in section 3.7. 


Exercises 


Verify that the zeroth, first, and second partial derivatives of f and its second- 

degree Taylor polynomial agree at the base point Re. 

2. Work out the second-order Taylor polynomials for the function е + z? expanded 
around (0,0,0) and (1,1,1). 

3. Work out the third-order Taylor polynomial for a function of two variables, f(x, y). 

4. The Taylor (Maclauren) series for e* is 


2 3 
ET NES 


Ша 2*3 


Use this to interpret the expression e™ Vf; what do you get? 
Show that the difference between /(0,0,0) and its average over a sphere of radius 
Ris given approximately by —(R?/10)V2/(0,0,0). (Hint: The average value of x? 
over the sphere is R?/5.) 
Another way of deriving the Taylor polynomials for f(x,y,z) is as follows: Regard 
y and z as fixed and expand f in powers of (x — xo). The coefficients in this ex- 
pansion will be functions of y and 2. Regard 2 as fixed and expand each coefficient 
in powers of (y — yo). Now the coefficients are functions of z. Expand them in 
powers of (z — zo). 

Carry out this program to second order and verify that the results agree with 
the display in eq. (3.28). 
Show that V?f = 0 at a local maximum of f, and V?f > 0 at a minimum. (Hint: 
consider f as a function of x, у, and z separately.) Note that this statement agrees 
with the interpretation of V?f as a measure of the difference of the averaged value 
of f and its local value. 


f^ 


6 


7. 
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3.9 Vector Identities 


Although we continue to use the del notation, formally manipulating 
д д д 
= +} + К 
uc "hir a 
as though it were a vector, this practice has certain hazards. Keep in mind 
that the derivative operators appearing in the del operator act only on func- 
tions appearing to the right of the del operator. 
For example, supposing that 


F = xyi + yj + x?zk and R = xi + yj + zk, 


let us compare the two expressions (У · R)F and (R · V)F. For the first of these 
we have 


(V-R)F = ЗЕ = 3xjji + 3y?j + 3x?zk 


On the other hand, in the second expression, R is to the left of V, and therefore 
the derivatives in the del operator do not act on R. We have 
(R: V)F = (+ ty T ABE 2 ci + у) хз) 
Ox oy д2 
= x(3x?yi + 2xzk) + у(х% + 2yj) + z(x?k) 
= 4x3yi + 2y!j + 3x!zk 
+ (V: R)F 


Also; it is common practice to omit parentheses in a vector expression 
when there is only one interpretation of the expression that makes sense, in 
the context of ordinary vector analysis (i.e., excluding dyadics). For example, 
У КЕ and R - VF must mean (V * R)F and (R * V)F, respectively, since 
V * (RF) and R · (VF) do not make sense in this context. 

Similarly, V · fF means V · (fF), simply the divergence of fF, since 
V - f, and hence (V - /)Ё, is meaningless. 

In some cases where parentheses are omitted, two interpretations are pos- 
sible, both of which make sense. For example, if А = Аі + 45} + Ask is a 
vector field and f is a scalar field, both (А · V)f and A · (Vf) are meaningful 
and are sometimes written А · Vf. This is legitimate because both interpre- 
tations lead to exactly the same result. We have 

TNT ON ды. В енд мш үз. nai 

(A: Vf (4 эх a ^ + Аз 2y Ai Эх + Az ày + Аз 3z 

and also 
Lula ES EN M aw Ww 
A (Vf) A (++ Ж) da My r^s 
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Because of the convention adopted above, it is especially important to pre- 
serve order in working with V. For instance, V · A is a scalar field, simply the 
divergence of A, but А · V is the differential operator 

д д д 
cuir r5 Agen 
ы dy az 
— а horse of quite а different color. 
We list sixteen vector identities in table 3.2. 


TABLE 3.2 Vector Operator Identities 


F and С denote vector fields, ф denotes a scalar field, and R = xi + yj + zk. A is any 
constant vector, and f is any differentiable function of a single variable. 


У(фф;) = ф17ф + фф! (3.29) 
Vv: oF =V: FHF Vo (3.30) 
ух фЕ = фухЕ + VOXF (3.31) 

- 4f 
Vf) dé УФ (3.32) 
V:(R—-A)23 (3.33) 
VX(R-A)-0 (3.34) 
УК — A|") = njR — Aj"*(R — А) (3.35) 
F-V(R — A) =F (3.36) 
V(A:R) = A (3.37) 
V (FXG)- G-(VXF) — F-(VXG) (3.38) 
V xX (FXG) =(G-V)F — (Е: V)G + (V. G)F — (V: F)G (3.39) 
Y X (Y X F) = VV-F) — VIF (3.40) 
V(F-G) = (Е V)G+ (G-V)F+F xX (V XG) + GX (V X Е) (3.41) 
Vx Vo) = 0 (3.42) 
У:(УХЕ) = 0 (3.43) 
У: (Vo. XV) = 0 (3.44) 


Identities (3.29) through (3.31) are very simple. They аге based on the 
formula expressing the derivative of a product as the sum of two terms, each 
containing the derivative of one factor. Any of these is easy to verify compo- 
nentwise. For instance, the z component of V X фЕ is 


д д 
эх(®Р2) Fi ud 1) 


: Breaking this up, we see that this is times the z component of V X F, plus 
the z component of (Уф) X F. 
Identity (3.32) expresses the chain rule; its x component merely says 
df ди 


9 
эх ~ du ax 
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It can be generalized to functions of more than one variable. For example, if 
u, and и; are functions of x, y, and z, and if f is a function of иу and uz, then 
we have 


д д 
Vf(uy,u3) = 2 Vui + 2 Vuz 


Identities (3.33) through (3.37), which involve the vector R, are quite 
trivial but extremely useful. Note that R — A locates (x,y,z) “relative to” A 
(section 1.6). 

Identities (3.38) through (3.41) involve the interplay of the vector and 
differential properties of V, and they are quite complex. Any of them can be 
verified by laboriously working out the components, and we cheerfully invite 
the devoted student to do so. In the next (optional) section on tensor notation 
we will use some heavy notational machinery to derive these equations more 
efficiently. However, we would like to mention a heuristic device for guessing 
at the form of the identities. 

Let's take identity (3.38), and go to work on 


vV- (FXG) (3.45) 


We know that, as far as the vector nature of the triple scalar product is con- 
cerned, we can interchange the dot and the cross. Thus we suspect that the 
expression (3.45) is equal to 


(VXF):G (3.46) 


However, we must interpret (3.46) in an unconventional manner, namely, the 
operator V must continue to differentiate both F and G [and not merely F, as 
€q. (3.46) dictates]. So to be correct we must split eq. (3.46) into two terms, 
analogous to the splitting in differentiating a product. The term where F alone 
is differentiated can be expressed unambiguously as 


G:(VXF) (3.47) 
To get the term where G is differentiated, we "rewrite" eq. (3.46) as 
—(V xX G): F (3.48) 


which is consistent with the vector nature of the triple scalar product. Clearly, 
from eq. (3.48) we can display the part of the formula in which G is differ- 
entiated as 

-F:(VXG) (3.49) 


Thus we are led to guess that €q. (3.45) equals eqs. (3.47) plus (3.49), in 
agreement with identity (3.38)! 
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Let us try this out again on formula (3.39). Using our old rule for 
A X (B X C), we first write, incorrectly, 


VX(FXG) —-(V- GF — (У: FG (3.50) 


This is incorrect because we must interpret V as differentiating both F and G 
in each expression on the right. To break up this compound derivative and get 
a correct expression for “(У · G)E," we observe that (V · G)F, interpreted 
conventionally, gives the term in which G is differentiated, while (С : V)F gives 
the term where G is treated as constant and we differentiate F. Handling the 
other term in eq. (3.50) similarly, we propose that 


Ух (F X G) = (V: G)F t (G - VF — (V- F)G — (F- V)G 


This is identity (3.39). 

Clearly the above reasoning is tricky, but it can be very helpful in sug- 
gesting "which way to turn" in the derivation of complicated vector equations 
(e.g., those of electromagnetic theory). Suffice it to say that in practice one 
always breathes easier after verifying any such “identity” in a reliable ref- 
erence. 

Identities (3.42) through (3.44) are based on the appearance, in each case, 
of differences of mixed second derivatives. For example, the z component of 
V X (Уф) is 

3836 3 
Ox dy дудх 


It is well known from advanced calculus that such mixed derivatives are the 
same when taken in either order; hence these terms cancel. [To be rigorous, 
when applying eqs. (3.42) through (3.44) we should stipulate that ф and F 
possess continuous second derivatives.] A proof of the equality of the mixed 
partial derivatives appears in Appendix B. 

The labor of computing a gradient can be reduced by using (3.32) and a 
little common sense, and the following example should be studied carefully. 


Example 3.29 Find the gradient of the scalar field f given by f(R) = 1/R, where R 
is the distance from the origin, R = |R| = Vx? F y? F 22, 


Solution Since R is the distance from the origin, VR can be computed by using prop- 
erties 3.1 through 3.4. Obviously, R increases most rapidly in the direction away from 
the origin, so the direction of VR is the same as the direction of the position vector R, 
which also points away from the origin. When we move in this direction, the rate of 
increase of R per unit distance is simply dR/dR = 1. So VR is a unit vector directed 
away from the origin, and hence equals R/[R|, which is the position vector divided by 
its own magnitude. That is, 


ROO x tytzk 


VR = V|R| = [| (Gt + y + 242 
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Applying eq. (3.32) with @ = |R| and AR) = 1/R, we have VR) = f'(R)VR 
= (—1/R?)VR, and, therefore, 


LC vee eee” pore ПЫ Xt o R 
(r) T | в)" RARIUS R 
[which agrees with eq. (3.35) when n = — 1]. Readers familiar with electric fields will 


recognize this expression. Except for some physical constants, it is the electric field 
intensity due to a point charge located at the origin. 


As in section 1.15, the reader is advised to attach a permanent bookmark 
to this section for future referencing. 


Exercises 


1... Verify eqs. (3.29) and (3.30). 

2. Verify (3.33) through (3.37). 

3. Verify (3.42) through (3.44). 

4. “Derive” (3.40) heuristically. 

5. Why is the following “identity” obviously not valid? (Hint: Check the symmetry.) 


V: (FXG) = С: (УХЕ) +Е: (Ух С) 


6. If A = аі + aij + ask is a constant vector, and if R = хі + yj + zk and 
R = |R|, show that 


7. |f V(R) can be expressed as V(R) = AXR · B), where A and B are constant, prove 
that curl V is perpendicular to both A and B. 
8. Evaluate V2[(i + j + k) x V(R - R)J. 
9. Evaluate A УВ + V(A* R) + A* V X R, where A is a constant vector field. 
10. If R? = x? + y? + zh В = xi + yj + zk, and A is a constant vector field, find 


(а) -V (RA) (f) R:V(A*RA) 
(b) V X (RA) (8) V: (AXR) 
(c) R: V(R?A) | (h) VX(AXR) 
(9) V(A- В)“ (i) VXR-R) 
(e) V: (RA) 


11. -Evaluate 
v(4:vi) +ух (xv) 
R R 


12. For what value of the constant C is the vector field V — (x + 4y)i t (y — 32)j 
+ Czk the curl of some vector field F? [Hint: use eq. (3.43).] 
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3.10 Optional Reading: Tensor Notation 


The operator V, considered as a vector operator, has components д/дх, д/ду, 
and 2/92. In tensor notation we adopt two conventions which enable us to absorb 
V into our system painlessly. First, we designate coordinates by the triple 
(x1,X2,X3) instead of (x,y,z); this makes the ith component of V equal д/дх;. 
Second, we abbreviate д/дх; by д;. Now let us write down the tensor expres- 
sions for the concepts introduced in this chapter. 


The ith component of the gradient of ф is 8j. 
The divergence of F is the scalar 0;F; (remember summation). 


The ith component of the curl, V X F, is €jj д; Ёк (recall the determinant 
expression for curl). 


2 
The laplacian of ф is д;д;ф. We may write this as ð; ¢ if we stipulate that the 
summation convention applies to squared terms, since they would have re- 
peated subscripts if written out. 


Now the proof of the identities of the last section can be carried out easily. 
To check identity (3.31), observe that the ith component of V X фЕ is 


£i Oj (PF x) = €i. (8;9) Fx + &iuó д; Fr 


These terms we identify as the ith components of Vó X F and фУ X F. 

To check (3.36), observe that the ith component of F : VR is Fj9;x; (sum- 
ming over j). But дух; = ô;j, the Kronecker delta; so this expression is Ёё 
= Е,, the ith component of F. 

The proof of formula (3.39) proceeds as follows: 


Єк 0; (F X С), = Eijk д; (€xtmF Gm) 

= ёеш (ЕС) 

= (идр — 01451) д; (ЕС) 

= 0; (FiGj) — ð; (FjG;) 

= G;ð;F; + (0jGj)F; — (0;F;)G; — Fj9jG; 

= (G: V)F; + (V: G)F; — (V: F)G; — (F : V)G; 
The proof of (3.41) is rather complicated. We begin by developing the 

obvious expression for the ith component of V(F · С): 
9; (ЕС) = Е,9,6; + СЕ, (3.51) 
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Now we are stumped; the terms on the right seem to have no vector analogs. 
How can we identify the right-hand side of identity (3.41) here? The clue lies 
in the tensor expression for F X (V X G); its ith component is 


EijkFj(Ektmði Gm) = Ei&kimFjO1Gm 

= (биб — днд) ЕС 

e Fj0jG; us Fj0G; 
We observe the appearance of one of these “mystery” terms, Fj9;G;, plus the 
ith component of — (F · V)G. Transposing, we see that Fj9;G; is the ith com- 
ponent of F X (V X G) + F: VG. Putting this into eq. (3.51) above, and using 
a similar expression for G;ð;Fj, we get 

V(F-G) = FX(VXG) Е: УС -GX(VXF) - G- VF 

We have derived the identity. 


The equality of mixed second derivatives of any (twice continuously dif- 
ferentiable) function can be expressed in tensor notation by the equation 


д9ф = ддф 
or simply 
дд; = 0,0; 
That is, the components of V commute with each other. (Of course, they do 
not commute with functions: д;ф is very different from $0;.) This makes the 
verification of identities (3.42) through (3.44) simple. For eq. (3.44), we use 


V and x for фу and ¢ respectively, in order not to confuse subscripts. We then 
have 


д{єк(дуф)(дкх)] = ei (0,9) (Ox). + ei (O9) (9:0. 


Because of the antisymmetric nature of tij, as we sum over i and j the 
terms д; and дудд/ come in with opposite signs for i + j, and with coefficient 
zero if i = j. Thus all the addends in the first term cancel, as do those in the 
second, and we get zero, in accordance with the identity (3.44). 


Exercises 


Using the tensor notation, prove the following vector identities: 
1. V:óF = QV-F +F: V 

2. У(А.В) = A if A is constant 

3. VXR- 0 

V: (F xX G) = G: (Y XF) — F- (Vx С) 

V X (V x F) = V(V:F) — VF 

УХ (ўф) = 0 
Ү:(7хЕ = 0 


з шк 


Line, Surface, and Volume Integrals 


4.1 Line Integrals 


In this section we are going to study a construction that has found considerable 
utility in mathematics and physics. It is the operation of integrating a vector 
field along a curve in space. 

Let us give some thought to the meaning of integration along a curve. By 
analogy with the theory of (Riemann) integration in elementary calculus, one 
would suspect that the curve is partitioned into short arcs, then some sort of 
sum is formed over the partition; and, finally, the "integral" emerges as the 
limit of these sums as the partitions are made finer and finer. 

In fact, we have already gained some experience with this type of process 
in section 2.2, where we computed arc length for a smooth arc. Figure 4.1 (a 
replica of fig. 2.15, repeated for convenience) illustrates how the points Qo, 
Qi,- . =, Qn (with position vectors Ro, Ri, . . . , Re respectively) partition 
the curve and generate the inscribed polygonal path, whose length we calcu- 
late by summing the lengths of the sides |AR,| = |R; — R,-1|. The length 
of the curve is then taken to be the limit of these sums, as the partitions are 
refined in such a manner that the largest length |AR,| goes to zero. 

In that same section we saw how this limit can be evaluated if the curve 
is parametrized by R = R(t), a = t = b. Recall the essentials of the tech- 
nique: the interval [a,b] is partitioned a = to < ti << Sin = b to 
correspond with the points Rk = R(¢,), and the approximation 
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C 


Figure 4.1 


is used to argue that 


с “|dR * 
i |а| elim У Јави = lim | 75 an =Í 
i: k=1 ii dt s 


as the At, go to zero. This final expression is an ordinary integral. 

Using this as a model, we now turn to the definition of the line integral. 
(As will be seen, the terminology “curve integral" would be a more accurate 
term.) Imagine that the curve C is imbedded in a continuous vector field F, 
as in figure 4.2. The line integral of F along C is a measure of the degree to 
which C "lines up" with F. It is highest for curves that are everywhere parallel 
to F, as in figure 4.2a (recall that. we called such curves “flow lines" in section 
3.3); it is zero if C is orthogonal to F as in figure 4.2b; and it is lowest if C 
runs counter to the field, as in figure 4.2c. 

To express this notion quantitatively we subdivide C into n smaller arcs 
and approximate it by a polygonal path, as in figure 4.3. If ЕЁ, denotes the 
value of F at the point Q, in the figure, then clearly F, - AR, measures the 
alignment of the field with the curve, and we formally define the line integral 

cF : dR to be the limit of sums of this form, when the approximating poly- 
gonal paths are obtained by taking increasingly small subdivisions: 


dR 
"t at 


fer SAR = litimes ian, — 0) DE F, AR, (4.1) 


If F is continuous and C is smooth, it can be shown that this limit exists and 
is independent of the particular subdivision scheme chosen. 
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Figure 4.3 


In example 1.15 of section 1.9, it was pointed out that the work done by 
a force F acting through a displacement AR is given by F · AR. Thus the line 
integral [сЕ : dR equals the work done by the force field F оп а particle as 
it moves along the curve C. It measures the extent to which the vector field 
abets the particle's motion. 
Р Note that the necessary ingredients for а line integral are a vector field 
- and an oriented curve, and the result is a scalar. The direction of the vectors 
AR, is taken to be consistent with the orientation of C, which in figure 4.3 is 
from Qo to Qn. If C were oriented the opposite way, from О, to Qo, each of 
the vectors AR, would point in the opposite direction and the line integral 
would change sign. 
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Other notations can be used to denote line integrals. If T is a unit vector 
tangent to the path, in the direction determined by the orientation, then 
T = dR/ds, and eq. (4.1) can be written 


IZ. (4.2) 


where s, the arc length measured along C, is taken to be increasing in the 
direction determined by the orientation of C. 

If F, = F - T is the scalar component of F in the direction of the unit 
tangent, the line integral can also be written 


J F, ds (4.3) 
c 


In vector language, we sometimes speak of “the line integral of the tangential 
component of F over the oriented curve C." If we wish to be sloppier, we just 
say "the integral of F along C." 

In books on advanced calculus that do not use vector notation, yet another 
form is used: 


f (Fidx + Fidy + F3dz) (4.4) 


We obtain this from eq. (4.1) by taking F = Fii + F;j + Fk. Then, since 
dR = dxi + dy j + dz k, we have F ` dR = Fidx + Еау + Fdz. 

An expression such as Fidx + Fidy + Fidz, where F;, F;, and F; аге 
functions of x, y, and z, respectively, is called a differential form. We call eq. 
(4.4) the line integral of the differential form over the oriented curve C. 

In a moment we are going to see how the line integral can be easily eval- 
uated when the curve is parametrized. Just for the experience, however, we 
first present an example that computes a line integral directly from the defi- 
nition. Keep in mind that example 4.1 is gimmicked to work out nicely, and 
is atypical in this respect. 


Example 4.1 Let C be the curve y = vx in the xy plane extending from (0,0,0) to 
(1,1,0), and let F = xyi + УЖ. Find (cF - dR directly from the definition of the 
integral as the limit of a sum. 


Solution For convenience, let all Ax's equal 1/n, so that 


Ок = Qu, yy. zy) = (уо) 
Күс еа 
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which tends to + as n approaches infinity. Therefore 


1 
frat 


In the usual situation one has a parametrization R = R(t), a € t X b, 
for the smooth curve C, and by analogy with the arc length technique we pro- 
pose 


[ra = lim У F,: AR, 
k=1 


ege iv dR 
E Eye аро) = dt 4.5 
im 2 клр МЕ JF (4.5) 
The final form is an ordinary definite integral. To see this, observe that we 
have the continuous vector function F = F(x,y,z) = Рі + F;j + Fk, and 
the continuously differentiable parametric functions x = x(t), у = y(t), and 
2 = z(t), so that plugging the latter into the former produces, in eq. (4.5), an 
ordinary integral of a function of t: 
dx 
t 


EET = f- : | Fio (0.20) d 


dy 
dt 


d. 
+ Fx(r)(0).z() z] dt 


+ Р(х(0),у(0),2(0)) 


For instance, the curve in example 4.1 can be parametrized x = t, 
y= Vi,z = 0,0 <1 <1, and eq. (4.5) becomes 


T dx г) f; 1 
C ede det Yu -= ези инш 
INC ту 3 dt Ud 3 


Observe that the line integral has been defined without reference to the 
parametrization of the curve, so its value will depend only on the field F and 
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the oriented curve C, not on the choice of the parameter t. Sometimes arc 
length is a convenient parameter; sometimes it is better to use an angle or the 
time, or one of the variables x, y, z. Examples are given below; study them 
carefully! 

The integrals f$ f(x) dx that occur in elementary calculus can be re- 
garded as very special kinds of line integrals. Indeed, let us suppose that F is 
always directed parallel to the x axis, so that F = f(x)i, and suppose that C 
is a segment of the x axis, а < x < b, oriented in the direction of increasing 
x. Then dR = dxi, and fcF : dR = f$ f(x) dx. So you already have had 
some experience in evaluating line integrals! Caution: In general, line inte- 
grals do not represent areas under curves, nor arc length. 


Example 4.2 Compute the line integral fF · dR from (0,0,0) to (1,2,4) if 
F = x + yj + (xz — y)k 


(a) along the line segment joining these two points. 
(b) along the curve given parametrically by x = 7, y = 21, z = 4P. 


‘Solutions 


(a) Parametric equations for the line segment joining (0,0,0) to (1,2,4) are x = t, 
y = 2t, z = 41 (section 1.8). We have 


far ай = Је + ydy + (xz — у) а= 
1 
= {| dt + (20)(2 dt) + (42 — 21)(4 dt) 
#4 d 11 
Т, (172 — 4t) dt = 3. 


(b) In this case we have 


1 
Lr dR = [ ()(2tdt) + (20)(2 dt) + (4% — 20)(12240) 


1 
» T (215 + 4t + 487 — 24) dt = Уд 
3 


Example4.3 Find the line integr. i = xi j 
CIMA sg al of the tangential component of F = xi + x?j from 
(a) along the x axis. 

(b) along the semicircle y = T = x2. 

(c) along the dotted polygonal path shown in figure 4.4. 


SECTION 4.1 LINE INTEGRALS 167 


Solutions 
(a) Along the x axis, y = 0; hence dy = 0, and 


[ran - [em en 


[eT 
- ard oux 


Figure 4.4 


(b) Along the semicircle, the convenient parameter is the polar coordinate 0. Since 
the radius of the circle is unity, we have, for points (x, y) on this path, х = cos 6, 
y= sin б; hence dx = —sin 0 40, dy = cos 0 dô, and 0 runs from т down to zero: 


frm- f e 


= [ [(cos 0)(—sin 0 40) + (cos? 8)(cos 0 d0)] 


0 
«T (—sin 6 cos 0 + cos? 0) 40 


sin? 0 3 sin? 07° 
| 2 + sin 0 3 | 0 


(c) Along the path labeled (1) in figure 4.4, у = x + 1, so that dy = dx, and 
а 1 
(х dx + x! dy) = bs (x dx + х? dx) = lary 


Along path (2), y = 1, so that dy = 0, and 


1 
[eo - [ xd. =+ 
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Along path (3), x — 1, so that dx — 0, and 


° 
[essem = [| dy=-1 


[Note that we use y instead of x as the parameter along path (3).] The value of 


the integral is —+ + +—1= 2. 


Note: If a curve is closed, that is, its initial and final points coincide, the 
notation $ F · dR is frequently used. The line integral of F around a closed 
curve C is called the circulation of F about C. 


Exercises 


1. Find JF · dR, where F = х + j + yzk, along C: x = t, y = 20, z = 3t, 
пусу ыа 
2. Let C be the curve given by 


R(t) = costi + sintj ek (OSt< 7/2) 
and let 


2x 


ЕС ЖҮР 


: 201. 

ee t us 2zk 

Express fc F : dR in terms of t and evaluate the resulting integral. 

Find f F- dR from (1,0,0) to (1,0,4), if F = xi — yj + zk, 

(a) along the line segment joining (1,0,0) and (1,0,4). 

(b) along the helix x = cos 2xt, y = sin 2zt, z = 4t. 

4. Find the value of $ [(3x + 4y) dx + (2x + 3y?) dy] around the circle x? + y? 
= 4, 

5. Find the line integral f Е · dR along the line segment from (1,0,2) to (3,4,1), 
where F = 2xyi + (x? + z)j + yk. 

6. Find the integral $ Е · dR around the circumference of the circle x? — 2x + y? 
= 2,2 = 1, where F = yi + xj + xyz'k. 

7. Let 


3 


en У eee: 

R x+y x* yd 
Find the line integral of the tangential component of F, from (— 1,0) to (1,0), 
(a) along the semicircle y = V1 — 22. 
(b) along the dotted polygonal path shown in figure 4.4. 

8. By changing to polar coordinates, find the answers to exercise 7 by inspection. 


10. 


1. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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. Evaluate the following line integrals over the straight-line segment C joining the 


point (2,1,4) to the point (3,3,4): 

(a) fc [3xy dx 3 dy + yz dz] 
(b) Јсео(уг dx + xz dy + xy dz) 
Evaluate 


ф [(у + yz cos xyz) dx + (x? + xz cos xyz) dy + (z + xy cos xyz) dz] 


along the ellipse x = 2 cos 0, y = 3 sin @,2 = 1,0 <@ = 2r. 

Evaluate $c [(sin x + у?) dx + (x — e?) dy], where C is the boundary of the 

semicircular region x? + y? € 4, y = 0. 

Compute the line integral /сЕ - dR, where C is the intersection of the plane 

x + у +z = 1 with the cylinder x? + y? = land F = (x + у)і + (y + 2j 

+ (z + x)k. Orient C clockwise as viewed from above. 

Find f R: dR from (1,2,2) to (3,6,6), along the line segment joining these points, 

(a) in the manner described in the text. 

(b) by observing that R ` dR = s ds, where s = (x? + y? + 22)1/2 is the distance 
from the origin, and computing f3 5 ds. 

Let F = ш X В, where c is a constant. (Recall example 3.25.) 

(a) Compute f F : dR along the straight line from (0,0,0) to (2,2,2). (Hint: Use 
a little thought, and you can avoid any work.) 

For example 4.3 (refer to fig. 4.4), determine T, 

(a) along path (1), in the direction shown, in terms of i and j. 

(b) along path (2), in the direction shown. 

(c) along path (3), in the direction shown. 

For example 4.3, determine ds, in terms of dx or dy, 

(a) along path (1). 

(b) along path (2). 

(c) along path (3). 

Show that dR = dxi + dy j is the same as T ds in each of the three special cases 

referred to in exercises 15 and 16. (This illustrates the general rule that, in prac- 

tice, it is easier to find dR directly than to find T and ds separately and multiply.) 

Let F = (x?/y)i + yj + К. 

(a) Find the equation for the flow line for F that passes through the point (1,1,0). 

(b) Show that this flow line passes also through the point (e,e,1). 

(c) Evaluate fc F · dR, where C is the path, along the given flow line, from 
(1,1,0) to (е,е,1). 

Let F(x,y) = (x? + у2)( + j), and let C be a directed straight-line segment of 

unit length, with one endpoint at the origin, (0,0). Find the direction of C such 

that the line integral J = fc F: dR is 

(a) a maximum (give the direction of C and the value of /). 

(b) a minimum (give the direction of C and the value of Г). 

(c) zero (give the direction of C). 

If the vector field F(x,y,z) is everywhere parallel to R and C is a curve drawn on 

a sphere with center at the origin, then fcF -dR = 0; why? 
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4.2 Domains; Simply Connected Domains 


We recall from elementary calculus that many of the functions that arise are 
not defined for all values of x, but only for certain intervals. For example, the 
function f(x) = 1/x is not defined at x = 0, and the function f(x) = cse x 
is not defined when x is an integral multiple of т. 

Similarly, the vector fields that arise in practice are frequently not defined 
at all points (x,y,z) in space, but only in certain regions of space. 

For instance, we learn in elementary physics that the magnitude of the 
magnetic field intensity due to a current flowing along a straight line varies 
inversely with the distance from that line. As we get nearer to the line, the 
magnetic intensity increases in magnitude. The magnetic field is not defined 
along the line itself. The region of definition consists of all points in space 
except those along the line. 

Similarly, the electric intensity due to a system of point charges is de- 
fined everywhere in space except at the л points in question. 

To be sure, the fields that arise in elementary physics are extremely ideal- 
ized (is a charge really concentrated at a point?), but they are useful in the- 
oretical discussions and their study is essential to more advanced work. 

The reader with limited knowledge of electric or magnetic field theory 
may imagine instead that the fields we consider are the velocity fields of fluids 
that are in some container. Obviously, it is nonsense to speak of the velocity 
vector at any point outside the container. The region of definition in this case 
consists of all points within the container. 

The vector fields that usually arise, both in theory and in practice, have 
two important properties. First, such a field is defined in the interior of a given 
region but not on the boundary of the region. Second, if the field is defined at 
two points P and Q, it is possible to find a smooth arc C joining P to Q along 
which the field is everywhere defined. 

For instance, the velocity of a fluid in a container is not defined for points 
on the surface of the container, but only for points in the interior of the con- 
tainer. Moreover, it is unusual to consider a container with separate com- 
partments; we usually assume that if there is fluid at two points P and Q, it 
is possible to move from P to Q without passing through any separating walls. 
Motivated by these ideas, we now give several precise definitions. 

If P is any given point and ¢ is any positive number (zero is excluded), we 
say that an є neighborhood of P is the set of all points that are less than e in 
distance away from P. Thus, if we are speaking of points in the plane, an e 
neighborhood of a point P consists of all points in the interior (but not on the 
circumference) of a circle of radius є and center at P. If we are speaking of 
points in space, an є neighborhood of P consists of all points in the interior 
(but not on the surface) of a sphere of radius є and center at P. 
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Figure 4.5 


Given a region R, we say that P is an interior point of R if it is possible 
to find an є neighborhood of P that lies completely within R. We say that P is 
a boundary point of R if, no matter how small we take the positive number e, 
the e neighborhood of P contains at least one point in R and one point not in 
R. So, by definition, an interior point cannot be a boundary point, nor can a 
boundary point be an interior point. (The other points are called exterior.) 

A region is said to be open if every point in the region is an interior point 
of the region. Thus, if the region of definition of a vector field is an open region, 
we can say that, if the field is defined at a point Р, it will also be defined in 
some є neighborhood of P. Of course, if P is very near the boundary of the 
region, є may have to be very small. 

By definition, an open region does not include its boundary. (For example, 
the set of all points within a cube is an open region in space, but the set con- 
sisting of all those points either within or on the surface of a cube is not an 
open region.) If we say that an arc C lies in an open region, then by definition 
C cannot intersect or even touch the boundary of the region. 

Henceforth, we shall consider only open regions. 

An open region R is said to be connected if, given any two points P and 
Q in R, there can be found a smooth arc in R that joins P to Q. 

In figure 4.5 we show a region in the plane that is not connected. Ob- 
viously we cannot join P to Q by a smooth arc that lies completely within the 
region. We will have no occasion to consider such regions; henceforth we con- 
sider only connected regions. 

A region that is both open and connected is called а domain. 

The region of definition of the magnetic field due to a steady line of cur- 
rent flowing along the z axis consists of all points except those on the z axis. 
The region of definition of the electric field due to a system of n fixed point 
charges consists of all points other than the given n points. It is easy to see 
that in either case the region is both open and connected, so that the word 
*domain" applies. 

‚ Infigure 4.6 we give an example of a region in the plane. If we let D denote 
the set of points within the shaded region, not including any points on either 
of the curves C, and C;, then D is a domain. The points on the curves C, and 
C; constitute the boundary of the domain. In the figure we give an example 
of a smooth arc joining two points P and Q. 


172 CHAPTER FOUR: LINE, SURFACE, AND VOLUME INTEGRALS 


Figure 4.6 


Figure 4.7 


Of special importance are those domains that are simply connected. In 
figure 4.7 we show a region in the plane that is simply connected, but the 
regions indicated in figures 4.6 and 4.8 are not simply connected. Roughly 
speaking, a domain is said to be simply connected if every closed curve lying 
in the domain can be continuously shrunk to a point in the domain without 
any part of the curve passing through regions outside the domain. The plane 
regions indicated in figures 4.6 and 4.8 are not simply connected because no 
closed curve surrounding one of the “holes” could be shrunk to a point while 
still always remaining in the domain. Thus, in the special case of a domain of 
points in the plane, this simply means that, given any closed curve in the domain, 
all points within the closed curve are also in the domain. In other words, there 
are no "holes" in the domain. 

Simply connected domains in space are, Very roughly speaking, those do- 
mains through which no holes have been bored. Thus, the set of points in the 
interior of a torus (doughnut) is not simply connected, since a closed curve 
within the torus surrounding the hole cannot be shrunk to a point while re- 
maining always within the torus. 

A closed curve C, in the process of being shrunk to a point, will generate 
a surface having the original curve C as its boundary. Thus, another way of 
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Figure 4.8 


wording the definition is as follows: a domain is simply connected if, given any 
closed curve lying in the domain, there can be found a surface within the domain 
that has that curve as its boundary. 

The domain consisting of all points in the interior of a sphere is simply 
connected. As another example, suppose we are given two concentric spheres; 
then the set of points outside the inner sphere but inside the outer sphere con- 
stitutes a simply connected domain. 

As a further example, consider the cylinder x? + y? = 1. This is a cyl- 
inder of radius 1, concentric with the z axis. Every point outside the cylinder 
has coordinates (x,y,z) satisfying the inequality x? + y? > 1 (т arbitrary), 
and the set of all such points is a domain that is not simply connected. The 
set of points in the interior of the cylinder x? + y? < 1 is simply connected. 

Vector fields defined in simply connected regions have much simpler prop- 
erties, in general, than those having domains of definition that are not simply 
connected. Domains that are not simply connected may be very complicated; 
the reader may wish to contemplate the region of space within an old-fashioned 
steam radiator, which is very far indeed from being simply connected. 

In this chapter we shall have occasion to refer to a star-shaped domain. 
A domain is called star-shaped if there is a point P in the domain such that, 
for any other point О in the domain, the entire line segment РО lies in the 
domain. Sometimes we say the domain is star-shaped with respect to P. Figure 
4.9 illustrates some star-shaped domains. 

A star-shaped domain is simply connected; indeed, any curve can be shrunk 
to the point P. 


Figure 4.9 
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Exercises 


In each of the following cases, a region D is defined. Tell whether the region is a domain. 
If it is a domain, determine whether or not it is simply connected. If it is not a domain, 
explain why not. 
1. The region of definition of a magnetic field due to a steady current flowing along 
the z axis [i.e., the region consisting of all points (x,y,z) such that x? + y? > 0]. 
2. The region of definition of an electric field due to n point charges. 
3. The region consisting of all points above the xy plane [i.e., all points (x,y,z) such 
that z > 0]. 
4. The region D consisting of all points (x,y,z) for which 2 > 0. 
5. The region D consisting of all points (x,y,z) such that x? + ytz-4 
6. The region D consisting of all points (x,y,z) for which 1 < х? + y? < 4 (i.e., all 
points outside a cylinder of radius 1 and within a cylinder of radius 2, both cyl- 
inders concentric with the z axis). 
7. The region D consisting of all points (x,y,z) for which 1 < x < 2 (i.e., all points 
between the planes x = 1 and x = 2). 
8. The region D consisting of all points (x,y,z) for which z # 0. 
9. The region in the plane between two concentric circles. 
10. The region in space between two concentric spheres. 


4.3 Conservative Fields: The Potential Function 


In this section we let F denote a vector field that is defined and continuous 
throughout a domain D. Then 


F= Еі + Fij + Fk (4.6) 


where Еу, Fz, and Fs are scalar-valued functions, each of which is continuous 
throughout D. If these three functions have partial derivatives (there will be 
nine such derivatives, ӘР /дх, 0F;/dy, . . . , 9F3/0z) all of which are con- 
tinuous throughout D, then F is said to be continuously differentiable in D. 
It follows from these definitions that, if F is continuously differentiable in D, 
then curl F is a vector field that is continuous in D, and div F is a scalar field 
that is continuous in D. 

A vector field F is said to be conservative in a domain D if there can be 
found some scalar field ¢ defined in D such that F = grad 4. If this is possible, 
then ф is called a potential function, or simply a potential, for F. 

Notice that the potential function for a conservative field is not unique, 
since one can always add an arbitrary constant to ¢ to obtain a new potential 
whose gradient is also F. (Physicists conventionally choose potentials to satisfy 
certain natural boundary conditions; e.g., they may choose the constant so that 
the potential function for a gravitational field is zero along the laboratory floor, 
or so that the potential function for an electric field tends to zero at infinity.) 
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The following theorem may indicate why conservative fields are so im- 
portant. 


THEOREM 4.1 A vector field F continuous in a domain D is conser- 
vative if and only if the line integral of F along every regular curve in 
D depends only on the endpoints of the curve. In that case, the line 
integral is simply the difference in potential of the endpoints. That is, 
we have 


[| “dR = ф(0) — Ф(Р) 


where P and Q are initial and terminal points of C respectively. 


Before we continue, let us be sure we understand this theorem. We are 
given a vector field F defined and continuous in a domain D. The theorem says 
this field is conservative if and only if the following condition holds: if we are 
given any two points P and Q in D, and any regular curve C within the domain 
extending from P to Q, then 

о 
F:dR 
P 


depends only on the location of the endpoints P and Q and not in any way on 
the choice of the curve C that joins them. (We summarize this condition by 
stating that the line integral is independent of path.) Moreover, if this con- 
dition holds, then we can eva/uate this line integral by first finding a function 
$ such that F = grad ф, and then subtracting the value of ф at P from its 
value at Q. 

This is the major theorem of vector analysis. We strongly urge the student 
to study the following outline of the proof. 


Proof The phrase “‘if and only if" requires that we prove the implication 
in both directions. We break up the proof into four steps. First, we assume 
that the line integral of F depends only on the endpoints, and (i) define 
a function $ in a certain manner, (ii) show that $ is a potential for F, 
and (iii) demonstrate that 


о 
f F ` dR = 4(Q) – (P) 


Finally, we complete the argument by proving the converse; (iv) assum- 
ing that F is conservative, we show that the line integral is given by 
¢(Q) — Ф(Р) and hence is independent of path. Here we go. 


(i) Definition of the potential function 


We choose, once and for all, an arbitrary point (хо,уо,20) in D, which 
we call the “point of zero potential.” Given any other point (x,y,z) in D, 
we choose some smooth arc C, in D extending from (xo,yo.zo) to (x,y,z); 
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(x, y, 2) 


(x0; 9. 20) 


Figure 4.10 


this is possible since we assume that D is a domain (fig. 4.10). We define 


ф(х,у,2) to be 
(х,у,:) 
ф(х,у,2) = F-dR 


Gozo) 


where we integrate along Сү. By hypothesis, this integral is independent 
of path, and so this definition of ф(х,у,2) does not depend on the partic- 
ular arc Cj that we choose. In other words, ф(х,у,2) depends on the point 
(x,y,z) in an unambiguous manner. 


(ii) Proof that F = Vo 
We begin by computing дф/дх at (x,y,z). By definition, this is 


. (x + Ax, y, 2) — ф(х,у,2) 
ia Ax 


Since D is open (every domain is) there is some e neighborhood of (x,y,z) 
that is within D. Let us consider a line segment, parallel to the x axis 
and passing through (x,y,z), that is within this є neighborhood. For a 
point (x + Ax, y, z) along this line segment, let C; denote that part of 
the segment extending from (x,y,z) to (x + Ax, y, z). Then C2, being a 
line segment, is a fortiori a smooth arc, and the path from (хо,уо,20) to 
(x + Ax, y, z) obtained by joining C; to C, consists of two smooth arcs 
and is therefore a regular curve (fig. 4.11). We integrate along this curve 
to find ф(х + Ax, у, z) by first integrating along C, and then along C;. 
Since the first integral gives ф(х,у,2), we have ` 


(4.7) 


(x+4x,y,2) 


$(x + Ax, y, 2) = (x,y,z) + f F-dR 


sz) 
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Figure 4.11 


from which it follows that the numerator of eq. (4.7) is simply the in- 


tegral 
(х+Ах,у,:) 
F-dR 
(x,y,z) 


taken along C;. Since y and z are constant along this line segment, we 
have dR = dx i, and hence F · dR = F, dx. Thus eq. (4.7) becomes 


х+Ах,у,:) 
tim Sea Р dx (4.8) 


Ax Ax 


Only one variable is involved in eq. (4.8) since y and z are constant along 
Cy; in other words, one can treat the numerator just like any integral one 
meets in elementary calculus. The reader will recognize this integral, 
divided by Ax, as simply the average value of F; along the line segment 
Сз. Since F, is continuous, this average value tends to Fi(x,y,z) as Ax 
tends to zero. It follows that, at any point (x,y,z), we have дф/дх = Fy. 

Similarly, we can show (taking line segments parallel to the y and 
z axes, respectively) that дф/ду = F, and d¢/dz = Fs. Therefore 

дф. , 00. , дф 


which proves that ф is a potential function for F. 
0 
(iii) Proof that [p F- dR = ф(О) — Ф(Р) 


Let P and Q be two distinct points in D, and let C denote any regular 
curve extending from P to Q. Let Cı be a smooth arc extending from 
(x0,¥0,Z0) to P. Since the integral is independent of path, ф(0) must equal 
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Q 
С 
d^ 
ei (xo. Y0: 20) 
Figure 4.12 


the integral taken along the regular curve obtained by attaching C, and 
C together (fig. 4.12). Thus 


«o = f r-an + f кав 


= ф(Р) + кав 


from which it follows that 


J.r- «n = «o0 - «o 


(iv) Proof of the converse 


To prove the converse, we assume F to be conservative, that is, that 
there exists ф such that F = grad ф. Then along any smooth arc we have 
F and dR expressed in terms of some parameter t and its differential dt. 
Therefore we compute 


n Ar LEE дф „ГЭ 

I m = f: (Fax +%# + 
о 

SNL ELLA LI 


P Vox dt дуа да! 
ага ee И? 
- [5a - «o ФР) 


Here we made use of the chain rule; if ¢ is a function having continuous 
partial derivatives with respect to x, y, and z, where x, y, and 2 are dif- 
ferentiable functions of a single parameter t, then 


dé _ 96dx | ð$ dy | ð$ d: 
dt | óxdt дуй azdt 


The above equations may be written in simplified notation: 


Ja is 
К Е `аВ = ls d$ = $(Q) — (Р) 
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where 


дф 
ду 


ИШЕ nh 


F dR = do = dx ГЕ 


is the total differential of $. 


This completes the proof. Note that if the path C is closed, that is, if P 
and Q coincide, then $c F ` dR = 0, since ф(Р) — ф(Р) = 0. Conversely, if 
$c F: dR = 0 around every regular closed curve in the domain, then F must 
be conservative (see exercise 1 for the proof). 


THEOREM 4.2 A vector field F continuous in a domain D is conser- 
vative if and only if around every regular closed curve in D the line 
integral of F (i.e., its circulation) is zero. 


Example 4.4 Show that F = хуй + x*yj is not conservative. 


Solution A quick way of solving such problems will be given in example 4.5. How- 
ever, we can prove that a field is not conservative by showing that its line integral does 
depend on the path. In this case, for instance, let us compute the integral along two 
paths joining (0,0) to (1,1) in the xy plane (fig. 4.13). Along the line y — x, we have 


pe Е : i : ^ 
om) (9? dx + xy = Je рож) dx = 55 


Now let us move along the regular path consisting of two line segments, the first joining 
(0,0) to (1,0) and the second joining (1,0) to (1,1). Along the first line segment, 
y = 0, so that the line integral is zero. Along the second line segment, x = 1, so that 
dx = 0, and the integral becomes 


The total of the two integrals is thus +, differing from 3. Hence the field is not con- 
servative. 


(1,0) 


Figure 4.13 
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It is important to notice that if these two line integrals had turned out to 
be equal, we would not have been able to draw any conclusions from that alone. 
Such a result could have happened by coincidence even though the field F was 
not conservative. Since it is obviously impossible to compute f F · dR along 
every conceivable regular curve, the theorem does not provide a practical way 
of showing that a given field is conservative. 


Example4.5 Show that F = xy'i + x?yj is not conservative, without computing any 
integrals. 


Solution This can be done by contradiction. Suppose F were conservative. Then 
F = grad ф for some function ф. Since 


9 


a 


96, , дф. 
= i+ jt 
grad $ дх ay? 
we must have дф/дх = ху? and дф/ду = х?у. But this is impossible, since the mixed 
derivatives д2ф/дудх and д2ф/дхду would be 2xy and 3x?y respectively, whereas the 
theory of partial differentiation requires these derivatives to be equal. This contradic- 
tion shows that such a function ф cannot exist, and so F is not conservative. 


Example 4.6 Show that F = 3x?yi + (x? + 1)j + 9z?k is conservative. 


Solution Again, a routine way of solving such problems will be given later. At this 
point, we have no alternative but to try to find a function ф such that F = grad 9. As 
we have remarked already, the theorems of this section are not useful in proving that 
a field is conservative since we would have to compute an infinite number of integrals. 
(If we were to take two points and compute line integrals along a dozen or so paths 
joining these points, the equality of these numbers might lead us to suspect the field 
to be conservative, but the experiment would not provide a rigorous proof.) 

If F = grad ф, then дф/дх = 3x?y, д/у = х? + 1, and дф/дт = 922, In com- 
puting дф/дх, one differentiates while holding y and z constant, and so evidently 


$ = х?у + (either a constant term or a term involving only y and z) 


Let us write this as ф = x?y + g(y,z), where gis a function not yet determined. Dif- 
ferentiating, we have d¢/dy = x3 + (92 /9у). Comparing this with дф/ду above, we 
see that dg/dy = 1. Since g is a function of y and z, evidently 


g(y.z) = y + (either a constant term or a term involving z alone) 


Therefore we have ф = x3y + y + h(z), where h depends only on z (or may possibly 
be a constant). Differentiating, this time with respect to z, we have дф/д2 = h'(z), and 
comparison with the above gives h'(z) = 922 It follows that A(z) = 3z3 + C, where 
C is a constant that may be chosen arbitrarily. Now we have ф = x3y + y + 323 
+ С, and it is easy to check this to see that grad ¢ = F, Hence F is conservative. 

Remark: A common error is to integrate separately and add the results. Since 
дф/дх = 3х?у, ф = xy; since 9ф/ду = х? + 1, ф = xy + y; since 9/02 = 922, 
к i» Adding these, we obtain ф = 2x3y + y + 32^, which is incorrect. (It doesn't 
check.) 
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Figure 4.14 


It is easy to visualize the relation between a conservative field and its po- 
tential function; recall that grad ф is normal to the surface ф = constant. Thus 
the flow lines of F = grad ф pierce its equipotential surfaces at right angles 
(see fig. 4.14). 

We close this section with some comments on the physical applications of 
the potential function. When F is a force field, it is common to choose the 
opposite sign for the potential ф: 


[ (х,у) 
Ф(х,у,2) = s F:dR F — — grad ó 

As is demonstrated in Appendix C, this convention enables one to asso- 
ciate ф with potential energy. The reader should have little trouble making 
this adjustment. 

Also, the divergence of a conservative field is sometimes regarded as the 
"source" of the field, and it is important to have formulas for computing the 
potential ф from V · F rather than from F itself. This will be discussed in 
section 4.14. 
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Exercises 


1. Show that, if fc F -dR = 0 for every regular closed curve C, then for any two 
points P and 0, fF -dR is independent of path. (Hint: Let C, and С, be two 
paths extending from P to Q, and construct a closed curve out of these.) 

2. Using the method of example 4.4, or some similar method, show that the following 
fields are not conservative: 

(a) F= —yi + xj 

0) Жыр # yo DI 

(c) F = yi + xj + x'k (Suggestion: Consider two different paths extending 
from (0,0,0) to (1,1,1).] 

(d) F — zi + zj + (y — Dk 


(е) Е= = - Е (not defined at the origin) 
3. Using methods similar to that of example 4.5, show that the fields of exercise 2 


are not conservative. 
4. Compute $F · 2 R around the closed path consisting of a circle of radius r, centered 
at the origin, in the xy plane, taking 


F = (—  xj/G? + у) 
(Hint: Change to polar coordinates.) 
5. If you worked correctly, you obtained a nonzero answer to exercise 4. Yet it ap- 


pears that F = grad ф, where ¢ = tan" '( y/x), and this would contradict theorem 
4.2. Investigate this mystery. 


6. Find a potential for the force field F = (y + z cos xz)i-t xj + (x cos xz)k. 
7. Show that the field F = 2xyi + (x? + z)j + yk is conservative. 


4.4 Conservative Fields: Irrotational Fields 


In section 4.3 we saw that a continuously differentiable vector field F defined 
in a domain D is conservative if and only if it possesses any one (and hence 
all) of the following properties: 


(i) It is the gradient of a scalar function. 
(ii) Its integral around any regular closed curve is zero. 
(iii) Its integral along any regular curve extending from a point P to a point 
Q is independent of the path. 


Note that we are using slightly sloppy language here. When we say "its 
integral" we mean “the line integral of the tangential component," and when 
we say “апу regular closed curve" or "any regular curve" we really do not 
mean any such curve, since we require the curve to lie completely within the 
domain D. 
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If the domain D in which F is defined is simply connected, we can add a 
fourth property, equivalent to any one of the other three: 


curl F — 0 (4.9) 


This is of practical utility since, if we are given a vector field F defined in 
a simply connected domain D, we can quickly test to determine whether it is 
conservative by computing its curl. In terms of components, the test to deter- 
mine whether 


` 


F = Fi + Р) + Fak 


is conservative consists of checking to see whether all the following equations 
are valid: 


ôF, _ ӘР, ӘБ, ôF, ôF, P, 
ðy дх д2 ду д2 дх 


Equations (4.10) will be valid if and only if curl Е = 0, as опе sees easily from 
the definition of curl F. 

Some of the problems of section 4.3 may be solved quite easily by using 
this test. For instance, consider the vector field F = yi + xj + x?k. Equations 
(4.10) written out are 


(4.10) 


д д д д д д 
Эу (у) = ax (x) 33 oS y (x?) a (= эх (x?) 


The first two of these equations are valid but the third is not, and so the vector 
field is not conservative. 

A vector field whose curl vanishes everywhere is said to be irrotational. 
Now let us turn to the theorem that justifies our claim. 


THEOREM 4.3 A vector field F defined and continuously differenti- 
able in a simply connected domain D is conservative if and only if curl 
F — 0 throughout D. 


The "only if" statement is trivial; V X Уф = 0 always. So we need to 
show that irrotational fields are conservative in simply connected domains. We 
shall give a proof here for the special case when D is all of space. In exercise 
12 the reader is invited to extend the argument to spherical and rectangular 
domains. At the end of the section, a proof for star-shaped domains is given, 
as optional reading. These restricted forms suffice for most practical appli- 
cations. The extension of the result to arbitrary, simply connected domains 
. requires some topological gymnastics, and we shall not go into this. 


Proof of “if” part when D is all space We are given the information 
that curl F — 0 everywhere, and our goal is to show that a scalar field 
ф exists such that F = grad ф. Thinking ahead, we know that the line 
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integrals of F can be computed in terms of ф; thus let us define ф by a 
line integral and then try to prove the theorem. 

Specifically, we define ф(х,у,2) to be the line integral of F from (0,0,0) 
to (x,y,z) along the following curve (fig. 4.15): 


(i) from (0,0,0) to (x,0,0) along the x axis, 
(ii) from (x,0,0) to (x, y,0) parallel to the y axis, 
(iii) from (х,у,0) to (x,y,z) parallel to the z axis. 


The parametrization is trivial, and we have 
x У 
Ф(х,у,2) = f Е\(1,0,0) dt + f Fx(x,t,0) dt 


Р I F3(x,y,t) dt (4.11) 


At this point we cannot assume that line integrals are independent of 
path. The function (x,y,z), however, is computed in terms of a specific 
path; it therefore is well defined. 
Now we proceed to show grad ф = F, by components. The z com- 
ponent is easy: 
99 _ jm LZ + Az) — $62) 


92 м-ә Az 


1+4: 
À Fa(x,y,t) dt 
= fim ВО) dt 
jim F3(x,y,z) 


[by reasoning as in eq. (4.8)]. 
For the y component we have 


96 _ jim 2963 + A». z) — фу) 
ду Ayo Ay 


р 1 pray z 
= im à Fy(x,t,0) dt + à F(x, y + Ay, t) dt 


— T Fi(x,,0) dt — Í à Fs(x,y,t) ar) 


ytay 
= Б ВО) dt, fi F(x, y + Ay, t) — Букул) 5, 
Ay Ay Ay JO Ay 


= F,(x,y,0) + J FG» | 
0 oy 


(Here we have interchanged a limiting process and an integral; the jus- 
tification relies on continuity arguments and is omitted.) 
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Figure 4.15 


Now we use the second of eqs. (4.10), keeping in mind that in the 
above formula the third coordinate is named /, по! 2: 


дф _ |29 

ду F2(x,y,0) + я дї dt 
= F,(x,y,0) + F2(x,y,z) — F2(x,y,0) 
= F,(x,y,2) 


We sketch the computation for the x component, allowing the reader to 
supply the details: 


дф f > 9Fy(x,t,0) Í : ӨЕу(х,у 1) 
ерк n etn Ну ы олара ES у 
бу. Fi a di jean vr dd 
T > OF {(x,t,0) | © OF \(x,y,t) 
= F,(x,0,0) + f oru see ae 
= F,(x,0,0) + Fi(a,y,0) — Fy(x,0,0) + Fi(x,y,2) — Fi(x,y,0) 


= F\(x,y,z) 
This completes the proof that grad ф = F. 


Example 4.7 Show that F = 2xyi + (x? + 1)j + 6z!k is conservative, and find a 
scalar potential ф. 


Solution We use the test of eqs. (4.10), which is acceptable since this field F is defined 
and continuously differentiable throughout space: 


OF, _дЕ; _ 
dy x 
8F; _ ôF; 
az ду i^ 
OF OF 
Ebad E 
dz ax 


The curl is zero; hence the field is conservative. 
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The potential may be found by the method of example 4.6, or we may use the line 
integral of eq. (4.11). Let us try the latter technique. 
Inserting the given expression for F, we find 


soa = оа + f e na fea 


У Li 
=0+ ou )] жи | = ху + у + 2:25 
° 9 


As a check, let us compute ф by integrating F along the straight-line segment from 
(0,0,0) to (x,y,z) parametrized by 


R(t) = txi + tyj + tzk (0=1=1) 
As before, we find 


1 
(x,y,z) = | [2x)(y)i + (2x? + 1)) + 6(Pz2)k] · [xi + yj + zk] dt 
1 1 1 1 
= arty [| га + =) га + УТ dt + e f га 
= xy + у + 223 


Example 4.8 Use eq. (4.11) to find a potential for 
Е = (3xlyz + y + 51+ (92 + x — z)j + Gy — y + 7)k 


which has the value 10 at the origin. 


Solution By eq. (4.11) we have 


x y z 
воза о [5a [a (е -у+ 7) а 


х 


10 + s| +e 
0 


y : 
"oy — tcl 70 | 
0 o 


y 


10 + 5x + xy + x3yz — yz + 72 


As a rule, the reader should use the test given in this section to determine 
whether a given field F is conservative, but use the method of example 4.6 to 
construct the potential ф. The reason we do not advise using (4.11) of this 
section is that it may be a little tricky for most students to use correctly. 

It is very enlightening to investigate the vector field 


Met ies 
adu aye 


The reader should verify that curl F = 0, but F is not conservative since its 
line integrals around closed paths are not always zero, as shown in exercise 4 


F 
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of section 4.3. This does not contradict the theorem, because F fails to be de- 
fined on the z axis, where x? + y? = 0, and thus the domain 2 is not simply 
connected. 

In Exercise 5 of section 4.3, we tried to shake the reader up by suggesting 
that this F was a gradient, namely, the gradient of ф = tan^!(y/x). This 
definition is subject, of course, to quadrant ambiguities, so we might try 
F = grad 0, where 0 is the polar angle defined in section 2.5. However, the 
polar angle jumps from т to — as we cross the negative x axis, so it is dis- 
continuous there and its gradient is not defined (or is infinite!). Thus the 
theorem remains unchallenged. 


4.5 Optional Reading: Proof of Theorem 4.3 
for Star-shaped Domains 


As before, we have to prove only the "if" part. Assuming D is star-shaped 
with respect to the point P, we can define ф at the point Q to be the line integral 
of F taken along the straight-line segment from P to О. Again notice that the 
function $(Q) is computed in terms of a specific path; therefore it is not am- 
biguous. 

Now we proceed to show grad ф = F. First we parametrize the path of 
integration. Let (xo,yo,zo) be the coordinates of Р, and (x,y,z) be coordinates 
for Q. Since we customarily use R to denote the vector (x,y,z), which now is 
an endpoint in our integral, we shall write 


(x,y,z) = Pr -dr (4.12) 


using r(t) to designate the path of integration. Then a parametrization for the 
segment is 
r(t) = [xo + t(x — xo)li + [vo + t(y — yo)lj + [zo + H(z 20)]Ҝ 

= Ro + (К — Ro) (01-1) (4.13) 
The explicit dependence of F on the parameter t in the integral (4.12) is given 
by 

F = F[xo + t(x — xo), yo + t(y — yo), zo + t(z — zo)] 
= F(X,Y,Z) 

where we have abbreviated the first argument, xo + t(x — xo), of F by X, the 
second by Y, and the third by Z. 


Now we compute the gradient of ф. Since V operates only on the variables 
x, y, and z, 


ð ð ð 
Vix pga EA 
УЖ, +k 
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(and not on t), we can bring the differential operator inside the integral. Using 
identity (3.41), we find 


: dr 
Vo = I V (r : A di 
е 0 dt 
- dr E | | а) dr | 
- v+ х[ух—)+—х(ух 
Гете УТЕ V ab ( F) | dt 
(4.14) 
Here we must be very careful in our interpretation. As we said, V operates on 
x, y, and z; but the arguments of F are X, Y, and Z. Thus we cannot identify, 
for example, V X F(X,Y,Z) as the curl of F, evaluated at (X,Y,Z). This latter 
would be 


V*XF(XY.Z) 


where V* denotes the operator 


However, we have the following relation, because of the definition of X in terms 
of x: 


aF ӘХӘЕ _ дЕ 


ja = ax ax. !ax (4.15) 
Similarly, 
ав _ ФЕ 
ду oY 
дЕ дЕ 
губи 27 (4.15) 


It follows from these identities that 
VXF(X,Y,Z) = t V* X F(XY.Z) = t curl F(X, Y.Z) 


By hypothesis, the curl of F is zero; hence, from the above, 


VxF=0 
in expression (4.14). 
Furthermore, since 
dr 
4; 


we have 
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and 
dr 
(F: V) Free F 


[Recall identities (3.34) and (3.36).] 
Combining these data in (4.14), we have shown 


Уф(х,у,2) = [ЦЕ zb e : vJr| dt (4.16) 


One more simplification is possible. If we differentiate tF with respect to t 
along the curve, using the chain rule we find 


“ИЕ + f(x — xo), Yo + (у — yu), 20 + Це — г] 
=:Ž - x) + To- yo) +0 Е а-а) Е 


By eq. (4.15) this can be written 
үөн E, pr ЖИНДЕЙ 
X (x — xo) xt (у — yo ày *(G-—2z) p. +F 
= (Z. v)r+F (4.17) 
d 
Using this in eq. (4.16), we get 


1 d 1 
Уф(х,у,2) = f ST (tF) dt = tF ‘ = F(xyz) 


We have succeeded in proving that the gradient of ¢ is F, that is, that F is 
conservative! 


Exercises 


1. Use the zero curl test to determine whether the following fields are conservative: 
(а) F = (12ху + yz)i + (6x? + xz)j + хук 
(b) Е = ze"i + xe*k 
(с) F=sinxit yj + ek 
(d) Е = 3х2у221 + x?z?j + x*yzk 

IX. 2 

(e) F Тот ат + 2zk 
For which one of the fields is the test not applicable? How, then, can you test this 
field to determine whether it is conservative in its domain of definition? 

2. Let F and G be conservative vector fields with potentials ф and y respectively. Is 
the vector field F + G conservative? If so, determine a potential for it. 
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3. 


+ 


6. 


Show that the scalar field ф = —1/|R|, which is defined everywhere except at 

the origia, is a potential function for the vector field R/ |R|’, where R = xi + yj 

+ zk, 

(a) by writing ф in terms of x, y, and z and computing its gradient. 

(b) by inspection, using the second and third fundamental properties of the gra- 
dient listed in section 3.1. 

A force field is defined by 


xi + yj + zk 
(x? + у? + na 


at all points in space except the origin. A particle is moved along the straight-line 
segment from the point (1,2,3) to the point (2,3,5). What is the work done by the 
force on the particle? [Hint; Avoid a lot of work (!) by making use of the statement 
of exercise 3.] 


. Would your answer to exercise 4 be any different if the path extending from (1,2,3) 


to (2,3,5) were not straight? 

Let F = (6x — 2e*y?ji — 2ye?*j + cos z k. 

(a) Determine whether F is conservative or not. Explain. 

(b) Evaluate the line integral fc F · dR along the path parametrized by 


кш =A (1— D - 2) + Pk (0 x tx 1) 
(c) Evaluate fc F' dR along 
RO = T(- Di +G- j+ E - 1А (1=1=3) 


Let 


Е = [(1 + x)e*»]i + [xen + 2y]j — 2zk 
G — [(1 + х)ет]і + [xez*» + 2z]j — 2yk 


(a) Show that F is conservative by finding a potential ф for F. 
(b) Evaluate fc G ‘dR, where C is the path given by 


x-7(l—-0)e& у=; z 2f (0<t<1) 


(Hint: Take advantage of the similarity between F and G.) 


- (a) Show that the field F = хел + уе + ze*k is not conservative. 


(b) Find a potential ¢ for the field G, when 
G = [xe + (xyz + У)е + уге» + те] 
+ [ye + (yzx + zje” + 2*xe + хех] 
+ [ze + (zxy + x)e* + хїуе + yev]k 
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9, (a) Find a potential ф for the field 
F = (Qxyz + zi — 2y! + Dit (xz — 4xy)j + (xly + 2xz — 2)k 
(b) The field 


x ^ 2 


Соні rnm 


satisfies the condition that V X G = 0 at all points except on the y axis. Is 
G conservative? 
10. Evaluate f(12 (15x4 — 3x?y?) dx — 2x?y dy along the path 2x* — бху? + 23y 
= 0. 
11. If F and G are conservative fields, is F X G necessarily conservative? 
12. Show that the proof of theorem 4.3 in the text can be adapted for some other 
domains D, specifically 
(a) the interior of a sphere. 
(b) the interior of a parallelepiped with edges parallel to the axes. 
(Hint: You must verify that all the line integrals are well defined.) 
13. A function f(x,y,z) is said to be homogeneous of degree k if Дш мунт) = f(x,y,z). 
Suppose that the components F;, Fz, F3 of the vector field F(x,y,z) are each ho- 
mogeneous of degree k, and curl F = 0. Prove 


xFi m yFi F 2) 


F = k+l 


4.6 Optional Reading: Vector Potentials 
and Solenoidal Fields 


In section 4.5 we discussed a partial converse to identity (3.42), which states 
that the curl of a gradient is zero. It is a converse because it states that, if the 
curl of a field is zero, the field is a gradient; but it is only a partial converse 
because it is valid only in simply connected domains. 

The astute reader will wonder if there is also a converse, or at least a 
partial converse, to identity (3.43), which asserts that the divergence of a curl 
is zero. If the divergence of a vector field is zero, is that field necessarily the 
curl of another vector field? The answer is yes, provided the domain of defi- 
nition is star-shaped. 

A vector field whose divergence is everywhere zero is called solenoidal. 
If F = V XG, Gis called a vector potential for F. Notice that G is not unique; 
in fact, according to eq. (3.42), we can add the gradient of any scalar to G. 
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Now let us prove the statement about the existence of a vector potential. 


THEOREM 4.4 A vector field F continuously differentiable in a star- 
shaped domain D is solenoidal if and only if there is a vector field G 
such that F — curl G throughout D. 


Proof The “if” part follows from identity (3.43). For the “only if" 
Statement, we assume that F is solenoidal in a domain D that is star- 
shaped with respect to the point P. We wish to find G(x,y,z) such that 
F-vxG. 

The proof is quite similar to that in section 4.5. (In fact, both theo- 
rems are special cases of a result known as Poincaré's lemma.) We again 
parametrize the straight-line segment from P(xo,yo,zo) to Q(x,y,z) by 
eq. (4.13). 

r(t) = [xo + t(x — xo)]i + [yo + t(y — yo)]j + [zo + (2 — zo)]k 
ао 9 Zk 

= В, + (Е – Ro) 


(using the same notation as in section 4.5). 
Now we define G(x,y,z): 


G(x, y= [exa (4.18) 
A ° dt 2 
where the dependence of Е and r on t is exactly as in the previous section. 
Equation (4.18) is, as it stands, simply the integral of a vector function 
of t; it is not a line integral. However, it lends an obvious interpretation 
to an expression like f /Е x dr. 

We compute the curl of G. Again, V may be taken inside the inte- 
gral, and by identity (3.39) we have 


1 dr 
vxe- f x( х4) 
Y F di dt 


(4.19) 
As in section 4.5, 


SECTION 4.6 VECTOR POTENTIALS AND SOLENOIDAL FIELDS 193 


so that 
dr 
V Т = 3 
and 
dr 
(Е `У) 2m F 


For the reasons stated in section 4.5, V · F(.X, Y, Z) is not the divergence 
of F, but because 


VR YYZ) tye ak (AY Z) 


with V* defined as before, we see that V* - F = 0 implies У · Е = 0 
Incorporating all of this into eq. (4.19), we get 


vxe= (4, v)F—F+3F] eae (4.20) 
Now using eq. (4.17) we find that 


a(R) _ | d(F) 
dt dt 


This is precisely what we have in eq. (4.20); therefore 


ap f oar + (2. v)r 


hg 1 
к> Бы: = р = 
VXxXG ij di (?Е) dt e|. F(x,y,z) 
That is, F is the curl of G. 


Example 4.9 Find a vector potential for the uniform (constant) vector field F(.<,y,z) 
= А. 


Solution Obviously F is solenoidal (as well as irrotational). Taking P to be the origin 
in eq. (4.18), we have the parametrization of the segment PQ: 


r(t) = tR 
Therefore 
+ Didn T ix AXR 
G(x yz) = f. IF X^, dt =AXR 4 tdt = 
AXR 
аід — Vx | |. (For future reference we note also that A has a scalar poten- 


tial given бу ф = A` R.) 
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Example 4.10 Find a vector potential for F = A X R, where A is a constant vector 
(recall example 3.25, where F was identified as a fluid velocity field with uniform an- 
gular velocity). 


Solution The verification that V · F = 0 is immediate. Taking Р to be the origin in 
the above equations; we have the parametrization of the segment PQ: 


r(t) = IR 
Therefore, since Е = A X r(r) in eq. (4.18), 


G(x,y,z) = Í t(A X IR) X R dt 


- xm xR [ea 
So we obtain 
С̧(х,у,2) = i (AXR)XR 
In exercise 1, the reader is invited to verify that V X G = F. 


As we saw in figure 4.14, the scalar potential for an irrotational field is 
easy to visualize; its equipotential surfaces intersect the field's flow lines or- 
thogonally. The vector potential, however, seems rather more forbidding. We 
can't draw “equipotential surfaces" for a vector field. We have to visualize it 
through its own flow lines. Now if we were given a diagram of the potential 
field G(x,y,z), it would be straightforward to sketch its curl, F = V X G; the 
flow lines of F would simply be the vortex lines for G. So, reversing the ar- 
gument, given F we visualize the flow lines of G as being wrapped around 
those of F. 

Figure 4.16 depicts the flow lines for the vector potential for the constant 
field derived in example 4.9 (as well as the equipotential surfaces for the scalar 
potential). The flow lines for the angular velocity field discussed in example 
4.10 and its vector potential are depicted in figure 4.17. 

This visualization, however, is slightly flawed. Just às the scalar potential 
is only determined up to a constant, any gradient can be added to the vector 
potential G without affecting its relationship to F: 


F-VXxG-VX|G + Vy] 


We will elaborate on this in section 4.7, but for now observe that if we take 
the vector potential 


+A 


Ax 
G 258 tva- - AXR 
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Flow lines for 
constant field 
F=A 


ne Isotimic surfaces 
for scalar potential 


iA XR 


J Flow lines for 
XN vector potential 


Flow lines Flow lines 
for for 
(AxR)xR F=AxR 
G2 = ЛҮ ЖЕ: d. 


| Figure 4.17 
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Flow lines for 
No vector potential 


Flow lines for 


N vector potential 
GF AXR t v(A: R) 
N 


Flow lines 
for 


F=A 


à 
` 
Flow lines 


for 


G Z(A* RR 


Figure 4.19 


for the constant field A, then its flow lines acquire a "downstream" component 
as depicted in figure 4.18. 

If one adds the field V([R?|A : R)/3 to the vector potential С; = 
(A X К) X R/3 for the rotating fluid field F = A x R, one obtains an equiv- 
alent vector potential G} = (А · R)R with flow lines depicted in figure 4.19. 
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Flow lines 
for 


Gs = -IRFA/2 
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Still another valid potential, Сз = —|R|?A/2, is obtained by subtracting 
V(|R|?R - A)/6 from Су, with flow lines depicted in figure 4.20. It takes a 
bit of imagination to see how the flow lines of Gz and Сз “wrap around” those 
of F (but recall a similar situation in section 3.5, fig. 3.22!). 

In this and the previous section we have seen that the vector identities curl 
grad = 0, div curl = 0, have converses in simply connected domains. Table 
4.1 may aid in remembering these results. 


TABLE 4.1 Тһе Potential Theorems 


Associated Potential Theorem 


Vector Identity (Simply Connected Domain) 

VXVo-0 Vv x F = 0 implies Е = Vo 

V:ivVxG=0 vV: F = 0 implies F = V X G 
Exercises 


1. Verify that F = V X G in examples 4.9 and 4.10. 

2. Find the vector potential for F = xj. 

3. Verify directly that G = (A X R) X R/|R|? is a vector potential for F = 
A X R/|R|?. Convince yourself that the corresponding flow line pattern is identical 
with that in figure 4.17. 
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4. Verify directly that the field G = — [log (x? + y?))k is a vector potential for 
Е = {2/(x? + y?))k х R. Convince yourself that the flow lines of F are the same 
as for the rotating fluid, but the flow lines for G are vertical as in figure 4.20. 

5. Verify the claims made for the various vector potentials Сі, Gz, and G3 for the 

rotating fluid field. Compute the divergence of each one. 

Derive the following expression for the divergence of the vector potential defined 

by eq. (4.18): 


6 


V-G(R) = (R – Ro) f a [curl F](¢R) dt 


7. Prove: if F and G are irrotational, then F X G is solenoidal. Can you find the vector 
potential for F X G? (Hint: The problem is considerably easier if you have mas- 
tered tensor notation.) 


4.7 Optional Reading: Computational Considerations 


In many physical applications one must compute a vector field F(x,y,z) from 
its sources and boundary values. The scalar and vector potentials can then play 
important roles in simplifying the formulations of the problems. 

The use of the scalar potential in solving for an irrotational field is an 
obvious economy, since it reduces the number of unknowns from three (com- 
ponents of F) to one (ф). It is enlightening to sec how this comes about infor- 
mally by accounting for the number of constraints and number of “degrees of 
freedom." 

At first glance it might seem that the equation V X F — 0 imposes three 
independent conditions on the three components of F, and thus there should 
be no degrees of freedom left in the choice for F. And yet we know there is 
one, as expressed by Е = V, $(x,y,z) unconstrained. This apparent paradox 
is resolved by the observation that the three conditions specifying V X F are 
not independent. Since mathematically any curl must have zero divergence, 


à д à 
VVXF-0--—(vx =; А 
o В), + (XP, + (7х Р), 


we can see that if (say) only the first two components of V X F are constrained 
to be zero, the third component is also constrained (to be independent of z). 
Thus the condition that it, too, is zero is partially redundant. F has three de- 
grees of freedom, the condition V X F = 0 removes two of them, and there is 
one left (Và). 
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For the solenoidal case F has three degrees of freedom andV-F = 0 
blatantly removes опе of them, so there should be two left. Since the vector 
potential G has three components, one might expect that the latitude in G 
implied by 

F=VxG=Vx(G+ Vy} 
could be exploited to render one of the components superfluous. Actually this 
is quite easy to accomplish. We simply select V(x,y,z) so that dy/dz cancels 
the z component of G: 


you) = — J GG» dt 


Example 4.11 Replace the vector potential G = A X R/2 for the constant field 
F = A by one with zero 2 component. 


Solution We have 
(хул) = -fia = Ax]/2 dt = —Aiz/2 + Азх2[2 


Thus 
G*(xyz) = AXR/2 + Vy = (422 — Ay/[2)i + (=412 + A3x/2)j 


The verification that V X G* = А is left to the reader. 


In physics the latitude in the choice of the gradient term Vy for the vector 
potential is known as gauge invariance. The “gauge condition" described above 
is rarely used in practice. In electrodynamics, for instance, one has to solve 
for two coupled vector fields—one solenoidal and one irrotational. The gauge 
is chosen so that the scalar potential becomes superfluous. See Appendix D. 

The vector potential acquires new significance for two-dimensional vector 
fields. For such fields F(x,y,z) has no z component, and its x and y components 
are independent of z: 


F = Fi(x,y)i + Е(,у,)ј 
The condition that F be solenoidal 
V. F = ӘЕ,/дх + ӘР,/ду = 0 
is exactly the same as the condition that k X F be irrotational 
VX(kXF) = VX [-Fi + Fij) = lóFi/óx + OF2/dy)k = 0 
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Thus k X F is derivable from a scalar potential 
kXF — Vx: 0 = дх/дх F, = дх/ду 
which implies that G = xk is a vector potential for F: 
V X (xk) = óx/dy i — ðx/ðx j = Еі + Fjj = F 


Since F only has two components, the single constraint V · Е = 0 reduces the 
number of degrees of freedom to one, and G has a z component only. 

The level curves of the vector potential |G| — |x| — constant are easy to 
interpret in the х,у plane; they coincide with the flow lines of F! After all, 


(i) k X F is perpendicular to F; 
(ii) k X F = Vy; and 
(iii) Vx is perpendicular to the curve |x| = constant. 


Thus the curve |x| = constant is everywhere parallel to F. x is sometimes 
known as the stream function. 


Example 4.12 Compute scalar and vector potentials for the vector field F(x,y) = xi 
- 2}. 


Solution Clearly V - Е = 0 and V X Е = 0. By inspection Е = vle- у2)/2] = 
Уф. Similarly k X Е = yi + xj = У(ху); thus F = V X (хук = V X {xk}. The level 
curves are shown in figure 4.21. 


Level eurves 
ol à 


Level eurves 
ol x 
(flow lines) 


Figure 4.21 
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Exercises 


1. Construct a vector potential G for the rotating fluid field F — A X R with 
G; = 0. 

2. Compute vector potentials for the following two-dimensional fields: 
(a) Е = А = constat (Ы) F= хуі — 5j 
(с) [7-»/G8 + y)] i + [x/(x? + y?)] j (Hint: consult exercise 4, section 4.6.) 
Sketch the level curves for |G] 

3. Compute scalar and vector potentials for the vector field F(x,y) = (x yi 
— 2xy). Sketch the level curves. 


4.8 Oriented Surfaces 


In chapter 2 we considered, in some detail, the geometry of space curves. We 
now turn our attention to a study of surfaces. Just as the basic properties of 
curves hinge on the tangent vectors, the behavior of a surface 1s characterized 
in terms of the normal vectors at each point. [Recall that we have one method 
for computing normals; namely, grad f(x,y,z) is normal to the surface JfGxy.z) 
— C. Another method will be derived below.] 

Keeping in mind that a smooth arc has a continuously turning tangent, 
we say that a surface S is smooth if it is possible to choose a unit normal vector 
n at every point of S in such a way that n varies continuously on S. It is said 
to be piecewise smooth if it consists of a finite number of smooth parts joined 
together. Thus, the surface of a sphere is smooth, whereas the surface of a 
cube is piecewise smooth (consisting of six smooth surfaces joined together). 

At every point of a smooth surface there will, of course, be two choices 
for the unit normal n. There will therefore be two ways in which we can define 
a field of unit normal vectors continuous on 5. [If, for instance, the surface is 
given by an equation of the form f(x,y,z) = C, then the two fields are 

grad f —grad f 


[grad f| "3 [grad f| 
(section 3.1).] In choosing one of these two possibilities we orient the surface. 
Thus, there are always two possible orientations of a smooth surface. We have 
already discussed orientation for the special case of a plane (section 1.11). The 
situation is somewhat the same for more general surfaces. When a smooth 
surface has been oriented by choosing a particular unit normal field n, then a 
positive direction for angles is determined at each point of the surface (fig. 
4.22). If the surface is bounded by a regular closed curve C, the orientation 
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positive 
direction 
for angles 


positive 
side 


negative: 
side 


Figure 4.22 


Figure 4.23 


also determines what we mean by the positive direction along C, by the fol- 
lowing rule: an observer on the positive side of the surface (i.e., the side on 
which n emerges), walking along the boundary C with the surface at his left, 
is moving in the positive direction. 

To produce an orientation on a piecewise smooth surface, we have to orient 
its smooth parts consistently. This means that along every edge shared by two 
smooth parts, the positive direction (on the edge) relative to one of the smooth 
surfaces is opposite to the positive direction relative to the other. Study figures 
4.23 and 4.24 to see why this definition is chosen. 

A closed surface is a surface that has no boundary. Thus the surfaces of 
figures 4.23 and 4.24 are closed, whereas the surface in figure 4.22 has a 
boundary and is not closed. It is conventional to take the orientation of a closed 
surface, which encloses a region of space, to be such that the unit normal n 

: always points away from the enclosed region, as illustrated in figures 4.23 and 
4.24. 


SECTION 4.8 ORIENTED SURFACES 203 


Figure 4.24 


Figure 4.25 


A surface can be oriented only if it has two sides; the process of orientation 
consists essentially in choosing which side we will call "positive" and which 
“negative.” (If the surface is closed, it is more natural to speak of the “ош- 
side" and the "inside.") 

An example of a nonorientable surface is the Mobius strip, obtained by 
twisting and pasting together the ends of a strip of paper (fig. 4.25). This 
surface is nonorientable because it has only one side. If n is a unit vector normal 
to the surface at a point P, then as it moves around the strip its direction is 
reversed by the time it reaches P again. This contradicts the requirement that 
n be unambiguous at every point and still vary continuously. 

Readers may amuse themselves by taking two strips of paper and pre- 
paring two bands, one with a twist and one without. Cut along a central line 
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of the cylindrical band and the Möbius strip. The cylindrical band will sep- 
arate into two cylindrical bands, but the Móbius strip will not separate into 
distinct portions. Can you predict the result? 

Nonorientable surfaces have other mathematical properties that are rather 
amazing; so amazing, in fact, that we exclude them from further consider- 
ation! Henceforth, whenever we say "surface" we mean an orientable surface. 

Just as it is possible to write the equation of a space curve in parametric 
form, giving x, y, and z as functions of a single parameter t (because the curve 
is a one-dimensional beast), it is also possible to represent these (two- 
dimensional) surfaces parametrically by giving x, y, and z as functions of two 
parameters u and v: 


x — x(u,v) y = у(и,у) z = z(u,v) (4.21) 
In vector notation, we write eq. (4.21) as 
К = R(u,v) (4.21') 
Example 4.13 Construct a parametric representation of a plane. 
Solution In section 1.10 we saw that points R on the plane through Ry and parallel 
to А and B could be expressed as 
R = Ro + sA + tB 


This is a parametric representation, with u and v taken as s and /. If the plane were 
described by a nonparametric equation 


ах + byctcez-d 


then a parametrization would be 


(as long as с # 0). 
Example 4.14 Construct a parametric Tepresentation of a sphere. 


Solution As figure 4.26 demonstrates, any point on a sphere can be located by its 
latitude and longitude angles ¢ and 6, which we take to be the parameters u and v. 
Note that we measure latitude down from the z axis (the “north pole"), rather than 
up from the x,y plane (the "equator"); this is the customary convention for spherical 
coordinates. If a is the radius of the sphere, the parametrization is 


X = asin ¢ cos б У = asin $ sin 0 Z=acos¢ 


SECTION 4.8 ORIENTED SURFACES Д 205 


Figure 4.26 


Example 4.15 Construct a parametric representation of a right circular cylinder. 


Solution Since the x,y cross sections are circles (fig. 4.27), we use the parametri- 
zation discussed in section 2.2 in terms of the polar angle 0, which we take as ш: 


х = асоѕи у= аѕіпи 


Figure 4.27 
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where a is the cylinder radius. The 2 coordinate is independent of this angle, so we 
append 


to the pair of equations above. 
Example 4.16 Construct a parametric representation of a cone. 


Solution Again the x,y cross sections are circles, but now z is proportional to the 
radius of the circle (fig. 4.28). Thus for some constant c 


X = vcosu у = vsinu 2 = су 


In fact it should be clear that the parametric equations of any surface of revolu- 
tion—or “axially symmetric" surface—can be expressed as 


x = усоѕ и y=vsinu z = f(v) 


when the surface is generated by rotating the graph of z = f(x) about the z axis (fig. 
4.29). 


X=YCOSU 
y-vsinu 


Figure 4.28 


As the parameters и and v vary, the tip of the position vector R(u,v) gen- 
erates the surface. In particular, if we fix the value of, say, v, and let u vary, 
then R(u,v) traces out a one-dimensional subset of points in the surface, that 
is, a curve lying in the surface. For a different fixed value of v, R(u,v) traces 
out a different curve in the surface. In fact, we can think of the surface itself, 
defined by eq. (4.21) with u and y varying independently, as being composed 
of "ribs" that are the curves given by (4.21) for variable u, fixed v. 
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Figure 4.29 


Of course, it is equally valid to picture the surface as composed of ribs 
R(u,v) with v varying, u constant. These two families criss-cross and cover the 
surface like a fish net (see fig. 4.30). 

This is a very useful point of view because it allows us to apply the methods 
of chapter 2 to these curves, to learn about the underlying surface. For ex- 
ample, we know that a vector tangent to a curve with у = constant is given 
by 

dR Ox. ‚ду. à 


2 
Эн сае (4.22) 


and, similarly, OR/dv is tangent to a curve with u = constant (fig. 4.30). We 


oR 
ди 


> 


= constant 


Figure 4.30 
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assume here that the relevant derivatives exist, that OR/du and ðR/ðv are 
nonzero and nonparallel at every point, and that these derivatives are contin- 
uous on the surface. Since both vectors are tangent to curves in the surface, 
they are tangent to the surface itself. Therefore, the vector 
дЕ. OR 
— X — 


4. 
ðu ду (023) 


is normal to the surface. 

To recap, we have derived two ways of computing normals to a surface. 
If the surface is specified nonparametrically by f(x,y,z) — C, then grad fisa 
normal vector; if the surface is given parametrically through eqs. (4.21), then 
(4.23) is a normal vector. In both cases a unit normal n is obtained by dividing 
the normal by its length, and the induced orientation is reversed by changing 
the sign of n [or, in the parametric case, using (OR/dv) X (AR/du) instead of 
eq. (4.23)]. 
Example 4.17 Write the equation for the plane tangent to the surface given by 

= ц? = цу 2=у 

at the point corresponding to и = 1, v = 2, 


Solution The point corresponding tou = 1, v = 215 В =i + 2j + 2k. The tangents 
10 a constant v, constant u curves are 


дЕ КАЙР А 
ш + vj 2i + 2j 


E =ujt+k=jt+k 
Hence a normal to the plane is given by the cross product: 
n = Qi + 2j) x (j +k) = 2i — 2j + 2k 
The nonparametric equation of the plane is thus 
(R — R):n = 2(x — 1) — Ay — 2) + Az – 2) =0 
A parametric form can be written using the tangent vectors: 


R(u.v) = u(2i + 2j) + v(j + k) + i + 2j + 2k 
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R 


(и + Au, v + Av) 


Figure 4.31 


Any portion of the surface that can be represented by equations of the 
form of eq. (4.21) in a manner such that to distinct ordered pairs (u,v) there 
correspond distinct points (x,y,z) on the surface, and satisfying the above dif- 
ferentiability and continuity requirements, is called a regular surface element. 

Recall that the arc length of a smooth arc was defined as the limit of the 
lengths of inscribed polygonal paths (section 2.2). The surface area of a reg- 
ular surface element turns out to be a slightly trickier concept, so we will be 
content to present a heuristic argument that leads to the correct formula. Figure 
4.31 shows a small patch of the surface bounded by curves of constant u and 
v. Notice that, for small Au and Av, the patch is well approximated by a par- 
allelogram with sides PQ and PS represented by the displacement vectors 
R(u + Au, v) — R(u,v) and R(u, v + Av) — R(wv), respectively. The area 
of this parallelogram is given by the cross product; so if we introduce the fur- 
ther approximations 


R(u + Au, v) — R(u,v) = = Au 


R(u, v + Av) — R(uv) = T Av 


we find that the area of the patch is given approximately by 


ôR дЕ 
— X — 
ди 


ду Au Av 


AS = 


Summing these up over the surface and letting Au and Av go to zero, we argue 
that the surface area of a regular surface element is given by 


OR | OR 
s- ff. 
ди ду 


du dv (4.24) 
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If we introduce the notation 


dS — Lade x Ea ry (4.25) 
ди ðv 


then we see that dS is a vector normal to the surface at Р, whose magnitude 
dS = |dS| is the element of area. The integral in eq. (4.24) may be written 


in the alternative forms 
/ ] 148] 


ffas 
Jie 


where n is a unit normal in the same direction as dS. 


or 


or even 


Example 4.18 Find the surface area of the cylinder defined by the equations 


X = cosu y7sinu z-y 


ог0 <u = 27,0 <v <1. 


Solution We have 


ре 

PF sin ui + cosu j 

OR 

CU 
i е dk 

dS —|-—sinu cosu 0 du dv = (cos wi + sin u j) du dv 
0 0 1 


1 ix 
ff |dS| = Í f (cos? u + sin? u)? du dy = 2x 
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The “ribs” of this cylinder for v constant, и varying are unit circles parallel to the xy 
plane. The u — constant ribs are vertical lines in the z direction. This right circular 
cylinder has unit radius and unit height. If it is cut along a "seam," it unfolds into a 
rectangle whose dimensions are 2m by 1. 


We now consider a special case of eq. (4.24) that will illustrate further 
its geometrical significance. Let us suppose that the surface we consider is 
given in the form z — f(x,y). In other words, we are told how far above the 
xy plane the surface is for each point (x,y) in the xy plane. Let us suppose 
that the projection of the surface element on the xy plane is bounded by the 


curves 
y = у у у а) а x=b 


as shown in figure 4.32. 


Figure 4.32 


We can parametrize via the equations x = и, y = v, and z = f(u,v) in 
order to make use of the preceding formulas. We have 


R Ry (87), 


ðu ТӨХ дх 
m Ry (0) 
àv y ` 4 l5 : 
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Taking the vector cross product, we obtain 


bulk 
dR OR ôf. A] 

— х — = = — —i-— -—jiHdxd 
dS à Xy dy ax | dx dy L ax à, x dy 
af 

0 ày 


The magnitude of this vector is \/T F (8f/0x)* + (8/78y)*, so that the in- 
tegral in eq. (4.24) is 


S= Me 1+ E + E rds (4.26) 


The geometrical significance of this is seen by considering the angle y between 
dS and k. By a simple calculation using scalar products we see that 


T | 3I eae 
= = + (= + [= 
Icon vl |48] х дх ду 
so that eq. (4.26) is simply 


b [уум 
5 = J j ? dy ах (4.27) 
a Ју [cos y| 


This integral could have been obtained heuristically by considering the 
area cosine principle, which says that if we look at а plane area А whose normal 
makes an acute angle 6 with the line of sight, the area we appear to see is А 
соз 0. This is because distances in one direction will appear to be shorter by 
а factor of cos б and distances in a perpendicular direction will not change at 
all. 


^ m 


Figure 4.33 
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Figure 4.34 


Returning to figure 4.32, we can consider an element of area in 5 whose 
projection on the xy plane has area dx dy. The angle between the normal to 
this area and the line of sight (imagine that you are below the xy plane looking 
up at the surface) is y. By the area cosine principle, the area dx dy that we 
see equals dS|cos y|. It follows that 


ie dx dy 
|cos | 


The absolute value is unnecessary if y is acute. 

Frequently a judicious use of the area cosine principle makes use of eq. 
(4.24) unnecessary. The cosine of the relevant angle, in this case y, is easily 
computed since we can find a normal to the surface by methods we have al- 
ready learned and then use scalar products to find the desired cosine. For in- 
stance, the surface 2 = f(x,y) can be represented by the equation z — f(x,y) 
= 0, and the gradient of the function z — f(x,y) isk — (Af/dx)i — (д//ду)}. 
This is easier than computing the vector cross product given above. [Caution: 
Using gradients to give a normal vector n gives a vector that does not equal 
dS but is only a scalar multiple of it. However, this makes no difference 
since we are interested in computing only cos y = n k/|n| when using eq. 
(4.27).] 


Example 4.19 Find the area of the hemisphere defined by 
х? +у +22 = 1 (x z 0) 

Solution Let us use the area cosine principle that corresponds to a line of sight along 
the i direction, projecting the area onto the yz plane. A normal is given by the gradient 
V(x? + y! + 27) = 2xi + 2yj + 2zk 

If о is the angle that the normal makes with i, then 
ie egeo hole M Wn 
(4x? + 4y? T4232 2 
The projection of this hemisphere onto the yz plane is a unit circle; hence the area is 


1 f*a-2)2 
s=f eea x7! dy dz 


COS a —(1-2)!/? 
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Since х = (1 — y? — 22)1/2, 
5 =2х 
(by standard methods). This checks with our expectations: a unit hemisphere would 


have area 4r/2 = 2r. 


Sometimes in practice, the formula (4.25) can be visualized. For example, 
suppose we parametrize a sphere of radius a as in example 4.14. Using the 
two parameters ф and 6 we obtain 


оноо а ааа сое (4.28) 


9ф 

oR 5 „ыл à 

g 7 Sind sin Bi + a sin ġ cos 0j (4.29) 
whereupon we compute to show that (exercise 8) 


aXe = a! sin! cos 0 i + a? sin? ¢ sin 0j + a^sin$ cos ó k (4.30) 
The magnitude of the vector is a? sin ф; hence it follows that 
dS = а? sin à do 40 ` (4.31) 


This result can be visualized from figure 4.35. Holding 6 fixed and varying ф 
by an amount dó, we trace out an arc of length a dd. Holding ¢ fixed and 


Figure 4.35 
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varying 6, we trace out an arc of a circle of radius a sin ф, the length of this 
arc being a sin ф 40. For small 4ф and d9, this gives us very nearly a rectangle 
with area a? sin ф do 40. 


Exercises 


1. Find the elements of surface area dS and dS, in terms of du and dy, for the surface 
S given parametrically by x = и, y = vuv, and z = v?. 
2. Find dS and dS, in terms of d$ and 46, for the surface with parametric equations 
x = (1 + cos 6) cos ¢ 
y = (1 + cos 0) sing 
2 = sind 


3. Determine the element of surface area dS for a right circular cylinder, 


x = асози у = аѕіпи 2 =y 


Interpret geometrically. (See fig. 4.27.) 
4. Determine the element of surface area dS in the special case of the paraboloid of 
revolution z = x? + y?. 


5. Find the area of the section of the surface 


х= и у = иу z= 
bounded by the curves u = 0, u = 1, v = 0, and v = 3. 

6. Consider the triangle with vertices (1,0,0), (0,1,0), and (0,0,1). 
(a) Find a unit vector n normal to this triangle, pointing away from the origin. 
(b) Determine cos y for this vector. 
(c) Supply the appropriate limits for the integral 


J f dx dy 
[cos y| 
if it is to represent the area of this triangle. 
(d) Evaluate the integral. 
(e) Obtain the same answer by applying the area cosine principle to the projec- 
tion of this triangle on the yz plane. 


7. Draw a diagram similar to those of figures 4.23 and 4.24 for the surface of a 
| tetrahedron. 
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8. (a) Derive eq. (4.30) from eqs. (4.28) and (4.29). 
(b) Show that the magnitude of this vector is a? sin ф. 
9, Show that the Móbius strip is piecewise smooth, and show why the smooth parts 
cannot be oriented consistently. 
10. Derive the identity 


dS = (EG — F?)'? du dv 


where 


aR |? 


> дв aR 
ду 


mum 


(The quantities E, F, and G are employed in differential geometry in developing 
the theory of surfaces. They constitrte the “second fundamental form.") 


4.9 Surface Integrals 


Let S denote a smooth surface and let f(x,y,z) be a function defined and con- 
tinuous on S. The surface integral of f over S, denoted 


Jis 


is defined by a construction that the reader can, no doubt, anticipate by now. 
We imagine the surface cut up into п pieces having area 651, 085, . . . , Sp. 
In each piece we choose a point (x;,y;,z;), evaluate f(x;,y;,z;), and form the 
product f(x;,y;,2;) 6S;. We sum these numbers: 


Уйа) 6S; (4.32) 


In this way we obtain a single number. Now let л tend to infinity, at the same 
time letting the pieces grow smaller so that the maximum dimension of the 
areas 051, 052, . . ., 6S, tends to zero. In other words, we are dividing the 
surface into smaller and smaller elements of area, each time forming a sum 
of type (4.32). If these sums tend to a limit, independent of the way we form 
the repeated subdivisions, that limit is called the surface integral of f over S: 


J [nev dS = T 0 D feine) 6S; (4.33) 
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In most situations the function f arises from a scalar product involving a 
vector field F. In section 3.4 we defined the flux of F through the surface ele- 
ment ôS to be F · n dS, where n is the unit normal to the element. Thus the 
total flux through a surface S equals 


ft F-nds (4.34) 


Flux integrals are instances of eq. (4.33) with f = F · n. Some physical 
examples of flux integrals will be discussed shortly, but first let us see how to 


compute them. 
Using the notation of the previous section, we can write the flux as 


J T F- dS (4.34) 


Applying eq. (4.25), we convert this to a workable formula when the surface 
is parametrized by R(u,v): 


I" F- э xÂ ee R du Ф) 04.34") 
If the surface is specified by giving 2 as a function of x and у, we would use 
ff "deas (4.347) 

|cos 7] 


where the limits of integration are determined by the projection of S onto 
the xy plane [with an obvious modification for surfaces described by, say, 
x = x(yz)]. 

If the surface S is only piecewise smooth, we integrate over each smooth 
part separately and add the numbers obtained. 


Example 4.20 Compute the flux of the vector field F = i + xyj across the surface 
given by 


x7uctv y-7u-—v 2= и? (O<u<1,05v=<1) 
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Solution Using eq. (4.34"), 


1.4 9 7: 1,,0 


1 1 
[еа f]. 1 1 2u | du dv 
ðu ду о Jo | 


=l 0 


1 1 
= i f: (2u3 — 2uv? + 2и) du dv 


H ia 7 
bu COR TEN Apu 
IG vti) 6 


Example 4.21 Compute ffs Е · dS, where S is the surface of the sphere 
xt + yt + oz = 4and F = хі + yj + zk. 


Solution We recall that at a point (x,y,z) the vector xi + yj + zk points directly 


away from the origin. The outward normal n to this sphere also points away from the 
origin, since the center of the sphere is at the origin. Hence, for points on the surface, 


F - n = |Е||п| cosó = |Е| = G2 + y? + 27)? = 2 


| а= [ваа |, 2а 


= 2 (total surface area) = 2(4mr?) = 320 


and 


since r — 2 is the radius of the sphere. 


In this example no integration was needed since Е · n was constant over 
the entire surface. 


Example 4.22 Compute ffs Е 48, where 5 is the surface of the cube bounded by 
the planes x: =0,x=1,y=0,y=1,2=0,2= 1, and F = xi + yj + zk. 


Solution We see from figure 4.36 that the unit normal to the front face of the cube 
is n = i, so 


F-n =i: (xi + yj + zk) = x = 1 


on this face. It follows that the integral over this face is 


ffr s- ferm - ]]&-1 
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Figure 4.36 


since the area of this face is unity. On the opposite face (in the yz plane) n = —i, so 
that F n = —x, but x = 0 for all points in this face, and hence 


[Is -0 
On the top of the cube we have 


[fnis - ff xas- ff ав |] 5-1 


and on the bottom we have 


I] sus | 052-0 


since z = 0 in the xy plane. Along the right side we have n = j, so that the normal 
component of F is unity and the integral over this face is unity. Along the left side 
n = —jand F'n = —y = 0, so that the contribution to the integral is zero. Summing, 


we find that 
I F:nd$ = 3 
5 


Example 4.23 Compute the surface integral of the normal component of F = x?i + 
ух) + zxk over the triangle with vertices (1,0,0), (0,2,0), (0,0,3). Consider the triangle 
oriented such that its positive side is that away from the origin (fig. 4.37). 


Solution By the methods of Chapter 1 we find easily that n = $i + 3j + 2k. 
Hence Е · n = $x? + Зух + 42x and 


2 
coy n'k 7 
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Figure 4.37 


Using (4.34'') we have 


iet 3 Я 
pE ndS = fee ie ia) dy dx 
Ep (эм i» eec 


On S we have z = 3 — 3x — 3y, so that zx = 3x — 3x? — 3yx, and the integral | 
becomes 


1 (2-2 1 1 
f 3x dy ds m f зда 20) dem ъ= De 
o Jo 0 ° 


Example 4.24 Compute f fs Е - n dS over the surface of the tetrahedron with vertices 
(1,0,0), (0,2,0), (0,0,3), (0,0,0), where F = x?i + yxj + zxk (fig. 4.37). 


Solution We have already computed the integral over one surface in the previous 
example. Along the bottom face we have n = —k and, hence, F · n = —zx, but 
since z — 0 the integral over the bottom face is zero. On the face at the left we have 
n = —jand F `n = —yx, which is also zero since у = 0 there. On the rear face, in 
the yz plane, п = —i and F> n = x? = 0. It follows that 


[ F:dS = 1 
5 


—the only nonzero contribution being the integral already computed. 
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Note that in examples 4.21, 4.22, and 4.24 we took n to be the outward 
normal, the usual convention for closed surfaces. 

Now let's consider some physical examples of surface integrals. Suppose, 
for instance, that at any point (x,y,z) on a surface S, f(x,y,z) gives the rate of 
flow of heat per unit area at that point, in units, say, of calories per second 
per square centimeter. Then /(х,,у,21) S; gives, approximately, the number 
of calories per second flowing across the element of area 6S;, and the sum in 
eq. (4.32) approximates the total number of calories per second flowing across 
the entire surface S. If f(x,y,z) varies from point to point on the surface, this 
approximation can be improved by taking smaller elements of area (and hence 
more such elements). The limit 


[ләә 45 


gives, exactly, the number of calories per second flowing across the surface. 
Let us look a little deeper into the physics behind this phenomenon. If we 
assume a steady-state temperature distribution, where Т(х,у,2) denotes the 
temperature at each point in space, and if the region we consider is filled with 
a homogeneous material having coefficient of thermal conductivity k, then ac- 
cording to Fourier's law (a special instance of Fick's law, section 3.7), 


Q=-kVT (4.35) 


gives, at each point in space, the direction in which the heat is flowing. The 
magnitude of Q gives the rate of heat flow per unit area across an area per- 
pendicular to Q. More generally, we can say that the scalar component of Q 
in the direction of a unit vector n (= Q · n) gives the number of calories per 
unit time and per unit area crossing an element of area perpendicular to n. 

It follows that the function fis given by (— КУТ) * n, and the total number 
of calories per second flowing across a surface S equals 


ff. (—-KVT):ndS (4.36) 


The reason for the negative sign in eqs. (4.35) and (4.36) is that the temper- 
ature gradient VT points in the direction of maximum rate of increase of the 
temperature, whereas heat flows in the opposite direction, from hot to cold. 
Let us consider another situation in physics in which surface integrals arise. 
If v denotes the velocity field of a fluid and д its density, then as we saw in 
section 3.4, the amount of fluid crossing a patch of surface with area ôS and 
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unit normal n, per unit time, is approximately uv п ôS. This formula becomes 
exact as 6S goes to zero. Thus we can see that 


ff, uv: ndS (4.37) 


gives the rate of flow of liquid across the surface S, expressed as mass per unit 
time. 
As yet another example, consider an electrostatic field E defined in a region 


of space. One can form 
ff п`Е 45 
5 


which is the surface integral of the normal component of E over the surface 
S. This integral arises in connection with Gauss' law of electrostatics (Ap- 
pendix D), which states that if S is a closed surface, 


ffo x - 2 (4.38) 


where q is the total charge enclosed by the surface and « is a constant that 
depends on the system of units. The numerical value of the surface integral 
in eq. (4.38) is called the flux across S or the number of flow lines of the 
vector field E crossing the surface. This last phrase is not to be taken literally, 
since there will be a flow line crossing every point of S and therefore there are 
really an infinite number of flow lines crossing S. However, in drawing dia- 
grams, it is impossible to draw an infinite number of flow lines, so it may be 
convenient to visualize eq. (4.38) as giving a measure of the number of flow 
lines we wish to picture crossing the surface. [This number is necessarily ap- 
proximate since the value of eq. (4.38) may not be a whole number.] 


Example 4.25 Use Gauss’ law, eq. (4.38), to determine the magnitude of the electric 
field intensity at a point ғ units away from a point charge of magnitude q. 


Solution Let S be a sphere of radius r with the charge q at its center. Symmetry 
considerations lead us to believe that n * E will be constant over the surface of this 
sphere, and that E will be normal to the surface. Hence we can bring п * E outside the 
integral, and we obtain from eq. (4.38) 


4- ff ieaiai effas- ura w 


It then follows that n : E = q/4xer?. Thus, if the charge is positive, |E|  q/4r«r? 
and E is directed away from q. If q is negative, E will be directed toward the charge 
q. 
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Example 4.26 Use Gauss’ law, eq. (4.38), to determine the magnitude of the electric 
field intensity at a point r units away from an infinite sheet carrying a charge of density 


g (charge per unit area). 


Solution Let S be the surface of a right circular cylinder of length 27 and base area 
A, bisected by the charged sheet. We take the bases parallel to the sheet, so by sym- 
metry we expect E to be perpendicular to the bases (fig. 4.38). 

The charge within 5 is q * oA, On each of the two bases we have п. E = constant 
by symmetry (since we assume the charged sheet is infinite in extent), and there will 
be no contribution to the integral around the curved surface of the cylinder because E 
is parallel to this surface; therefore 


ff onus cr ff sm m meo 


By eq. (4.38) we have (п. E)(2A) = о/о, so 0° E = 0/26. M о is positive, this 
shows that E is in the same direction as n and |E| = «/2«o, independent of /. 


Figure 4.38 


Example 4.27 Consider a cylindrical heat insulator surrounding a steam pipe. Let 
the inner and outer radii of the insulator be z = a and r = b respectively, and let T, 
and T, be the temperatures, respectively, of the inner and outer surfaces of the insu- 
lator, Find the equilibrium temperature 7 within the insulator as à function of r (fig. 
4.39). 


Solution A section of the insulator, of length L, is shown in the figure, By symmetry, 
we assume that T is a function of r alone, so that VT = grad T is directed radially 
toward the center of the pipe, with magnitude ~d7/dr, (On the assumption that the 
pipe is hotter than the surroundings, d7/dr will be negative.) Let 5 be a cylindrical 
surface of radius ғ and length L within the insulator, By eq. (4.35), we have 
dT 
Q:n-(-kVT): n^ p i 
(as usual, we take n to be outward, so VT : n = |V7[|n| cos 180° = -|v7] = 
dT/dr). 
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Figure 4.39 


At equilibrium the number of calories of heat flowing across any such surface S 
will be the same as that across any other such surface, since otherwise the temperature 
would change with time. The quantity of heat flow per unit time across any such sur- 


face is 
асетат | 
Sens- [f кав t |], 


dT 
—k m (2xLr) 


= 
Ш 


Here again we are using symmetry considerations in assuming that d T/dr is constant 
along айу one surface S (but not necessarily the same as for surfaces with different л), | 
and so dT/dr can be brought outside the integral sign. 

Since H is independent of r, we treat it as a constant in solving the differential 
equation 


H —32xkLr ЁТ 

dr 
Separating variables, | 
| 
H = = —2xkL dT | 


we integrate 


D т 
н || Em ‚зи [ar 
ar ty 
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‚ which ultimately yields 


È 2rLk(Ta — Ts) 
In(5/a) 


Substituting this value of H and integrating: 


r T 
ч = casi || dT 


T, 


we finally obtain 


In(r/a) 


T T, — (Te STO) In(b/a) 


Exercises 


1. If F — zk, find the surface integral of the normal component of F over the closed 
surface of the right circular cylinder with curved surface x? + y? — 9 and bases 
in the planes 2 = 0 and 2 = 2. (Mental arithmetic should suffice.) 

2. Compute ff Е · dS, where S is the surface of the cube bounded by the planes 
x= +1,у = #1,z= Ł1,if 


(a) F = xi (e) F= yi 
(b) F — xi t yj (f) F^ zi 
(c) F = xi + yj + zk (g) F= zi 


(d) F = xi + yj + zik 

3. Compute the surface integral of the normal component of F = xi over the triangle 
with vertices (1,0,0), (0,2,0), (0,0,3), taking the normal on the side away from the 
origin. 

4. Given F = xi — yj, find the value of ff F-n dS over the closed surface bounded 
by the planes 2 = 0,z = 1, and the cylinder x? + у? = a?, where n is the unit 
outward normal, 

(a) by direct calculation. (Hint: The element of area is dS = a dô dz in cylin- 
drical coordinates on the curved surface.) 
(b) by symmetry considerations, without changing to cylindrical coordinates. 

5. Given F = xi + yj + (22 — 1)k, find ff F -n dS over the closed surface bounded 
by the planes 2 = 0, z = 1, and the cylinder x? + у? = a?, where n is the unit 
outward normal. 
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(2,0,0) 


(2, 1,0) 


Figure 4.40 


6. 


Given that F = yi + К, find the surface integral of the normal component of F 

over the box shown in figure 4.40, taking п to be the unit outward normal. Assume 

this box to have a bottom but no top, i.e., roughly like a shoe. (Note: Later on you 

will be asked to do the same problem by mental arithmetic, as a demonstration 

of the power of the divergence theorem. Take a furtive peek ahead at exercise 21, t 

section 4.11.) 

+ Let D be the region x = 0, y = 0,z = 0,x + ty + 4z < 1. 

(a) Is this region a domain? 

(b) Is this region simply connected? 

(c) If F = 2xi + yj + zk, find the surface integral of the normal component of 
F over the boundary of this region, oriented by selecting the outward normal. 

Calculate f f F · dS over the section of surface described in exercise 5, section 4.8, 

for the vector field F = yi — xj + xyk. 

9. Evaluate f fs 22 dS, where S is the part of the lateral surface of the right circular 

cylinder x? + y? = 4 between the planes z = O and z = y + 3. 


In exercises 10-13 evaluate [ [s F · dS: | 
10. F= (x + 1)i — (2y + 0j + zk; 15 the triangle with vertices (1,0,0), (0,1,0), | 
(0,0,1) and normal pointing away from the origin. | 
П. F = xi + y!j + zik; S is the part of the cone z? = x2 + y? for which 1 = z | 
X 2, with n- k positi, г, ! 


12. F = j; S is the part of the cylinder lying above the curve in the xy plane expressed 
in polar coordinates by г = 2 + cos 6, and below the cone z? = x? + y, with 
normal pointing outward. 


13. F = уй + zj — xk; Sis the part of the cylinder generated by y? = 1 — x between 
the planes z = 0 and z = x for x > 0, with n: i > 0. 


м 


14. 


15. 


16. 


17. 
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Figure 4.41 


Let F = yi + (x + 2)j + x sin(yz)k, and let S be the portion of the cylinder 

x? + y? = 1 that lies in the first octant and below 2 — 1. 

Let E = — grad (|R|~'), where R = xi + yj + zk. 

(a) Show that E = R/|R[. 

(b) Find fc E- dR, when C is the line segment joining the points (0,1,0) and 
(0,0,1). 

(c) Compute f fs, E : dS, when S, is the sphere x? + y? + 2? = 9. 

(d) Evaluate ffs, Е · dS, when S; is a cube with edges one unit long, centered 
at the origin. 

(e) Give, if possible, an example of a sphere S with positive radius such that 


ie 


A torus (doughnut) is shown in figure 4.41. Its major radius is A and its minor 
radius is a. Derive the parametrization R(u,v) in terms of the toroidal angle u 
and the poloidal angle v, where 


x = А cos и + а cos и cos v 
у = Asin u + asin и cos v 
z= asinv 


Show that the area of the torus is.4774a. 

Consider a cone with vertex at the origin, as in figure 4.42. The solid angle Q at 

the vertex is defined to be the surface area that this cone cuts out of the unit sphere 

centered.at the origin. 

(а) If the cone is perfectly flat, that is, a plane, what is Q? 

(b) What is Q for the corner of a cube? 

(c) What is Q for the 45° cone, 2 = (x? + y)2? 

(d) What is the total solid angle around a point? 

(e) Suppose the surface S, bounded by the simple closed curve C, has the prop- 
erty that every ray from the origin intersects S at most once. Then the solid 


18. 


19. 


20. 
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Figure 4.42 


angle © subtended at the origin by S is the solid angle at the vertex of the 
cone generated by the rays through C. Show that, if S is properly oriented, 


R:dS a 3 
o- Је (R = xi + yj + zk) 


Use the results to check Gauss’ law, eq. (4.38), for a point charge at the origin. 
The expression for the electric field appears in example 4.25. 
Use Gauss’ law to determine the magnitude of the electric field intensity at a point 
r units away from an infinitely long thin wire carrying a charge of À units per unit 
length. (Consider a cylinder of length L and radius r concentric with the wire.) 
Consider a hollow sphere of homogeneous material, with inner radius a and outer 
radius b, and inner temperature T, and outer temperature T;. 
(a) Find the steady-state temperature as a function of the distance r from the 
center, for values of r between a and b. 
(b) Fora value of r halfway between a and b, is T halfway between T, and T? 
Let us suppose that a field F due to a point "source" of "strength" q located at a 
point P has potential ф at a point О given by ф(0) = q/r, where r is the distance 
from P to Q. Except when ғ = 0, ф is a harmonic function, that is, Ү2ф = 0. Now 
suppose that the source is not concentrated at a single point but is distributed 
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uniformly with density « (source strength per unit area) over the surface of a 
sphere of radius a. If Q is the point (ooo), the potential at Q must then be 
found by integration: 


ue c dS 
ф(хо,уо,20) | f VGCXTU-X*G- a за, O re a 


where the integral is over the surface of the sphere. Give a heuristic line of rea- 

soning to show that the potential is 

(a) constant within the sphere, equal to 4rac. 

(b) equal to 4ra?c/b at any point outside the sphere a distance b from the center 
of the sphere. (Hint: Think of F as a scalar multiple of the electric field in- 
tensity due to a charge distribution and use Gauss' law.) 

21. By interpreting the following integrals as potentials, find their values. Take the 

surface S to be the sphere x? + y? + z= 4. 


(а) jf. vx = D y tz 
dS 
e JJ. Vx-3ytz 


[| RS AA p 
s (x (у 


over the surface x? + у? + 22 = 25 by interpreting the integral as a potential. 


4.10 Volume Integrals 


Volume integrals are defined through the familiar partition. construction. We 
consider a function f (i.e., a scalar field) defined within and on the boundary 
of a domain V. We imagine that V is bounded, that is, that there exists a cube 
R sufficiently large that every point of V is within R. We imagine the cube R 
subdivided into rectangular parallelepipeds by planes parallel to the coordi- 
nate planes (fig. 4.43). Ignoring those parallelepipeds that contain no points 
of V, we let the volumes of the parallelepipeds that do overlap V be denoted 
б/у, 0Va, . . ., dV» and in each parallelepiped select a point (x;,yi,zi) in V. 
We form the sum Z;., fixo yozi) 9Vi and define the volume integral of f over 
V, if it exists, to be 


] Í J opa) dV = lim X Лхьуьз) V, (4.39) 
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taking the limit'as the dimensions of each volume ôV; tend to zero (which also 
makes л tend to infinity). For eq. (4.39) to make sense in an unambiguous 
way, we require that the limit exist independently of the particular manner of 
subdivision. It can be shown that this is the case if f is continuous within and 
on the boundary of-V; we omit the proof. 


Figure 4.43 


Since the volume of a rectangular parallelepiped with edges dx, dy, and 
dz is dY — dx dy dz, we sometimes write 


J J. : foo.) dx dy dz 
j J Í 09.2) dV 


This suggests, and it can be proved, that a volume integral ean'be evaluated 
by triple integration, that is, by successively integrating with respect to x, then 

; then z (the obvious extension of a double integral). In fact, a volume integral 
is almost always evaluated in this way—as an iterated integral. The only tricky 
part of volume integration is in supplying the limits öf the “partial integrals"; 
we will give examples below" * 

One obvious application is that in which the function to be integrated is 
the mass density of a material: Let u(x,y,z) denote the mass density of a ma- 
terial, say in grams per cubic centimeter, at a point (x,y,z). If p is a constant, 
the mass of any material occupying a volume ôV is precisely и бИ: If и varies 


instead of 
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from point to point, as may very well be the case for a compressible fluid, then 
if we take a point (x,y,z) in a small region of volume ôV, we can say that 
u(x,y,z) ôV gives, approximately, the mass of the material within this region. 
We can then interpret the sum Z;., u(x,yozi) ÒV; as giving an approximation 
to the mass within the entire domain V, and the integral in eq. (4.39) gives 
this mass precisely. 

Similarly, if p represents the charge density (charge per unit volume), the 
volume integral of p over V gives the net total charge contained in the region 
IZ 

Of course, the volume of the domain V is defined by eq. (4.39), taking 
f(x,y,z) to be identically equal to unity: 


volume of V = fff, dV = HT dx dy dz (4.40) 


Example 4.28 Find the volume integral of f(x,y,z) = x + yz over the box bounded 
by the coordinate planes, x = 1, y = 2, andz = 1 + x. 


Solution The region is illustrated in figure 4.44a; it can be described as a *four-walled 
house with a slant roof.” The reader should take the time to identify the sides corre- 
sponding tox = 0, y = 0,2 = 0,у =2,z=1 +x, and the wall x = 1, which has 
been "cut away." 

Let us get the limits of integration. Consider a typical point (x,y,z) somewhere in 
the middle of the region. If we hold x and y fixed, z can slide down to 0 (the floor) and 
up to 1 + x (the slant roof), tracing out a column. ЇЇ we now let x vary and hold y 
fixed, the columns trace out a slice; x goes back and forth from 0 to 1. The columns 
and slice are depicted in figure 4.445. Now if we vary y from 0 to 2, these slices stack 
up and fill out the region. Integrating in this order we obtair. 


ffpraeo-[f es (x + yz) dz dx dy 
2 1 1 +x 
«| [| (= ++) à dx dy 
2 1 1 1 
foem ty tent Som) во 
2 
[nu 


An alternative way of choosing limits arises if we vary z first, tracing out the vertical 
columns as before, but then vary y next. The vertical columns will trace out a slice 


232 CHAPTER FOUR: LINE, SURFACE, AND VOLUME INTEGRALS 


(a) 


Figure 4.44 
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from left to right, for 0 = y = 2, and the slices will stack up as x goes from 0 to 1. 
This produces 


H 1 fd2 fire 
| [| Í (x + yz) dz dy dx 


ı [2 1 1 
= эр VL M 
fi [i (tetty + yst Lye) aya 


2 


К 1 1 1 
- 2 IA REN ЗАБ LE 
NE yet ive), 


2 dx 


1 
-Í (1 + 4х + 3x?) dx = 4 
Now suppose, starting from our “typical point in the middle" (x,y,z) we let y vary 
first, holding x and z constant. Then we would trace out a horizontal column from left 
(y = 0) to right (y = 2). If we next vary z, holding x constant, these columns fill out 


a slice parallel to the yz plane, running from the floor (2 = 0) to the ceiling (2 = 
+ x). Stacking these slices for x between 0 and 1 fills out the region, and we have 


1 1+х 2 1 1+х 1 2 
E. d чз) араак = |, |; (ж e»). 
zi fe (2x + 2z) dz dx 


= (2xz + 2 


dz dx 


Tod 


1 
sha + 4x + 3x2) dx —4 


What if, starting from our typical point in the middle, we let x vary first, holding 
y and z constant, which produces columns coming “out of the page" in figure 4.44? 
Then we have a complication. In the main part of the house, z < 1, the column runs 
from the back wall (x = 0) to the front (x = 1), but in the "attic," z = 1, the column 
only goes back to the slant roof, where x — z — 1. (Where does this equation come 
from?) Thus we have to break up the region, below and above the level z — 1, in order 
to establish consistent limits of integration. In both sections the columns can run left 
to right, 0 < y < 2, generating horizontal slices that can be stacked, 0 < z < 1 in 
the lower part and 1  z = 2 in the attic. This produces 


[emm 2 fa (1 
Í Í | Cus qe] li 19 (х + yz) dx dy dz 
- (+ + yz) giant pn (аа-а: әт) да 


= ажо + вза -2+2-4 


Example 4.28 demonstrates that volume integrals can be iterated in any 
order, but that some orders may be more complicated than others. 
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Ехатріе 4.29 Find the volume of the region of space above the xy plane and beneath 
the plane 2 = 2 + x + y, bounded by the planes y = 0, x = 0, and the surface 
p*--1-—x. 


Solution Let us try to visualize the region. Its base, in the xy plane, is shown in figure 
4.45a. Each of the shaded points is the base of a column reaching up to the "slanted 
roof,” z = 2 + x + y (fig. 4.45b). 


(a) (b) 


are troublesome; they run from 0 to (1 — Y)" ? throughout most of the region, but in 
the upper right-hand corner (fig. 4.45) there is an "attic" where the slant roof cuts off 
the columns, on their left end. The same happens if we vary y first. Taking the easy 


If we hold x fixed and Vary y. the columns generate slices from y = 0 to 
У = 1 — x?. Stacking up these slices for 0 — x x 1, we find 


1 fi- fee "nete 
Ll [| ds dy dx || (2+ x + y) dy dx 


1 1 
- firm) dx 


t-r 


9 


Example 4.30 Find the integral of f(x,y;z) = y over the volume of the sphere con- 
tained inside x? + y+ 22 = |. 
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Figure 4.46 


Solution Obviously, for a sphere we can integrate equally well in any order. From 
figure 4.46 we see that if we fix x and y, z traces out a column between the limits 
+(1 — x! — у2)!/2, These columns can be slid in the y direction, for fixed x, between 
the limits y = +(1 — x?)!/?, generating slices that can be stacked from x = — 1 to 
жеке]. Hence 


HI i TIS E 1 
= -1J-a-2!? J-a-e-yntri y dz dy dx 


LEM ETE aa es 
= {| X = x? — y!)!? dy dx 


1:402 


1 
2 f оао 


(We might have anticipated this "nswer by symmetry.) 


I 


Exercises 


1. Compute the volume of the sphere of radius R by iterated integrals. 


2. The volume of the region described in example 4.28 equals 3. Verify this four times 
by repeating each of the integrations given in example 4.28, taking f(x.y.z) = 1 
instead of f(x yz) = x + yz. 

3. Sketch the region whose volume is represented by the triple integral 


2 (5 [ут 
{ер dx dy dz 


4. In this exercise you will be asked to make a simple conjecture on the basis of 
carrying out the following computations. 
(a) Let F(x,y,z) = Xi + yj + zk. Compute ffs Е : dS over the surface of the 
cube bounded by the planes x = 0, х = 1,y = 0, у = 1,2 = 0, 2 = 1 (fig. 
4.47). 
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Figure 4.47 


(b) Let f(x, yz) = У · F, and compute 


лоза 


over the cube. Notice that here limits are no problem; we have simply 


[ f [ fGx.y.z) dx dy dz 


(c) If your answers to (a) and (b) are not equal, check your work until you find 
the mistake. 

(d) Now invent another vector field F and repeat steps (a) and (b). 

(e) What do you conjecture from this? 

5. Let V be a domain with volume v. Let F = xi + yj + zk. 

(a) What is fffy V - F dV? 

(b) On the basis of your answer to exercise 4, what do you conjecture is the value 
of ffs F - dS, the surface integral of the normal component of F over the 
boundary of V? 

6. Find the volume of the region bounded by the surface z = e-^*»^, the cylinder 

x! + y! = 1, and the plane z = 0. (Hint: In cylindrical coordinates, dV = 

r dr 0 dz.) 

7. If p(x,y,z) denotes the charge density (charge per unit volume) in a region of 
space, then the total charge in this region V is 


Wo ff |, p(x.y.z) dV 


By Gauss' law we have 


1-1] ооа 


SECTION 4.11 INTRODUCTION: DIVERGENCE AND STOKES' THEOREMS 237 


Combine this with your conjecture of exercise 4 concerning [ffy У E dV. What 
might this lead you to guess about the relationship between the divergence of E 
and the charge density? 

8. Evaluate the following integrals over the region of space within the sphere 
x? + y? + z? = 4, by interpreting them as potentials and using Gauss’ law. (See 
exercise 21 of section 4.9.) 


dx dy dz 

(a) JH] МО Ту +у EZ 
ахауат 

(0) П === 


9. Evaluate 


f i | dx dy dz 
VEDA (у— 2) + 2? 


where the integral extends over the interior of the sphere x? + y? + z? = 4, by 
interpreting the integral as a potential. 


4.11 Introduction to the Divergence Theorem 
and Stokes’ Theorem 


With these preliminaries on integration completed, we can now turn to the 
interesting part of our work. In this section we introduce two theorems of fun- 
damental importance in vector analysis; most of our work so far has been in- 
tended as preliminary to these two theorems. They will be stated more precisely 
in later sections; here we intend to state them in rough form, without giving 
the precise conditions on continuity, differentiability, and so forth, and we will 
give proofs for the theorems that are instructive and heuristic. In later sections 
more careful proofs will be given. First we present the divergence theorem. 


THEOREM 4.5 The volume integral of the divergence of a vector field, 
taken throughout a bounded domain D, equals the surface integral of 
the normal component of the vector field taken over the boundary of 
D. 


In other words, the total divergence within D equals the net flux emerging 
from D. 
Here is a "simplified proof"; a rigorous proof will be given later. 


Proof First let us consider a small rectangular parallelepiped bounded 
by planes of constant x, x + dx, y, y + dy, т, and 2 + dz. The surface 
integral of F · n ovér the six faces of this solid is the total flux of F out 
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of the box. In section 3.4 we showed that this flux is given, in the limit, 
by 
V -F dx dy dz 


Now let us divide the domain D into many small parallelepipeds, as 
if they were building blocks used in constructing D. What do we obtain 
if we sum up the flux out of all these blocks? If two such parallelepipeds 
are adjacent, the flux outward from one equals the flux inward to the 
other, over the face they have in common. Hence the only noncancelling 
contributions come from the blocks on the surface, and these terms add 
up to give the total flux of F out of the “brick structure.” As we take 
smaller and smaller blocks, we expect that 2 V : F ôV approaches the 
volume integral, and the flux out of the structure approaches the flux 


out of D. Hence 
{е sm - v 


There are some obvious weaknesses in this proof. The passing to the limits 
must be considered much more carefully, particularly with regard to the sur- 
face integral. For example, it is not clear that one is justified in approximating, 
say, a spherical surface Бу а collection of little rectangles parallel to the co- 
ordinate planes (recall that in fig. 4.31 the rectangular patch is taken tangent 
to the surface). These heuristic arguments, however, are very valuable in 
helping one to recall the theorems and conjecture new approaches. 

The divergence theorem is sometimes called Gauss' theorem because of 
its close relationship to Gauss' law (section 4.9). To see the connection, it is 
necessary to know that the divergence of electric field intensity is a scalar 
multiple of the charge density. Hence the volume integral of the divergence 
over any domain gives a scalar multiple of the total charge q within the domain. 
It follows from the divergence theorem that the surface integral of the normal 
component of the electric intensity, over the boundary of a domain, is a scalar 
multiple of the charge inside. However, Gauss' law is not just a special case 
of the divergence theorem, since it can be applied to point charges, where the 
concept of charge per unit volume, in the ordinary sense, is meaningless. 

Until some years ago, the divergence theorem was called Green's theorem 
in three dimensions. 

Now let us turn to Stokes' theorem, the other fundamental theorem in 
vector analysis. 


THEOREM 4.6 The surface integral of the normal component of the 
curl of a vector field, taken over a bounded surface, equals the line 
integral of the tangential component of the field, taken over the closed 
curve bounding the surface. 
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Here we are considering a closed curve C in space and a surface S that 
is bounded by the curve. The theorem states that 


ns (curl F) ‘п 45 = fr “T ds (4.41) 


where dS refers to the element of area and ds refers to arc length. We assume 
that S is a surface oriented by a field of unit normals n, and that the line 
integral is taken along C in the direction determined positive by the orienta- 
tion. (See fig. 4.48a.) 

The heuristic proof is as follows. 


Proof We shall employ a technique similar to that used in the “proof” 
of the divergence theorem. Consider the surface divided up into small 
elements, each approximately rectangular (fig. 4.485). The flux through 
S equals the sum of the fluxes through the rectangles. Also, if we add 
up the line integrals around each rectangle, we obtain cancellations over 
all the internal boundaries, and the sum equals the line integral around 
C. Thus, if we can prove eq. (4.41) for one rectangle, we have it in gen-- 
eral. 

To prove eq. (4.41) for a small rectangular area, we choose the co- 
ordinate axes so that the x and y axes are along the sides of the rectangle 
and the z axis is in the direction of n. We then have n — k; hence 


i ӘР, OF 
(curl F) п = (curl Е) "К = v ду 


Therefore the left side of eq. (4.41) is 


IDEE #1) dx dy 


withO <x <a,0<y <b, We split this up into two integrals, choosing 
the order of integration differently in the two cases: 


fas [po 

= f Fi) | dy — Ji 
b a 

= |, (Fi(a,y) — F2(0,y)] dy — ү [Fi(x,b) — Еү(х,0)] dx 


b 0 0 a 
= /, Fx(a,y) dy + } F,(0,y) dy + ў, F,(x,b) dx + |. Fi(x,0) dx 


у= 
ах 
=0 


а b 0 0 
= | , Fi(x,0) dx + T F,(a,y) dy + | Fi(x,b) dx + f F,(0,y) dy 
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(a) (5) 


Figure 4.48 


This is precisely the line integral of F around the sides of the rectangle, 
[c F : T ds, as we wished to prove. 


What subtleties are overlooked in this “proof”? First, it is generally not 
possible to subdivide a surface S into precise rectangles; thus, we would have 
to consider using an approximating surface, and study the effects of the ap- 
proximations as the limit is taken. 

This is not the main objection, however; there is a more fundamental one, 
involved in choosing the coordinate axes so that x and y axes are along two 
sides of the rectangle. Let us analyze this more closely. 

Suppose, for the sake of argument, that the surface S is a rectangle. Then 
the first objection above does not apply; we do not need to chop up S at all. If 
it happens that $ is already in the xy plane, lying along the x and y axes as 
shown in figure 4.49, then there is no objection to the proof given above (pro- 
vided we assume continuity of the relevant partial derivatives, etc., so that the 
integrals exist). But suppose S is not in the xy plane. The above procedure 
amounts to choosing a new set of coordinates x', y', z' so that S is in the plane 
2' = 0 and has sides along the x' and y' axes, and the above argument shows 
that eq. (4.41) is valid when we compute everything relative to the coordinates 
x’, y', and z'. But how do we know that eq. (4.41) is valid relative to the 
original coordinates x, y, and z? This is a serious objection, because we have 
defined curl F in terms of a fixed set of coordinates, and we have not yet studied 
what happens when we change to another set of coordinates. 

Let us be very explicit about this, because it is conceptually very impor- 
tant. Let us suppose we are given a vector field F in terms of coordinates x, 


(0, 0) (а. 0) 


Figure 4.49 
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y, and z. Suppose now we are given new coordinates x’, y', and z', which we 
can express as functions of the old coordinates x, y, and z. Substituting into 
F(x,y,z), we can now write F in terms of x’, y’, and z’. Now let us compute 
curl F in terms of x', y', and z', and afterward change back to х, у, and 2, so 
that we have curl F in terms of x, y, and z. The question is, do we get the same 
thing as we would get computing curl F directly, from the very beginning, in 
terms of x, y, and z? 

In other words, does the curl of a vector field depend only on the nature 
of the field, or does it also depend on our particular choice of coordinate axes? 

We shall show in section 5.4 that the cur! does not depend on the choice 
of coordinate axes provided (i) that we always choose axes that are mutually 
perpendicular, (ii) that we are consistent in the way we mark off distances on 
these axes (physically, this means that we select some unit of distance, say 
centimeters, and mark all axes so that distances come out in centimeters), and 
(iii) that we always take a right-handed coordinate system, that is, one for 
which i X j = k. 

In fact, we should expect this to be true; after all, we saw in section 3.5 
that the curl has a *coordinate-free" interpretation, as the local angular ve- 
locity of a fluid. Similarly, the divergence measures the rate of change of den- 
sity of a compressible fluid (section 3.4), and the gradient gives the direction 
and magnitude of the maximum rate of change of a scalar. Therefore it should 
not be surprising that these three quantities behave in an "invariant" manner 
under coordinate transformations. 

In this connection, it is worth mentioning that some textbooks consistently 
use left-handed coordinates, as in figure 4.50. Then eitheri X j — —k or the 
definition of vector cross products must be modified to give i X j — k, in which 
case our "right-hand rule" (section 1.12) becomes a “left-hand rule.” (This 
convention has an obvious advantage for right-handed students who are pressed 
for time when taking an examination; they need not put their pencils down 
when applying the left-hand rule, since their left hands are free!) We shall 
return to this important matter of coordinate transformations in chapter 5. 

In summary, we have stated the divergence theorem and Stokes' theorem, 
and we have given heuristic proofs of each. These proofs are motivated by the 
physical interpretations attributed to the concepts of divergence" and "curl." 


Figure 4.50 
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However, there is another way of looking at these statements, based on a more 
analytic point of view. Note that the divergence theorem 


| Emm Jonas 


transforms a three-dimensional integral of a differentiated quantity into a two- 
dimensional integral, with the differential operator deleted. Stokes' theorem 


ПИКЕТ) F-dR 
s c 


changes a two-dimensional integral into a one-dimensional one, again drop- 
ping a differential operator. Now if we agree that isolated points are “zero- 
dimensional," then theorem 4.1 for conservative fields, 


о 
M Vo dR = ф(0) — Р) 


fits this same pattern! In fact, all these theorems can be interpreted as higher- 
dimensional analogs of the fundamental theorem of calculus: 


x 
E I = fx) — fix) 

In sections 4.12 and 4.16 we will present more rigorous analyses of the 
vector theorems, and the fundamental theorem will prove to be an important 
aid. Before proceeding to these sections, however, the reader is strongly urged 
to study the exercises below. The divergence and Stokes’ theorems mark the 
apex of the subject of vector analysis, and the rest of our book will focus on a 
deeper study of the concepts we have introduced. Table 4.2 summarizes the 
important integral theorems; bear in mind that the divergence theorem applies 
to closed surfaces, and Stokes’ theorem to open surfaces. 


TABLE 4.2 Integral Theorems 


Operator Interpretation Integral Theorem 
grad à Maximum rate of ESS [$ Vo ` dR = ф(0) — ФР) 
. change of ф, in the «==> 25 
maximal direction ai 
div F Net outflux of F per | e flfoV -F dV = ЈЕ: па 
unit volume какырды 
йе А, 
үл 
curlF `° Swirl of F per unit fo [fs V XF-ndS = fc F-dR 
area A. uf 
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Exercises 


. Use the divergence theorem to solve exercise 1, section 4.9. 


Do all seven parts of exercise 2, section 4.9, by computing 


E jf MZ di 


in each case. 


. Use the divergence theorem to solve 


(a) Exercise 4, section 4.9. 
(b) Exercise 5, section 4.9. 


. Find fff» div F dV, when F = (x? + xy)i + (у? + yz)j + (22 + zx)k and V 


is the cube centered at the origin and with faces on the planes x = +1,у = +1, 
z= +1. 

Use the divergence theorem to evaluate ffs Е n dS, when Е = y?xi + xtyj 
+ z!k, and when S is the complete surface of the region bounded by the cylinder 
x? + у? = 4 and by the planes z = 0 and z = 2. 


. Find the surface integral ff Е · dS over the surface of the cylinder e+ry=9 


included in the first octant between z = 0 and z = 4, given that F = yi + 
(x + 2)j + (х3 sin yz)k. (By using the divergence theorem this can be reduced 
to a simple problem in arithmetic.) 


. Use Stokes’ theorem to solve exercise 4, section 4.1. 
. Use Stokes’ theorem to solve exercise 6, section 4.1. 
. Verify Stokes’ theorem in the following special cases. Let C be the square in the 


xy plane with equation |x| + |v| = 1. Let F be as follows: 


(a F= xi (d F=it+j 

(b) F= yi (e) Е=у% 

(с) F= —»-txj 

By means of Stokes’ theorem, find f F -dR around the ellipse x? + y? = 1, 


z = y, where F = xi + (x + y)j + (x + y + zk. 

Evaluate f fs (V X Е) : dS, where F = yi + (x = 2x3z)j + xy)k and S is the 
surface of a sphere x? + y? + z? = a? above the xy plane. 

Let S be the portion of the paraboloid z = 9 — x? — y? that lies above the plane 
z = 0, and let F = (y — z)i — (x + z)j + (x + y)k. Find ffs (V X F) nds. 
Evaluate ffs (V X F) : n dS, where F = 2yi + (x — 2x3z)j + xy?k, and where 
S is the curved surface of the hemisphere x? + y? -+ 22 = 1,2 > 0. 

Use Stokes' theorem to evaluate 


ji [xsin yi — y sin xj + (x + y)z*k] dR 
along the path consisting of straight-line segments successively joining the points 
Po = (0,0,0) to Py = (w/2,0,0) to P; = (7/2,0,1) to P = (0,0,1) to P4 = 
(0,7/2,1) to Ps = (0,7/2,0), and back to (0,0,0). 
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15. 


16. 


17. 


18. 


19, 


20. 


21 


22. 


23. 


Let F be the field F = yeri + (x + e*)j + zk, and let C be the curve given by 
R(t) = (1 + cos t)i + (1 + sin Oj + (1 — sint — cos Hk 


for 0 < t < 2m. Find [c F> dR. (Hint: Use Stokes’ theorem, observing that C is 
contained in a certain plane and that the projection of Con the xy plane is a circle.) 
If F = xzi — yj + x?yk, use Stokes’ theorem to evaluate [c F + dR, where C is 
the closed path consisting of the edges of the triangle with vertices at the points 
P, = (1,0,0), P; = (0,0,1), Ps = (0,0,0) transversed from P, to P; to Р,, and 
back to P}. 

Given ф(х,у,2) = xyz + 5, find the surface integral of the normal component of 
grad à over x? + y? + z? = 9, 


(a) Show that, if ¢ is harmonic, V · (9V$) = |Vol?. 
(b) Given ф = 3x + 2y + 4z, evaluate 


дф 
f fos 


over the surface x? + y? + 22 = 4. Here, дф/дл represents the normal de- 
rivative of ф (i.e, n : Và). 
Let F = фУф. Find the surface integral of the normal component of F over the 
surface of a sphere of radius 3 and center at the origin, 
(a) ifo=x+yt+z, 
(b) ifġ =x +p +z, 
Let F = (x — yz)i + (y + xz)j + (z + 2xy)k, and let S, be the portion of the 
cylinder x? + y? = 2 that lies inside the sphere x? + y? + 22 = 4. Let S; be the 
portion of the surface of the sphere x? + y! + 22 = 4 that lies outside cylinder 
x? + y! = 2. Let V be the volume bounded by 5; and S}. 
(а) Drawa diagram illustrating 51, Sz, and V. 
(b) Compute [f[s, F -m dS), with n, pointing inward. 
(с) Compute fff, (V - F) dV. 
(d) Compute Їз, F * m dS;, with n; pointing outward. 
Despite the fact that the surface of exercise 6, section 4.9, is not closed, the di- 
vergence theorem can be used to reduce this to a problem in mental arithmetic. 
Show how to do this. 


The moment of inertia about the z axis of a uniform solid is proportional to 


Ју feet macaya 


Express this as the flux of some vector field through the surface of the body. 
One can compute the volume of a room by calculating the flux of the vector R 
through the walls. Show this. 

IfR = xi + yj -+ zk and R = [К], find f/R R -n dS over the surface of a sphere 
of radius b and entered at the origin, 

(a) by interpreting the integrand geometrically. 

(b) by using the divergence theorem. 
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25. 


26. 


27. 


29. 


30. 


31 


32. 


Given 


"xi лшн. 


. с^ ye gt 


find the surface integral of the normal component of F over the surface of the 

sphere x? + y? + z? = 4. Can you use the divergence theorem? 

Let F = хул + (y? + 1)j + z?k, and let S be the surface of the unit cube 

0 Sx, y, z = 1. Evaluate the surface integral ffs (V X Е) · п dS using 

(a) the divergence theorem. 

(b) Stokes' theorem. 

(c) direct computation. 

Stokes' theorem provides an interesting interpretation of theorem 4.3, which iden- 

tifies irrotational fields with conservative fields in simply connected domains. Show 

that if curl F — 0, then the line integral of F around any closed curve that bounds 
an oriented surface in the domain is zero. Where does simple connectedness come 
into play? : 

Explain: the flux of a solenoidal field through a surface depends only on the curve 

bounding the surface. 

The abstract concept of a gooney sphere is derived from the shape of a gooney 

egg. А gooney bird is born with a pointed head and a prominent stubby tail; there- 

fore thé shape of the egg is roughly ellipsoidal but with pointed ends. Surface 
integrals over gooney spheres are difficult to compute; tables of gooney functions 
are needed, but these were tabulated during the war and are still classified top 
secret. All that is known is that a gooney sphere of minimal diameter d — 1 has 

volume approximately 0.7. 

(a) Find the surface integral of the normal component of F = xi + yj + zk 
over the surface of a gooney sphere with center at the origin and minimal 
diameter d — 2, making any assumptions you deem reasonable. 

(b) Would your answer be the same if the gooney sphere had center at (2,7, — 3)? 

If electric field intensity is E = (x + 1)?i + yj + zk, relevant to suitable choices 

of the units involved, what is the total charge within the cube bounded by the 

planes x = 0,x = 1,у = 0, y = 1,2 = 0, and z = 1? Evaluate the left side of 

eq. (4.38), 

(a) directly. 

(b) by the divergence theorem. 

Surface and volume integrals of vector-valued functions are defined as for nu- 

merically valued functions. Alternatively, they can be defined by simply inte- 

grating separately the x, y, and z components (which are numerical). Show formally 
that fffp Уф dV = ffs on dS by applying the divergence theorem to F = gC, 
where C is a constant vector field. 


Similarly, derive the identity 


хха | ха 


where n is the outer normal to S, the boundary of D. 
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33. Give a vector interpretation of each of the following. 
oe 
(b) lim? fs n X F dS 
үз V 
Indicate which of the following statements are true, and which are false. You may 
assume that all functions have continuous derivatives of all orders at all points. 
(a) The divergence of V X F is zero, for every F. 
(b) Ina simply connected region, fc F - dR depends only on the endpoints of C. 
(c) If Vf — 0, then f is a constant function. 
(d) If V X F = 0, then F is a constant vector field. 
(e). If div F = 0, then ffs Е: dS = 0 for every closed surface S. 
(f) If fe F - dR = 0 for every closed contour C, then V X F = 0. 


© 


4.12 The Divergence Theorem 


As promised, we will now delve into a more careful, detailed analysis of the 


divergence theorem 
PETS (4.42) 
D 5 


To fix ideas for the moment let us consider the vector field Е = Fii + Рј 
+ Fk to have continuous partial derivatives throughout a region. Let S denote 
the surface of a sphere located within the region, and let D be the set of points 
inside S. At each point on S we take n to be the outward normal, thus orienting 
S in the usual way. 

Consider the single term arising in the left-hand side of eq. (4.42): 


OF; 
iy BM dx dy dz 


To evaluate this volume integral by the procedure of section 4.9, we can begin 
by integrating along a column parallel to the z axis (see fig. 4.51). We invoke 
the fundamental theorem of calculus to derive 


fff ES dz dx dy — J J (Fy — F3) dx dy (4.43) 


where F3'and Е; are, respectively, the values of F3 at the top and bottom of 
the column. In the figure, dx dy is the projection of the elemental area 25" 
onto the xy plane: 


dx dy = dS" |cos y"| = dS" k-n” (4.44) 


SECTION 4.12 THE DIVERGENCE THEOREM 247 


and, similarly, 
dx dy = —dS'k:m (4.44) 


Figure 4.51 


[since the outward normal n' points downward. Recall a similar analysis in 
section 4.8, eq. (4.27).] Insertion of eqs. (4.44) and (4.44) into eq. (4.43) 


yields 
дЁз y, = f f f 
f f fy э dv = JJ, (FK) ndS (4.45) 


Similarly, we can show that the volume integrals of àF1/óx and dF2/dy 
equal the fluxes of Fyi and F;j through S, and adding these equations yields 
the divergence theorem, eq. (4.42). 

In this way we prove the divergence theorem for a sphere. However, notice 
that the same proof applies when S is the surface of an ellipsoid, a cube, a 
right circular cylinder, or even a potato-shaped region of a fairly arbitrary 
nature. Here is a more precise statement of what we have shown. 
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THEOREM 4.5 (The Divergence Theorem) Let D be any domain with 
the property that each straight line through any interior point of the 
domain cuts the boundary in exactly two points, and such that the 
boundary S is a piecewise smooth, closed, oriented surface with unit 
normal directed outward from the domain. Let F be a vector field, 
F = Еі + Fj + Fsk, continuous throughout a region containing D 
and its boundary, and such that the partial derivatives of Е\, Fz. and 
F, are also continuous in this region. Then 


METTE [ва 


In proving this theorem, we made strong use of the idea of cutting up the 
sphere by filaments parallel to a coordinate axis. We assumed in figure 4.51 
that any such filament cuts out two portions from the surface. Thus the proof 
does not apply without modification to a domain such as the dumbbell-shaped 
one in figure 4.52. Here, such a filament can cut out four portions from the 
surface. However, it is easy to see that the theorem still applies to such a 
domain, since the dumbbell can be cut in the middle and the theorem applied 
separately to the two parts. The volume integral over the whole domain equals 
the sum of the two separate volume integrals, and the corresponding surface 
integrals add up to give the surface integral over the dumbbell (there will be 
two contributions from the common boundary B, but they will cancel each 
other, since n will have opposite directions in the two integrals). 


Figure 4.52 


Let us now investigate one interesting consequence of the divergence 
theorem. Let us suppose that the domain D is a very small one surrounding a 
point P. If the domain is sufficiently small, div F will be approximately con- 
stant, and the volume integral of div F over the volume V will be approxi- 
mately equal to the product (div F) V. More precisely, we have 


lim шаки dY = divF 


v0 
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By the divergence theorem, we can replace the volume integral of div F by 
the surface integral of F over the boundary enclosing the volume, from which 
it follows that 


div F = lim 22S = 


v0 


Recall that this was our original motivation for the definition of diver- 
gence in section 3.4, but then we were restricted to rectangular perallelepipeds 
with sides parallel to the axes. The divergence theorem frees us from this re- 
striction; it implies that the divergence of F at any point P gives the outward 
flux per unit volume at P, regardless of the shape:of the volume. The diver- 
gence is, indeed, a “‘coordinate-free” concept. 


Exercises 


Note: Computational exercises on the divergence theorem were given at the end of 
section 4.11. The following exercises are relatively more theoretical. Throughout these 
exercises, D and F have the properties stated in the divergence theorem. 


1. At what point in the proof of the divergence theorem did we make use of the 
requirement that the partial derivative 4F'3/dz be a continuous function of 2? 

2. In the proof, we required that the three partial derivatives be continuous, that is, 
that each of them be continuous in all three variables. Why, for example, should 
we care whether or not the partial derivative 0F;/dy is a continuous function of 
x? 

3. Show, by a diagram similar to that of figure 4.51, that the volume integral of a 
function, taken over D, can be obtained by first integrating with respect to z and 
then integrating over the projection of S on the xy plane. 

4. Outline a proof of the divergence theorem, taking exercise 3 as the starting point. 
Start with f f [p div F dV, integrating first with respect to y. Your proof will differ 
only slightly from that given in this section; that is, you will integrate first with 
respect to y rather than z. By using the definition of surface integral you can avoid 
use of such words as “approximately”; for simplicity, assume that S is a smooth 
surface. 

5. Where, in your “proof” (exercise 4), did you make unconscious use of the fact 
that the points оп S with normals parallel to the xz plane have a projection on the 
xz plane of zero area? [Hint: Look again at the definition of the area of a surface 
(section 4.8). What is cos y for such points?] 

6. What is the fiux output per unit volume at (3,1,—2) if F = x?i + ух} — x*k? 

7. What is the flux output from an ellipsoid of volume v if F = 3xi + yj + zk? 

8. IfF = 3x?i + yj + zk, would the flux output from an ellipsoid depend on the 
location of the ellipsoid as well as on its volume? 
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9. (a) Describe the oriented surface enclosing the region 1 =x? + y? + 2? < 4, 
assuming the usual convention concerning the orientation of a closed surface. 
(In section 4.8 it was mentioned that if a surface encloses a region of space, 
the unit normal points away from the enclosed region; in this problem, the 
surface has two disconnected parts.) 

(b) How would you compute the surface integral of the normal component of a 
vector field F over this surface? 

(c) If div F — 0 except perhaps at the origin, what can you say about the flux 
ff Ес n dS over the two parts forming this surface, taking n to be the unit 
normal outward from the origin in each case? 

(d) Determine whether your answer to (c) would be any different if the region 
were that between the sphere x? + y? + z? = 1 and the ellipsoid 


(e) Compute the surface integral of the normal component of 


Lo + yj + zk 
(x? + y? + 27/92 


over the ellipsoid 


х y а 
4.7319. 16 і 


4.13 Optional Reading: Green's Formulas, Laplace's 
and Poisson's Equations 


In this section we will use the divergence theorem 


fs rar- frs (4.46) 


to study the physical and mathematical significance of the laplacian, and to 
explore applications to some of the partial differential equations of mathe- 
matical physics. 

As a start, we apply eq. (4.46) to a vector field concocted from a pair of 
scalar fields: Е = ¢Vy. From identity (3.30), we have 


V: (VY) = Vo : Vy + фу 
Thus eq. (4.46) gives us 


Jf foo wars fff mm - [ff m 
= [Jovy nas 


SECTION 4.13 GREEN'S FORMULAS; LAPLACE'S, POISSON'S EQUATIONS 251 


which we rewrite as the first Green formula: 


ff f oae || o nas- ff f m (447) 


If we exchange the position of ¢ and y and subtract, the dot product can- 
cels and we get the second Green formula: 


J / iA (фуу — уз) dv = | J, (Vy — ууф) ndS (448) 


The third Green formula comes about by setting y = 1/R in eq. (4.48), 
where R is the magnitude of the position vector R = xi + yj + zk. However, 
V approaches infinity at the origin, and this invalidates the divergence theorem 
there; so we must take extra pains to do the computation. To this end, we 
introduce a few technical lemmas. 


LEMMA 4.1 Let S be a sphere of radius b centered at the origin, and 
let f(R) be a continuous scalar field. Then 


i у ыз 
lim H көн (4.49) 


Proof On the sphere, R = b. The integral ff f dS equals the average 
value of f on the sphere times the area, 4rb?. By continuity, then, the 
limit is lim 4rb?f(0,0,0) = 0. 


LEMMA 4.2 Let S and f be as in Lemma 4.1. Then 


lim If fN (2) п dS = —4т/(0,0,0) (4.50) 
b0 5 R 


Proof The outward normal n on the sphere equals R/R. From identity 
(3.35), V(1/R) = —R/R?. Therefore 


(2) а d LL (4.51) 


on the sphere. As before, the integral ff f dS is the average value of f 
on the sphere multiplied by 4122. Thus the left member of (4.50) is —4т 
times the limit of this average value, which by continuity approaches 


0,0,0). 
LEMMA 4.3 The laplacian of 1/R is zero, except at the origin: 


742) LR 0 (4.52) 
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Proof From identities (3.33) and (3.35), 


Өз ЫЗ DIE RC 


Now we apply the second Green formula with y = 1/R to a volume D 
enclosing the origin. We cautiously exclude a small sphere D' centered around 
the origin (fig. 4.53) and write 


qure, 
+ fe) ш 19) TY 


(4.53) 


where S is the boundary of D and S' is the boundary of D'. Taking the limit 
as D' shrinks to a point, and noting that in the present context the outward 
normal on S' is oppositely directed to that in lemma 4.2, we use the lemmas 
to derive the third Green formula: 


(| we 
TET 


Је) e 


The derivation of this identity is equally valid if some other point R, is 
used instead of the origin; we simply "relativize" and interpret R as 
|К — Rol in lemmas 4.1 through 4.3 (exercise 3). In fact, it will be helpful 
for future reference if we rewrite the result with R replacing the “origin,” and 
R' the variable of integration: 


Figure 4.53 
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V"$(R) | 
«a - 2: |] кс“ 
У'Ф(К') noe 1 VERRE 
exl]: [к RI d n' dS’ (4.55) 


Here we have used V' to denote the vector operator which differentiates with 
respect to the primed variables: 
y= + iki (4.56) 

z 

This is a very useful result, because it displays the values of any scalar 
field (R) in terms of the values of its laplacian throughout the domain, and 
the values of ¢ and Уф on the boundary of the domain. In fact, we can regard 
the “field point” R as variable, and compute derivatives of ¢ directly from eq. 
(4:55)! 

What will result if we take the laplacian V? (with respect to R, of course) 
of every term in the third Green formula, eq. (4.55)? Since the variables of 
integration for the surface integrals are primed, the unprimed differential op- 
erators in V? can be moved inside the integrals. (Keep in mind that В = R' 
since R' is constrained to the boundary surface S while R is inside D.) We 
know 


1 = 
ан =0 (4.57) 


from lemma 4.3 (relativized version). Moreover, by taking the gradient of eq. 
(4.57) and noting that V' and V? commute, we also obtain 


н) = 0 (4.58) 


Consequently, the laplacian of the surface integral іп (4.55) is zero: 


v Í f. ren = enean) ie as’ 
= Jf, [venas 


- saos = T )| -w d$! = 0 
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This means that the laplacian of — 1/47 times the volume integral equals the 
laplacian of ф itself: 


vem =F rt | T ко! í (4.59) 


Rewriting V?ó as p, we conclude the following. 


LEMMA 4.4 The laplacian of 


p(R’) ; 
аме w 


equals p(R) (for R inside D). 


(To be sure, we have proved this only for functions p(R) that are known, a 
priori, to be laplacians of other functions; but the lemma can be proved for 
any p that is “Holder continuous." If the domain D is unbounded, additional 
hypotheses have to be imposed to ensure that p approaches zero sufficiently 
rapidly at infinity that the integrals converge.) * 

Lemma 4.4 is extremely useful in applications. It enables us to write down 
immediately a solution to Poisson's equation 


Vo = p 


where р(х,у,2) is a given scalar function; namely, 


Additional solutions to Poisson's equation are then generated by adding 
to ¢ solutions of the homogeneous form of Poisson's equation, Laplace's equa- 
tion 


V = 0 


Solutions of Laplace's equation, which we have called harmonic func- 
tions, describe electrostatic, magnetostatic, and gravitational potentials in free 
space, incompressible fluid motions, steady-state temperature distributions, 
and equilibrium membrane deformations. The real and imaginary parts of 
complex analytic functions, as well, satisfy Laplace's equation. The search for 
solutions to Laplace's equation gave birth to Fourier series, Bessel functions, 
Legendre polynomials, and many techniques in the calculus of variations and 
functional analysis. 


* A good reference for the mathematical details is O. D. Kellogg's Foundations of Potential 
Theory, Dover Publications, New York (1953). 
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Poisson's equation describes the potentials in the presence of sources 
(charges or currents for electromagnetic, mass for gravitational); p denotes 
the source density. (See Appendix D for a fuller description.) 

The first important observation about Poisson's and Laplace's equations 
is that their solutions are completely determined throughout a region D by the 
values they take on the boundary S of D. To see this, consider two solutions 
f(x,y,z) and g(x,y,z) of, say, Poisson's equation, taking the same values on S. 
The difference f — g obviously satisfies Laplace's equation. If we set ф = у 
— f — g in the first Green formula [eq. (4.47)], then we deduce 


IT, IVF — op av = 0 (4.62) 


Thus the gradient of f — g is identically zero throughout D, and f and g can 
differ only by a constant. Since they agree on the boundary, however, they 
must agree everywhere. 


* THEOREM 4.7 Solutions of Laplace's and Poisson's equations are 
uniquely determined in a domain D by their value on the boundary of 
D. 


The third Green formula [eq. (4.54)], then, is a little misleading, in that 
it displays how a function is determined throughout a region by its laplacian, 
its values on the boundary, апа the values of its normal derivative on the 
boundary. The latter data, according to the theorem, are redundant. To get a 
more precise statement we return to the second Green formula [eq. (4.48)] 
and, instead of replacing V by 1/R, we replace it by something known as (what 
else?) a Green's function. 

The Green's function G(R) is chosen to have the form 


1 
G(R) = R + (R) (4.63) 
where is harmonic throughout D and equal to —1/R on the surface S. 
(Finding such a function can be very difficult.) If we set у = С in the second 


Green formula and divide by —4r, we get the right-hand side of eq. (4.54) 
from the 1/R term (as before), plus the contribution from +: 


wooo = z: [T] (S &x]voar 
«afl +) - [к + DIETS (4.64) 
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(exercise 4). Thus the coefficient of Уф vanishes, and we derive the display 


piri дїй f ' 
голду zi || Јова we f NC ndS (4.65) 


which “relativizes” to the form 
$R) = aero f | G(R — В) V?9(R)) dV" 
4т р 


T e ¢(R') V'G(R — В) п 25' (4.66) 
4r $ 


(Some authors absorb the factor — 1/47 into the definition of G.) 

Thus the Green's function, if it can be found, displays the solution to Pois- 
son's (and hence Laplace's) equation in terms of its values on the boundary. 
(Recall that 72ф = p is a given part of Poisson’s equation.) 

In the interest of brevity we will consider only one Green's function in this 
book. It pertains to the special but important case where D isa sphere of radius 
b centered at (0,0,0). In this situation the constant function y = —1/b meets 
all the requirements, and we have 


sooo = 2! fff (5 - eoa 


29%) 5 
which, with (4.51), becomes 


gi eb ен К 
900,0) = = HT cun eo Il | Ж (4.67) 


The final term is the average of ¢ on the surface of the sphere. Recall that 
in section 3.7 we promised to show that the laplacian У2ф provides a measure 
of the difference between the value of ¢ at a point and its average over sur- 
rounding points. Equation (4.67) is the fulfillment of this promise. 

Notice in particular that, if ф is harmonic, then it satisfies the mean value 
property as follows. 


THEOREM 4.8 The value of a harmonic function at any point equals 
the average of its values on any sphere centered at that point. 


The mean value property explains why temperature distributions are har- 
monic at equilibrium: if every point is at the same temperature as its average 
surrounding, there is no reason for heat to flow. Advanced texts demonstrate 
that the mean value property is logically equivalent to harmonicity. 
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Exercises 


. Evaluate 


рент) 


over the surface of the sphere (x — 3)? + y? + 22 == 25, where @ = xyz + 5. 


. Evaluate 


1 1 
Jis) xls 
(a) over the surface of the ellipsoid х2/9 + y?/16 + 22/25 = 1, where ¢ = 
ра 022 1- NS 
(b) over the surface of the cylindrical pillbox bounded by x? + y! = 25 and 
z = +10, whereó = x! — z + 5. 
. Show that eq. (4.55) follows by interpreting R as |R = R'| in lemmas 4.1 through 
4.3. : 


4. Derive eq. (4.64). 


. Prove that the solutions to Laplace’s and Poisson’s equations are uniquely deter- 
mined in D by the values of their normal derivatives on S and the value of the 
solution at one (any) point of D. 

. Some authors bypass the auxiliary surface S’ in the derivation of the third Green 
formula [eq. (4.54)] by claiming that 


v=) = —4r XR) (4.68) 


Here the Dirac delta function 5(R) is defined to be zero everywhere except at 
R = 0, where it is so “singular” that 


I В) dV = 1 (4.69) 


for any domain D containing the origin. Show how, with this artifice, eq. (4.54) 

follows from eq. (4.48) directly with the substitution y = 1/R. 

. The definition of the Green's function in the text actually describes the "Green's 

function of the first kind.” The "Green's function of the second kind" takes the 

same form 1/R + y(R) with y harmonic throughout D, but with the boundary 

values of YG · n (rather than those of G itself) chosen so as to simplify the third 

Green formula [eq. (4.54)]. 

(a) What would result if we set Y = G in the second Green formula [eq. (4.48)] 
for a G making VG : n = 0 on S? 

(b) Derive the identity ffs VG: n dS = —4т and show why this makes the G 
described in part (a) infeasible. 

(c) What would result if we set Y = G in eq. (4.48) for a G making VG ` na 
constant on S? What must the value of this constant be? 
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8. Let the domain D be bounded by the surface S as in the divergence theorem, and 
assume that all fields satisfy the appropriate differentiability conditions. Prove the 
identities 


(a) f [f o tm стоса 


(b) PP faxo ex wv iar 


- ffxv 


(с) [lf m mo v xx nav 
-f[ivxvxw-wxvxvicas 


9. With D and S as in the previous exercise, suppose that V: V = 0 and W = Vó 
with ф = 0 on S. Prove that ff fp V: W dV = 0. 

10. What is the value of the surface integral in the third Green formula if ф is har- 
monic and the origin lies outside the closed surface S? 


4.14 Optional Reading: The Fundamental Theorem 
of Vector Analysis 


We discovered in sections 4.4 and 4.6 that if V X F = 0 then F = V¢ and if 
V: F = 0 then F= V X С (in simply connected domains), and we derived 
integral formulas for the potentials ф and С in terms of the vector field F. In 
many applications, however, F itself is unknown and it is desired to have for- 
mulas for F (or ф and G) in terms of the "sources" of F — its divergence and 
curl. Armed with lemma 4.4, we can now demonstrate the following: 


(i) how to find an irrotational field F having a specified divergence p; 
(ii) how to find a scalar potential ф for the field F in (i); 
(iii) how to find a solenoidal field F having a specified curl J; 
(iv) how to find a vector potential G for the field F in (iii); 
(v). how to find a vector field F with a specified divergence a7 7a specified 
curl; 
(vi) the extent to which a vector field F is determined by its divergence and 
curl; and 
(vii) how to decompose any vector field F into a sum of an irrotational field 
and a solenoidal field. 
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Clearly these properties are related. For our.analysis we shall assume that 
all fields encountered are sufficiently smooth that lemma 4.4, which states that 


the laplacian of 
¢(R) тра DR- R dV (4.70) 


equals p, can be invoked at will.* 

We can dispose of (i) and (ii) very easily. Given p, we define the function 
by formula (4.70), and let F = Уф. Then ф is a scalar potential for F, which 
is thus irrotational, and V: F — V?$ — p. 

We can now use this tool—the facility to construct an irrotational field 
with any specified divergence—in solving (iij). We have already seen, in sec- 
tion 4.6, how to construct a vector field F; having a specified curl J in a star- 
shaped domain D: with our present notation (exercise 1) 


Fi(R) = L t J[t(R — Ro)] X [R — Ro] dt (4.71) 


where В, is any point in D. However, as exercise 5 of section 4.6 demonstrates, 
the field F, will not necessarily be solenoidal. But this is easy to repair; we 
simply subtract off an irrotational field with the same divergence as F;: 


F(R) = F,(R) — Vé(R) 
where ф is computed from formula (4.70) with V F, in place of p. We thus 
have 
VXF-VXFEFi-VXVó-J—0-J 
and 
У-Е= у: Е = Уф = УЕ У: Е = 0 

throughout the domain D. The assemblage of the final expression for F in 
terms of J is left as exercise 2. 


Now since F is solenoidal, it has a vector potential G, which can be ex- 
pressed in terms of F by the variant of formula (4.71): 


G(R) — j^ t F[(R — Ro)] X [R — Ro] dt (4.72) 


*Recall that the lemma can be established in full generality only if some additional math- 
ematical details are hypothesized. Here we need to know that p(R) is **Hólder continuous” and, 
if D is unbounded, goes to zero sufficiently rapidly at infinity. See Kellogg, op. cit. 
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Since F has been expressed in terms of J, eq. (4.72) generates a formula for 
G directly in terms of J, and items (iii) and (iv) are solved for arbitrary star- 
shaped domains. 

The final expression for G, however, is so unwieldy that we shall derive 
an alternate vector potential that is easier to calculate. It does not require that 
D be star-shaped, but it does require an additional condition on J. 

The vector potential G must satisfy the condition 


J=VXF=VX(V XG) = —VG + V(V-G) (4.73) 


Now by lemma 4:4 the expression 
1 f f f IR’) 
== —— Gy" 4.74 
CR) T aed JJo]jR — к] v 


-VG =] (4.75) 


component-by-component. Thus it would be a solution to eq. (4.73) if we could 
also show that its divergence vanishes. Let us proceed; we have 


satisfies 


я Ec CIR)» 02 
V. G(R) qz Ar RoR] (4.76) 


Since the variable of integration is R' and V operates on R, we move the op- 
erator inside the integral to obtain 


v. JJf raw " [Г], sR) v( o) dv’ (алт) 


(Because the integrand is singular when R' — R, this step requires further 
justification; again we direct the reader to Kellogg's text. See also Appendix 
D for a heuristic discussion.) If V' denotes differentiation with respect to the 
R' variables, then clearly 


LU т 1 = — , { Д 1 
en) m n 


Moreover, by identity (3.30) 


ҮА ер 1 У: (В) J(R’) 
К) V| —— ] 6—6 = yy’. J — 
eR PERL Amey} 
but the divergence of J must be zero since J is presumed to be a curl (of F). 


Therefore 
' 1 J(R') 
XR "ml = - Qf IR) 
ax ÎR — R'| 4 fer 
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and if we insert this into eq. (4.77) and integrate over the volume D, the di- 
vergence theorem reduces it to 


IR’) ted Tew os, 
Y [к=к sR- rji 


For the divergence of the expression in eq. (4.74), then, we have 


eee fff ТЕТ. root ff ee 
Tue qs БЕЛЕ] ds aoe (4.78) 


Finally, we see from eqs. (4.73) and (4.78) that the formula (4.74) does 
provide a solution to eq. (4.73), and thus to item (iv), whenever the surface 
integral in eq. (4.78) vanishes. (In practice one usually ensures this by taking 
the domain D large enough to encompass all the points where J is nonzero.) 

We summarize: if 


aga R) ay 
кю - JJ og mt 


es їй) yy: 
CEE 


then F, = Уф is irrotational and satisfies V * F, = p and Е; = V-X G is 
solenoidal and satisfies V X Ез = J, Both statements presume certain smooth- 
ness conditions for p and J, and that J : n = O on the surface of D [or some 
other condition disposing of the surface integral in eq. (4.78)]. 

Item (v) is now trivial. To find a field possessing a given divergence and 
curl—p(R) and J(R), respectively—we evaluate Е; and F, according to the 
previous paragraph (or exercise 2 if necessary); the sum F = F, + F; then 
has the stipulated properties. 

Clearly such a field is not unique. For instance, we could add any constant 
vector A to F without altering its divergence or curl; or, we could add the 
gradient of any harmonic function (exercise 3). The following theorem, then, 
addresses item (vi); a vector field is completely determined by its divergence, 
its curl, and its normal component on the surface surrounding D. 


THEOREM 4.9 Suppose that V ` FHV: EanddVXF-VXE 
throughout a domain D, and ihat on the surface S bounding D, Fen 
= E-nwhere wis the outward normal. Then F = E throughout D. 


and 


Proof The difference F — E obviously has zero curl, so it is derivable 
from a scalar potential ¢: 


Е-Е = Уф 
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Also F — E has zero divergence: thus у2ф = V - (F — E) = 0. Finally, 
on the surface S 


V@'n=F-n—E-n=0 


When all this information is fed into the first Green formula [eq. (4.47)] 
with y = ф, 


JJ ovo - ff ove-nas— fff iav 
чка fff ip par 


Therefore F = E in D. 


The validity of the final item (vii) is known as the fundamental theorem 
of vector analysis: 


THEOREM (4.10) Let F(R) bea continuously differentiable vector field 
defined in a star-shaped domain D. Then Е can be written 


F— V6 4-VxG (4.79) 
for some scalar field ф and some vector field G. 
Proof We define 
sal ff V TQ) 
o(R) в DIR- R] dV (4.80) 
Then, according to lemma 44, 7%ф = V · Е, Thus the vector field 


F — V6 has zero divergence. Consequently (theorem 4.4), it is derivable 
from a vector potential G: 


F-—V¢=VxG 
Transposing Уф, we have the theorem, 
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lenoidal fields. In closing we would like to alert the reader to the fact that the 
highly plausible formula 


MIETEN 
уух {еск} 


is incorrect in general (exercise 7)! 


Exercises 


1. Show that the formula (4.18) takes the form (4.71) when J — V X F. 
Derive the expression 


1 
F(R) = T tJ[(R — Ro)] X [R — Ro] dt 


+ [Г {(R’ — Ro) | PV X J[(R' — Ro) di]/4r|R — R'| dV* 


for a solenoidal field having J as its curl in a star-shaped domain D. 

3. True or false: if V: F = 0 and V X Е = 0 then F is constant. 

4. Show that adding the gradient of a harmonic function to a vector field changes 
neither its divergence nor its curl. 

5. Devise a proof of the fundamental theorem for star-shaped domains which begins 
by constructing a solenoidal field with the same curl as F. 

6. What conditions imposed at the surface S on V X F enable one to use formula 
(4.74) to obtain a solenoidal field with the same curl as F? [See (4.78).] 

7. Devise a counterexample to the final “identity” in the text. (Hint: there are trivial 
ones.) 


4.15 Green's Theorem 


This section is relatively elementary and is intended to provide some prepa- 
ration for the rigorous proof of Stokes' theorem. 

We shall work entirely in the xy plane, Let C denote а closed smooth arc 
in the plane (fig. 4.54). Consider the line integral of the vector field F — yi 


around C: 
фрак = Ја 


264 CHAPTER FOUR: LINE, SURFACE, AND VOLUME INTEGRALS 


Figure 4.54 


(Since it is conventional to orient closed curves in the xy plane so that k is the 
positive normal to the plane, we traverse C in a counterclockwise direction.) 
Then the line integral can be expressed as the sum of two ordinary integrals: 


b а 
1 dx = " y'(x) dx + yf y" (x) dx (4.81) 


where the first integral is along the bottom portion of the curve and the second 
is along the top portion; the notation should be self-evident from the figure. 
(Note that the primes here do nor denote derivatives.) 

The first integral gives the area beneath the lower curve and above the x 
axis. The second integral equals 


ер у(х) dx 


and gives the negative of the area beneath the upper curve and above the x 
axis. Therefore the sum of the two integrals is — A, the negative of the area 
within C: 


fey dx = —A (4.82) 
Here we assumed C to be in the upper half-plane, but the reader can easily 
verify that eq. (4.82) also holds if С intersects the x axis or if C is beneath 


the x axis. 
А. similar argument shows that 


ji xdy— А (4.83) 


Here we obtain А rather than — A, as is easily seen from figure 4.55. 
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Figure 4.55 


Now let us consider various other simple integrals about C. For instance, 
it is easy to verify that if the vector field is taken to be F — xi, then the line 
integral is 


f) хах = 0 (4.84) 


Indeed, xi is the gradient of the function x?/2, so that the line integral of 
x dx gives the change in х2/2 as we move from initial point to final point, but 
for any closed curve these points coincide and hence the line integral is zero. 
In similar fashion, since yj is a gradient also, we have 


fey dy = (4.85) 

Also, we have 
J е4 (4.86) 
ау = 0 (4.87) 


Itis entertaining, though not particularly instructive, to combine these 
line integrals in various ways. For instance, if xy is a constant, we derive 


f, (x — x9) dy = A (4.88) 
by using eqs. (4.83) and (4.87). Similarly, 


| (x — xo) dx — 0 (4.89) 


by eqs. (4.84) and (4.86). 
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Somewhat more interesting is 


1 
a (x dy — y dx) = A (4.90) 


which we obtain by combining eqs. (4.82) and (4.83). 

In view of the fact that the line integrals in eqs. (4.82), (4.83), (4.88), 
and (4.90) may be interpreted in terms of the area A within C, it is natural 
to ask whether there are any similar interpretations for the other line integrals. 
More generally, suppose we are given an arbitrary differential Fi(x,y) dx + 
F(x,y) dy, where F, and Fz are continuous functions. Is there any connection 
between the line integral of this differential about C and the area within? 

The answer is both yes and no. In general, there is no connection in the 
sense that we can draw a picture like that of figure 4.55 and interpret the 
integral in terms of areas. There is, however, a connection between the line 
integral about C and a double integral taken over the region within C. We wiil 


show that 
fena rd = | | 85 - FOL dy (4.91) 


where D is the domain within C (having area А). In the special case that the 
integrand in the double integral on the right side of eq. (4.91) is identically 
equal to 1, as in eq. (4.90), the right side of eq. (4.91) gives precisely A. If 
the integrand is zero, we get zero for the integral. In general, however, our 
result may not be related to А in any elementary manner and may be difficult 
to compute even with the help of eq. (4.91). 

The reader may recognize eq. (4.91) asa special case of Stokes’ theorem, 
discussed briefly in section 4.11. To see this, let F = Р + F;j and n = К. 
The integral on the left is the line integral of the tangential component of F 
about C, and that on the right is the surface integral of the normal component 
of curl F over the surface enclosed by C. 

This special case of Stokes' theorem is sometimes called Green's theorem. 
(Several other theorems are also called Green's theorem, incidentally). The 
precise statement of the theorem is as follows. 


THEOREM 4.11 Let F; and F, be continuous functions of x and y for 
which the partial derivatives дЕ /0x and дЕү/ду exist and are contin- 
uous throughout a domain D in the xy plane. We require that D be 
bounded by a regular closed curve C, oriented by choosing k as the unit 
normal to the plane. We also require that any line passing through an 
interior point and parallel to either coordinate axis cut the boundary 
in exactly two points. Then eq. (4.91) is valid. More generally, eq. (4.91) 
is valid for regions in the plane that can be decomposed into finitely 
many domains having these properties. 
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The proof of the theorem is similar to that of the divergence theorem and 


goes as follows. 


6. 


Proof Let us first look at the right side of eq. (4.91). The integral can 
be broken up into two integrals, of which the first is 


Jn 


Integrating first with respect to x, we have (with notation as in fig. 4.55) 
хо) дЕ, d 
——ах dy = | [FG", y) — FG у)] dy = | Р dy 
ro) Ox c c 


Similarly, 


yx) 
-ffus- f yx) dy 


b 
esi Wes — Fi(y")] dx = L5 dx 


Adding these two gives the desired result. If D is a region that can be 
decomposed into finitely many domains having the stated properties, we 
simply sum the integrals involved over all the domains. The double in- 
tegral then extends over all the parts, and the line integral extends over 
theentire boundary. If the boundaries of two parts have arcs in common, 
these arcs may be neglected, since the integrals will cancel (recall fig. 
4.52 for a similar situation). 


Exercises 


Use Green's theorem to derive eq. (4.82). 
Use Green's theorem to derive eq. (4.83). 


. Use Green's theorem to derive eq. (4.84). 
. Use Green's theorem to derive eq. (4.90). 


Let R = xi + yj anddR = dxi + dy j. 

(a) Compute the magnitude of the vector cross product R X (R + dR). 

(b) Thus, give a direct geometrical interpretation of the integrand of eq. (4.90). 
[Hint: Consider the triangle with the following vertices: (0,0), (x,y), and 
(x + dx, y + dy).] 

(c) Using figure 4.56 give an alternative derivation of eq. (4.90). 

Let F = xi + yj, and let C be an oriented closed curve enclosing an area A. What 

is fc F - T ds? (As usual, T denotes the unit tangent to C in the positive direction.) 


7 


10. 


п. 
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" 


(х,у) 


(xt dx, y dy) 


—————— X 


Figure 4.56 


Let C denote the circle x? + y? = 9, and let F = yi — 3xj. What is the line 

integral of the tangential component of F around C, taken in the usual counter- 

clockwise direction? І 

Let C denote the ellipse x?/4 + y?/9 = 1, and let F = (3y? — у)і + (x? + 2). 

(a) What is the area enclosed by C? (Don't integrate, for heaven's sake; we have 
already derived the area of an ellipse by using the area cosine principle.) 

(b) Find the line integral of the tangential component of F around C, in the coun- 
terclockwise direction. [Hint: By Green's theorem, this resolves itself to a 
double integral, but no computation is necessary if you observe that the sym- 
metry enables you to ignore certain terms. Just multiply the area by the av- 
erage value of (9F;/0x) — (9F1/8y).] 

Compute fc (49? dx — 2x? dy) around the square bounded by the lines x = +1 

and y — +1, 

(a) directly, by performing the line integration. 

(b) by using Green's theorem. 

By symmetry, it is obvious that one of the terms in the integrand of the above line 

integral can be ignored. Which term? 


Let F — 4zi — 3xk. Compute the line integral of the tangential component of F 
about the circle (x — 5)? + (z — 7)? = 4 in the xz plane. Orient the plane by 
taking j to be unit normal. [Careful: If you just replace y by z in eq. (4.91), you 
will get the wrong orientation.] 

In eq. (4.91), the functions F; and F; are fairly arbitrary functions of x and y (we 
require only that certain partial derivatives be continuous). It therefore appears 
that we can interchange F, and Fz and also x and y to obtain the formula 


- ff (265) 
} (Р, dy + Fi dx) J IA ay pe dy dx 


The left side of this equation is the same as the left side of eq. (4.91), but the right 
side has the opposite sign. It follows that this expression is incorrect. Give a clue, 
in only one word, to explain this paradox. 
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12. Use Green's theorem to find the area inside the loop of Descartes’ folium 


t a 


= = — < 
етт а T? 


4.16 Stokes' Theorem: 


We are now in a position to give a rigorous proof of Stokes’ theorem, which 
reduces certain surface integrals to line integrals. We are given a smooth ori- 
ented surface S in space, bounded by a piecewise smooth, closed curve C whose 
orientation is consistent with that of S (fig. 4.57). We assume that the surface 
can be parametrized by R = R(u,v) in such a way that the coordinates x, y, 
and z are twice continuously differentiable functions of u and v (so that the 
mixed partials are equal in either order), with (@R/du X ӘВЕ /9у) pointing in 
the direction of the normal. 

The set of values (u,v) in the uv plane that correspond to points on S will 
be denoted Z (fig. 4.58). We assume that distinct points of Z correspond to 
distinct points on S [the mapping R(u,v) is one-to-one] and that the region Z 
and its boundary Г satisfy the hypothesis of Green's theorem. (Notice that 
these assumptions imply that the positive orientation on C corresponds to the 
correct orientation on T'; see exercise 4.) Then we can use this parametrization 
to derive the result. 


THEOREM 4.12. Let S and C be as described above, and let F be a 
continuously differentiable vector field. Then 


Í ran = | f enr as (4.92) 
с 5 


aR 
ov 


oR 


Зи 


Figure 4.57 
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Figure 4.58 


In words: the circulation of F around C equals the flux of its curl 
through S. 


Observe that we are using the notation 


dS — dish x LL NM (4.93) 
ди ду 


introduced in section 4.8. In the derivation we will use the identities 


OR ôR 


= — — 4.94 

dR 5, 4^ + o, 7" (4.94) 
and 

erus 

imber ib qm ATA 4.95 

ðu ди ( ) 

9 R 

==. 4.96 

ðv ðv 2 ( ) 


Before going through the derivation, the reader may wish to review section 
4.8, and also the operator convention (first paragraph of section 3.9). Thus, to 
derive eq. (4.95), we simply use the chain rule in operator form: 

à _ ox Ó дуд | Ór ӘК 


L- ——=—. 97 
ди дидх ЕРУ A Y. (4:97) 


and eq. (4.96) is derived similarly. We will also use 


(кт) к.җ v) та.) 


e .98 
ди ду àv V ди du \ ðv (2:98) 
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which is obtained by expanding the triple vector product and by using the 
operator convention. Similarly, the interchange of the : and X in 


A-VXB=AXV'B (4.99) 


is easily verified. 

Do not let these formalities obscure the basic idea, which is that the po- 
sition vector K, for points on S, and also F itself at these points, can be written 
as functions of the parameters u and v, so the integrals in eq. (4.92) can be 
written in terms of u and v. After we have done this, we have carried the work 
down to the uv plane, and the proof simply amounts to some inspired juggling 
of vector identities, aided by Green's theorem. 


Proof We write 


ferar- Jo R) qu + (ғ. aR) 1 [by eq. (4.94)] 


[д oR à oR р 
d 1, PE x) (r zl du dv (Green's theorem) 


OF OR R @R дЕ A) 
iu ди DE ди àv : дуди ду ди ж! 


OR à OR ð 
=, àv ou EAE F du dv 

[ 9R/ OR 96/96 [by eqs. (4.95) 
sap [ v) aR (aR v)] Е ди йу and (4.96)] 


=f; (2x R) xv. F du dv [by eq. (4.98)] 
ffi (0) “V X F du dv [by eq. (4.99)] 


- [], (curl F) - (E xE) a, dv 


= li curl F · dS [by eq. (4.93)] 


which completes the derivation. 


This proof avoids the pitfalls of the argument in section 4.11 only by de- 
voiding itself of physical content. That is the value (and the liability) of relying 
on parametrizations. 
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Exercises 


Given the vector field F = 3yi + (5 — 2x)j + (z? — 2)k, find 

(a) div F. 

(b) curl F. 

(c) the surface integral of the normal component of curl F over the open hemi- 
spherical surface x? + y? + z? = 4 above the xy plane. 

[Hint: By a double application of Stokes’ theorem, part (c) can be reduced to a 

triviality.] 

Given that curl F = 2yi — 2zj + 3k, find the surface integral of the normal 

component of curl F (not F) over 

(a) the open hemispherical surface x? + y-z229z2^70. 

(b) the sphere x? + y? + z? = 9. 

(In both parts, you should be able to write the answer down by inspection.) 

Prove ffs Vo X Vy: dS = $c dVy dR. 

Show why the positive orientations on C and Г, in the proof of Stokes’ theorem, 

correspond. (Hint: Reread the beginning of section 4.8.) 

At any point P in space, define the “swirl” of F at P in a direction n to be 


ina .F:dR (4.100) 

a A Jc 

where Cis the circumference of a circle of area A centered at P with unit normal 

n. Using the word “swirl,” define curl Е. [Hint: Use Stokes’ theorem to show that 

eq. (4.100) equals (curl F) ` n. Then use the maximum principle of section 1.9 to 

define the direction of curl F.] Show that this justifies our “paddle wheel" defi- 

nition in section 3.5. It also provides a coordinate-free description of curl. 

Be a bit fanciful, and imagine that S is the surface of a laundry bag with a 

drawstring forming the boundary C. The Stokes' theorem states that the surface 

integral of the normal component of curl F over the laundry bag equals the line 

integral of its tangential component around the drawstring. Now suppose that we 

close the bag by pulling the drawstring; the effective length of the drawstring be- 

comes zero and the line integral is therefore zero. S has become a closed surface. 

(a) What is the surface integral of the normal component of curl F over a closed 
surface? 

We now apply the divergence theorem, which says that the volume integral of the 

divergence of a vector field through the interior of a closed laundry bag equals the 

surface integral of the normal component of the field over its surface. Let the 

vector field be curl F. 

(b) What is the volume integral of the divergence of curl F over a domain? 

If the laundry bag is very, very small, the divergence of curl F will be approxi- 

mately constant throughout, and the volume integral of div (curl F) will be ap- 

proximately div (curl F) at a point within the laundry bag times the volume the 

bag encloses. 

(c) What is div (curl F) at any point P? 

(d) To which of the identities of section 3.9 is this related? 
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This is very similar to exercise 6, but the point of view is somewhat different. Let 

S be the surface of a sphere, and let us imagine the sphere divided into two parts, 

an upper hemisphere and a lower hemisphere, by a plane parallel to the xy plane 

passing through its center. (Draw a diagram.) Let F be a vector field, and consider 

the surface integral of the normal component of curl F over the upper hemisphere. 

Relate this mentally to the line integral fc F ` dR, where C is the equator, oriented 

relative to the outward normal of the upper hemisphere (i.e., the positive direction 

is West to east). Now do the same thing for the lower hemisphere: the surface 

integral of (curl F) · n over the lower hemisphere equals the line integral over the 

equator with, however, an east-to-west direction of integration. Add the two. 

(a) What is the surface integral of the normal component of curl F over a sphere? 

(b) What is the volume integral of div (curl F) through the interior of a sphere? 

(c) Let the sphere shrink to a point; what does this say about div (curl F) at a 
point? 

(d) To which of the identities in section 3.9 is this related? 

Suppose that F = grad ф, so that the line integral of the tangential component of 

F along any curve is equal to the difference in the values of ф at the endpoints of 

the curve. In particular, if C is a closed curve, fc F: dR = 0. Let S be a surface 

with boundary C. 

(a) What is the surface integral of the normal component of curl (grad ф) over 
a surface S? 

If S isa small clement of surface, bounded by a closed curve C, curl (grad ф) will 

be approximately constant on S, and the surface integral of the normal component 

of curl (grad ф) will be approximately n : curl (grad ф) times the area of the sur- 

face. 

(b) Forany unit vector n, and any point in space, what is п · curl (grad ф) at this 
point? 

(c) Since this result is independent of the direction of n, what can you say about 
curi (grad ф)? 

(d) To which of the identities of section 3.9 is this related? 

Let J denote electric current density (a vector in the direction of the current, with 

magnitude in units of current per area) and B denote the magnetic field intensity. 

One of Maxwell's laws of electromagnetism states that, in the absence of a time- 

varying electric field, 


curl B = pod (4.101) 


where mo is a constant. Use Stokes’ theorem to derive 


Є -dR = щі (4.102) 


In words: the line integral of the tangential component of magnetic field intensity, 
around a closed loop, is proportional to the current i passing across any surface 
bounded by the loop. 
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4.17 Optional Reading: Transport Theorems 


In some physics and engineering applications it is necessary to compute the 
time derivative of a surface or volume integral when the surface or volume of 
integration is in motion. For instance, in an electric generator a loop of wire 
is moved through a magnetic field in such a manner that the flux of the field 
through the surface bounded by the loop is changing. According to Faraday's 
law, an electromotive force is set up in the loop, proportional to the rate of 
change of this flux integral. 

Similarly, one may wish to note the rate of. change of some quantity, such 
as charge or stored energy, associated with a specific portion of a moving fluid. 
If this quantity is given as a volume integral of some density function, then 
the volume of interest is being transported downstream with the fluid as the 
time derivative is taken. 

These two problems are related. First we treat the moving surface problem, 
then we use the answer in analyzing the transported volume problem. 

The situation is as follows. We have a vector field F that changes with 
time, F = F(R,t) and an oriented surface S that, together with its properly 
oriented boundary curve C, moves through space; we use the notation S, and 
С, to designate, respectively, the surface and curve at time £. Let $(1) be the 
flux of F(R,t) through S, at time t: 


Фа) = Iu F(R,t) : dS 


Notice that Ф(г) changes due to two effects, namely, the changing field F and 
the motion of the surface 5,. The problem is to compute d@/dt. 

We shall give two derivations, first a heuristic argument based on figure 
4,59, and then a more rigorous argument using parametrizations. 

Figure 4.59 shows the location of the surface at times t, and t», together 
with its boundary and the orientations. In figure 4.60, the displacements of 
corresponding points on 5, and S, are shown. If we can associate а velocity 
field v = v(R,t) on S that describes the pointwise motion of the surface, then 
for їз — tı = dt sufficiently small, the point R on S, is carried to the point 
R + v(R,) dt on S,,. (The reader who is uneasy about the vagueness of these 
notions will feel more comfortable with the second derivation.) 

To compute 2Ф/41, we must evaluate 


E 1 
ТЕ = bis P rr (JJ. F(R,t2) · dS — Pf: F(R,t;) · as) (4.103) 
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Figure 4.60 


Visualizing these fluxes in figure 4.60 suggests that the divergence theorem, 
applied to the region D swept out by the surfaces in the intervening times, 
may be useful. Applying the theorem at time 1, with due consideration for 
the distinction between the surface normal and the outward normal, we have 


fH. V: F(R,t1) dV = ff. F(R,) : 45 — fT. F(R,t;) : dS 


T T Jes F(R,t) ' 25 (4.104) 


Expressing 


д 
F(R,t2) = Е(В,г) + Eyr 
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Figure 4.61 
and using eq. (4.104) for the S, integral, we find 


Jf. rims) 4s - ff. F(R,;) : dS | 
zy: If. F(R,) : dS — |. т»). 
eff eie hs 


Obviously, two of these integrals cancel. On the sides, figure 4.61 shows that 
the surface element dS equals dR X v dt, where dR is taken along C,,. The 
element of volume in D has base |dS| and height |» dt: n|, so that 


dV = 15 vdt 
Consequently, eq. (4.105) becomes 


J I, She fe e J f F(R,) : 45 | 
дЕ 
-aff Fas ag F(R,r;) ак Xv 


«aff (V: Fv : 45 | 
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Dividing by dt, we arrive at thz flux transport theorem: 


А 
ea sou Eds Tyr Ex dR (4.106) 


One of the biggest flaws of the previous argument is the vagueness of the 
velocity field concept. It presupposes some way of identifying, in a one-to-one 
fashion, the points on the surface S,, with corresponding points on the surface 
15,50 that v(R) dt describes the displacements. However, if 5, is only a math- 
ematical surface, without physical substance, this correspondence between 
points is rather arbitrary; hence, so also is the velocity field. 

A more logical way to proceed would be to specify a parametrization of 
the surface at some fixed time, say at t = 0: 


R = Ry(u,v) (4.107) 
Here u, v range over a region >, bounded by the curve Г in the uv plane (recall 


section 4.16). As time progresses, each point originally on S, traces out a curve, 
and we write 


R = R(Ro) (4.108) 


to describe the location at time t of the point originating from Ro. Substituting 
eq. (4.107), we rewrite eq. (4.108) (and liberalize the notation): 
R = R(Rp,t) = R(u,v,t) (4.109) 
Thus, fixing t and letting u, v roam over Z, eq. (4.109) traces out the 
surface S,, while holding и and v fixed and varying t produces a function that 
describes how a single point migrates from surface to surface. In this context 
it is clear that the velocity v of a point R = R(u,v,t) on S, is given by 


We assume that the orientation of S, C, D, and Г are all consistent with 
the parametrization equation (4.109), as in section 4.16. The rigorous deri- 
vation of (4.106) then proceeds as follows. We have 


2 dist is OR OR 
$ [ fr dS | Jemen ou ay 4и 


Thus, since is fixed, 
db | dF aR oR 
z dt ðu ðv 


Q[OR К 
+ I * 2 (8 x R) p 
t F ге Я du dv (4.110) 
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For the first term we have, by the chain rule, 
d F[R(u,v,t),t] S OF ox + OF ду 4 F дЕ д2 


а дхд дуд} дг ðt s 
дЕ 
WE T— 4.111 
SS (AVR x: ( ) 


The second term requires considerable labor, but nothing more profound than 
an inspired juggling of identities. Observe that 


ae R) He R) _ a(R 23] 
Ж Е. |—(— x — x 
ðu\ ðt Ov ðv\ ðt ðu 


ðt\ðu ду 
ð 98 a) 
А oy =| a t 


and, moreover, that this equals 


à aR\ ә aR\ oF x 
— . х— ==. — . — — —'Ü — 
2r ү =) 2(r x2) ди TE 


дЕ ( 2) 
-——- = х — M 
t 3 y Bu (4.112) 
In the next paragraph we will show that 
дЕ ôR ôF ôR OR . OR 
— + х — — — = — — — 
teer Ys KV: E) — (v: VF]: (2 х9) (4.113) 


Taking ед. (4.113) for granted for the moment, we insert it into eq. (4.112) 
and use the result in eq. (4.110) to derive 


a ff. (o rs eee vr): (Ex m gy 


+ ffa (+ Fori УБЕ xB) |ua 


In the last term we interchange the dot and cross products and apply Green’s 


theorem: 
$e m2) (9) ае 


ôR 


oR 
+$ (rx == ху — ) 
4 3 xs du+FXy ov dv (4.114) 


Identifying dS and 


we recover eq. (4.106). 
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The proof of the identity (4.113) is best handled with tensor notation. 
First, observe that, by the chain rule, 


dc 


and similarly for v. Using the symbols x‘, x; for the ith components of dR/du 
and ðR/ðv, respectively, we write the left-hand side of eq. (4.113) as 


ej (xiu Fi) vix, — eju (x1 OF) VjX}, 
= eu(xpx, — xixy)vjdiF; 
= єрї(бьбм — 010.5) X SX, Уд} 
= eéijiénptsipX,Xrvj94F; [by eq. (1.40)] 
= eéji€piésipX,X, VjO)F; [by ед. (1.37)] 
= (дубу — бадр) eupX ix; V/01F; [by ед. (1.40)] 
= eri XiX Wð EFi esujxsx, vjO;F; 
= —єау(01Е:)хих; + (Әг) ухах; 
ôR _ OR OR ӘК 


eB SATIN au v 


The identity is proved. 

Finally, we add the remark that if the velocity field v, defined on the sur- 
face S,, can be extended as a continuously differentiable vector field throughout 
some region containing S, then Stokes’ theorem can be employed to recast 
eq. (4.106) as 


me дЕ | 
2 ff so DELE EDI dS (4115) 


This would be the case if, for instance, the surface were being transported 
inside a moving volume of fluid. 

| Now we turn to the transport theorem for volume integrals. Let p(R,t) be 
a continuously differentiable vector field, and let V, denote the volume of in- 
tegration at time t. The points inside V, move with velocity v(R,f), generating 
the motion of the volume. Our task is to compute 


| i IH. p(R,t) dV (4.116) 


| The answer can be obtained heuristically as follows. If the volume is di- 
| vided into small rectangular parallelepipeds, each of volume AV (as in section 
3.4), then the integral in eq. (4.116) is approximated by 


У) oRDAV 
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For the derivative we have 
dp(R,t) алу 
2) dt AV 25 Dak) dt 
As in eq. (4.111), we have 


dp(R,) _ др 
pad uh aL АИ ИГЫ: ма, 
di д gl 


while exercise 12 of section 3.4 states that 


Putting all this together, we arrive at 


aloe JID AG + rtm) 
ае) 


Applying the divergence theorem produces 


а fff oar- [f f a + || (4.117) 


which is known as Reynold's transport theorem. 

A rigorous proof of eq. (4.117) is based on the observation that any scalar 
field p can be written as the divergence of some vector field F. This follows 
from lemma 4.4 (with the incumbent restrictions on p), which produces a scalar 
ф such that р = V?4; we simply set F = Vd. 

With this in hand we use the divergence theorem to express 


SJ, oar |], 


and apply eq. (4.106) to the (closed) surface S, to derive 


d oF 
а 13], ows [T Es Јева 


— 
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One more application of the divergence theorem does it: 


а [ff ome f [f o Jie pas 
- [Sf gos Hos 


in agreement with eq. (4.117). 


Exercises 


1. Let S, be a uniformly expanding hemisphere described by 
x2 + у? + 2? = (vt)? (z= 0) 
and let F be the vector field 
F(R) = Rt 


Verify the flux transport theorem in this case. 

2. . Verify the flux transport theorem when S, is the square with corners (0,0,7), (0,1 st), 
(1,0), (1,14), and Е(Е,) = xzk. 

3. Suppose the square 0 € x < 1, OE y lis rotated about the x axis at a constant 
angular velocity. Verify the flux transport theorem with the uniform vector field 
F(R,t) = К. 

4. Verify Reynold's transport theorem for the expanding sphere V: 


ЕНТ (ИЕ 
and 
(Rt) = [Rt 


5. _ Verify Reynold’s theorem for a unit cube with edges parallel to the axes, sliding 
in the x direction at constant velocity and with p(R,t) = xy. 
6. Prove Euler’s expansion formula: i 


A pom te fervat aroi [rr 


Relate this to exercise 12, section 3.4. 

7. Use the continuity equation in section 3.4 together with Reynold's theorem to prcve 
that the mass of a specific portion of a moving fluid remains constant during the 
flow. 


Generalized Orthogonal Coordinates 


5.1 Cylindrical and Spherical Coordinates 


Recall (section 2.5) that many two-dimensional problems can be expressed 
more conveniently in polar coordinates than in cartesian coordinates. This is 
the case, for instance, if some type of circular symmetry is present. Analogous 
situations arise in three dimensions, of course, and therefore one is led to con- 
struct generalizations of the polar coordinate system. The two generalizations 
that have proved most useful are cylindrical coordinates and spherical co- 
ordinates. In this section we shall study how the various vector relationships 
are expressed in these systems. 

Cylindrical coordinates are the most direct generalization of polar co- 
ordinates. To see this, we observe first that the cartesian system can be de- 
scribed in the following manner: the third coordinate, z, gives the (signed) 
height of the point above the xy plane; and the first two coordinates, x and y, 
are the two-dimensional cartesian coordinates of the projection of the point 
on that plane. 

For the cylindrical coordinate system, the third coordinate, z, is again the 
height above the xy plane, but the first two coordinates are the polar coor- 
dinates p and б of the projection of the point on that plane (see fig. 5.1). Notice 
that p in cylindrical coordinates plays the role of r in polar coordinates; the 
reason for the change in terminology will be seen later. However, be aware 


that there is no standard terminology among authors for these coordinate sys- 
tems! 
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Figure 5.1 


The equations relating cartesian and polar coordinates are as follows: 


х= рсоѕб  p-—(x-Ty)n 


y = рѕіп 0 0 = sin! =з оов aS 


22 zz (5.1) 


The extra equation for 0 serves to remind us that we use the value 0 appro- 
priate to the quadrant of (x, y), not necessarily the principal value.* 

The angle 6 in cylindrical coordinates is not defined on the z axis, when 
p = 0, but otherwise the equations of (5.1) specify a one-to-one correspon- 
dence between the two systems. 

The nomenclature "cylindrical" comes from the fact that the surfaces 
р = constant are cylinders. The surfaces 0 = constant are “half-planes” ex- 
tending out from the z axis and, of course, z — constant defines a family of 
horizontal planes. Normals to these surfaces are given by grad p, grad 6, and 
grad z, respectively. From figure 5.2, we can see that grad p points away from 
the z axis, grad 0 points counterclockwise in the horizontal plane, and grad z 
points upward. In the order grad p, grad 0, and grad z, these vectors form а 
right-handed orthogonal system. 

Any two surfaces p = constant and 0 = constant intersect in a vertical 
line, which is a curve along which only z varies. It is called a coordinate curve 
for z. Coordinate curves for p are horizontal rays extending from the z axis. 
Coordinate curves for 0 are horizontal circles. Notice that grad z, grad p, and 
grad 0 are everywhere tangent to their respective coordinate curves. 


*See footnote on p. 98. 
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0 — constant 


2 = constant 


р = constant 


Figure 5.2 


These features make it convenient to introduce unit vectors in the direc- 
tions of grad z, grad p, and grad 0. Accordingly, we define 


= ogndz 
© [grad z| 
_ grad р 
|grad p| 


ы grad 0 
is |grad 6| (5.2) 


Readers should convince themselves that e; is the same as k, and e; and e, are 
the three-dimensional analogs of u, and uy in section 2.4. In fact, recalling 
that [grad f| = df/ds when s measures distance in the direction of grad f, 
one can simplify these equations. Along the coordinate curves of z, ds 
= |dz|. Hence, |grad z| = dz/dz = 1. Along the coordinate curves of p, 
ds = |dp|. Hence also, |grad p| = 40/40. = 1. Along coordinate curves of 8, 
however, ds = p|d6|. Therefore, |grad 0| = d0/p 40 = 1/p. This results in 


e 


е, 


е. = grad z 
e, = grad р 
e, = p grad 0 (5.3) 
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Figure 5.3 


The reader should observe that the position vector of a point can be ex- 
pressed in cylindrical coordinates as 
R = xi + yj + zk = pe, + ze. (5.4) 


To compute are length in cylindrical coordinates, observe that in figure 
5.3 the displacement dR can be expressed as the sum of three orthogonal dis- 
placements: 


dR =e, dp + ер 0 + е. dz (5.5) 
Hence the element of arc length in cylindrical coordinates is given by 
ds = |dR| = (dp? + p? 46? + dz?)'/2 (5.6) 


Example 5.1 Find the arc length along the helix 
x = sint y = cost zt 


for 0 = t = 4т. 
Solution Transforming to cylindrical coordinates, we find 


p=1 рычит = 
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Hence 
87607 
- | atasa 


From figure 5.3 it is easy to see that the element of volume in cylindrical 
coordinates is given by 


dV = dp p dð dz = p dp dô dz (5.7) 


Example 5.2 Find the volume integral of the function f(x,y,z) = x? + y? over the, 
volume contained between two cylinders, p = 1 and p = 2, for 0 < z < 2. 


Solution 


\ Печ f fonaa- @en(2 E о = |57 


Now consider a scalar field f expressed in cylindrical coordinates, 
f = flo, 8, z). To express grad fin these coordinates, we observe that since e,, 
€s and e. are mutually orthogonal unit vectors, Vf = (e, : Vf)e, + (e,: 7/)е, 
+ (e. : Vf)e.. Each of these coefficients gives the rate of change of / with 
respect to distance, df/ds, іп the corresponding directión. Applying the expres- 
sion (5.6) for ds, we find 


fos a 
өд constant др 


v vy 


we Z| ole 
eM HE p 90 
i 


«лл, д2 


д5 
Therefore the expression for grad f in cylindrical coordinates is 


yf Irc rf 
df = е +——e+ 2 
pon p 00° дг 


д 
ip e (5.8) 
Example 5.3 Compute grad f in cylindrical coordinates if f is given in cartesian co- 
ordinates by f(x, yz) = z/(x? + у2). 


Solution We first express f in cylindrical coordinates and then appl 5.8). We 
have f(p,8,z) = f{x(0,8,z), y(p,0,z), 2(p,0,z)) = z/p?. Hence iile 


2z 1 
grad f = -2% + EL 
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The expressions for the divergence and curl of a vector field can be derived 
by heuristic reasoning with infinitesimals (as in sections 3.4 and 3.5), but one 
must be extra careful when the coordinate system is not cartesian. 

Let us compute div F as flux per unit volume out of the box in figure 5.4. 
We start with the vector field F given in cylindrical coordinates: 


Е = F,(o9,z)e, + Fo(0,9,z)e, + Е.(р,0,2)е: (5.9) 


The flux of F out of face I equals the outward-normal component of F times 
the surface area (— F,)(p 26 dz). A similar expression holds for face IV, but 
with a different value of p. Hence the contribution from faces I and IV will 
be given, in the limit, by 


АФ) ао ав dz (5.10) 
р 


(F,p db dz) — (F,p dà dzy = —= 


Notice that we regard the dimensions 20 and dz as the same for faces I and 


IV, so they are constants in eq. (5.10). 
The flux out of face II is (—F;) dp dz and, combining this with face V, 


we obtain a contribution 
дЕ, 
(Е, dp dz)y — (Fy dp dz)u = 90% dp dz (5.11) 
The flux out of faces ITI and VI contributes 
OF, 
(Е.р 48 dp)vy — (F:p 40 dp)m = Taq p dô dp (5.12) 


The reader may feel a little queasy about this last expression since in figure 
5.4 face III is not a genuine rectangle, having side /i of length p d0 and the 
opposite side kj of length (p + dp) dé. To play it safe, we may replace p in 
eq. (5.12) by p, some intermediate value between p and p + dp. Adding all 
the contributions to the flux, we obtain 


д(рЕ,) 
др 
Next we divide by the volume element eq. (5.7) and, noticing that in the limit 
p approaches p (so our precaution was unnecessary), we find that the diver- 
gence of a vector field is given in cylindrical coordinates by 
1 AGE) | DF, ЭЕ, 
p op p 00 д2 


dp 404: + дЕ, ag dp dz + OF съ d dp 
06 д2 


div F = (5.13) 


Example 5.4 Compute the divergence of 


F(p,0,z) = pe, + 2 sin бе, + pze: (5.14) 


bs Inbid 
Ча 
ЖЕЕ: 
др 
D 
1 
== op d—- 
И 2224 
T ае 
ә q D t 
zp 
э Py | 
ә 
pey 


Ve 


OM 


|. 
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Solution Applying eq. (5.13), 


1 ó(p?) 1 д(2 ѕіп 0) Apz) z cos 0 
ышт дв NE 30 жит ie у LE +p 

We compute curl F by employing the physical characterization of curl as 
“swirl” per unit area; see exercise 5, section 4.16. To compute the e, compo- 
nent, consider the line integral of F around the edge of face I : figure 5.4. 
The edge must be oriented in the order abcda since e, points toward the reader. 

The contribution to the line integral along ab is Рур d0; along cd it is 
(— Fy)p dô, but with a larger value of z. Since p and dô are the same along 
these edges, we obtain a net contribution of 


дЕ, 
(Еър d0)as — (Fop 4буш = pim dz p dé 
Similarly, edges bc and da contribute 
OF. 
(Е. dz) — (Е: dz)aa = 2E: g de 


Hence the e, component of curl F is the sum of these divided by the area 
p 40 dz, or 


TU д> (5.15) 


To find the e, component, we integrate around the edge efghe of face II (be- 
cause e, points into the page). The line integral is 
(Е. dz) — (Е. dz)ęn + (Е, dp) — (Е, a0) he 
à 


дЕ, F, 
= —— 
Эр dp dz + t dz dp 


and, dividing by the area dp dz, we find the e, component to be 


OF, дЕ, 
=з ш .16 
д2 др ле) 


The e. component is obtained by integrating around the edge ijkli of face Ш: 


(F, ар); — (F, йр)м + (Fop 0) — (Fop 48)ii 


(pF) 


ôF, 
= —f nd LT P 0 
40 др + др dp d 
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(keeping in mind that p on edge /i is different from p on edge jk). Dividing 
by the area p 4@ dp, with p between p and p + dp as before, and then taking 
the limit, we find the e, component of curl F to be 
4) -% + D 
pL 06 др 
Combining these components, we see that the curl of a vector field is given 
in cylindrical coordinates by 


curl F — (2% = Ee + (8 = Fe, 


(5.17) 


p 90 92 д2 др 
1 [д(рЕ,) P 
T— —— — — Ie. ; 
H ге z /* (5.18) 
or, equivalently (exercise 3), 
e, pe, z 
Wh, ау 0 уд 
curl F = ap P az (5.19) 
F,! pF) WF 


Example 5.5 Compute the curl of F given in eq. (5.14). 


Solution Applying eq. (5.19), we find 


e, рев е. 


p рт$їп@ pz 


(0 — p sin ot + (0 — z)e, + (z sin ð — 0)& 
р 


zsin 6 
тле. 


= —sin бе, — ze, + 


Spherical coordinates are also generalizations of polar coordinates in the 
plane. The first coordinate, r, is the distance of the point from the origin; hence 
it is a three-dimensional generalization of the two-dimensional r. The second 
coordinate, ф, is the angle between the positive z axis and the position vector 


R (see fig. 5.5). The third coordinate, 6, is the same angle as in the cylindrical 
coordinate system. 
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(r cos 0, r sin 0,0) 


Figure 5.5 


Surfaces of constant are, of course, spheres centered at the origin. Sur- 
faces of constant ф are cones—right circular cones, in fact (see fig. 5.6). Sur- 
faces of constant 6 are half-planes, as in the case of cylindrical coordinates. 

Readers should be sure they understand why the angle ф is restricted, by 
definition, to lie between 0 and т radians. 

The equations of transformation between spherical and cartesian coor- 
dinates are easy to see once we recognize that the cylindrical coordinate р 
equals r sin ф, and z equals r cos ф. Then with the help of eqs. (5.1), we find 


x = r sin ф cos 0 r= (х? + y? + z?)"? 
2 


cos"! GIG Aya (principal value) 
[] 


y = rsin ó sin 6 ф= 


ч 
і 


Mode co ag en НЕС RE 1 
r cos ф 0 — sin IT cos Very (5.20) 

The coordinate curves (curves where one coordinate varies and the other 
two are constant) are rays emanating from the origin (for r), vertical semi- 
circles (for ф), and horizontal circles (for 0). If we consider the surface of the 
earth as a sphere, r = constant, the coordinate curves for ¢ are semicircles of 
constant longitude, and those for @ are circles of constant latitude: ф = 1/2 
defines the equator (see fig. 5.7). 

Staying with this earth analogy for a moment, we can see from the con- 
stant surfaces in figure 5.6 that grad r points along the /ocal vertical, grad ф 
points due south, and grad 0 points due east. These vectors are also tangent 


9'S enBI4 


30815002 = g 


« 


10815002 = 4 


1025002 = ф 
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coordinate curves 
for ф 


coordinate curves 
for 0 


Figure 5.7 


to their respective coordinate curves, and they are mutually orthogonal. Hence 
we define a set of unit vectors 
z grad r 
[grad 7| 
_ grad ó 
e = 
|grad 4| 
e grad 0 
° [етай 6| 
and observe that in the order e,, e, and e, they form a right-handed system. 
Again recalling that |grad f| = df/ds, we can be more specific in the eqs. 
(5.21). Along coordinate. curves of r, ds = |ar|. The coordinate curves of ф 
are semicircles of radius r, so ds — |r de]. The coordinate curves of 0 are 
circles of radius (be careful!) r sin $, so ds = |r sin ф 40| (see fig. 5.8). There- 
fore 


r 


(5.21) 


e, = grad r 
e, = r grad ó 
e, = r sin ф grad 0 (5.22) 
The position vector in spherical coordinates is simply 
R'—"re, 


Now we can model the computations, made previously for cylindrical co- 
ordinates, to obtain the analogous expressions in spherical coordinates. From 
figure 5.8 we see that the displacement dR can be expressed 


dR = e, dr + e,r dọ + er sin ф 40 (5.23) 
Thus the element of arc length in spherical coordinates is 
ds = |dR| = (dr? + r? dd? + r^ sin? ф d0?)' (5.24) 
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Figure 5.8 


From figure 5.8 we see that the volume element in spherical coordinates 
is given by 
dV = (dr)(r dó)(r sin ф 48) = r? sin ф dr аф d6 (5.25) 


The component of the gradient of f(7,$,0) in the direction e, is the rate of 
change of f with respect to distance along the r-coordinate curve; and similarly 
for the e; and e, components. Using eq. (5.24) for distances, we find, analogous 
to eq. (5.8), that the expression for the gradient in spherical coordinates is 


grad /(.ó,) = Ye, + эе, +; = Е 2 ^ (5.26) 
If F is a vector field given in spherical coordinates by 
Е(/,ф,8) = Fe, + F,e, + Foe 
we can compute its divergence as before by reasoning on the infinitesimal par- 
allelepiped in figure 5.9. The total flux out of all the faces can be expressed 
(F,r sin ф 40 r dó)w — (F,r sin ф dô r db), + (For do ағ) — (For do dr)u 
+ (Fer sin ф 40 ағ) уі — (Fr sin ó 40 dr) 
. ^F, O(F, sin ф) 
дф 


аф r dé dr 


: 9F, 
E dr sin à d dọ + g 097 40 dr + 
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Face III 


r sin "PM 


Figure 5.9 
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(keeping careful track of which variable changes from face to face). Dividing 
by the volume element eq. (5.25), we find that the expression for the diver- 
gence of a vector field in spherical coordinates is given by 
S 1 д(/?Е,) 1 OF, 1 O(F,sin ф) 
d -——— + —— — + ee IMO 5.27 
NE m дг rsin ф 90 rsinó дф ( ) 
Analogous reasoning on figure 5.9 yields the expression for the curl. The 
line integral around the properly oriented edge of face I is 


(For аф)аь — (Fer d$). + (For sin ф 40) — (Fer sin ф 40) а. 


дЕ, O(F, sin ф) 
== шыў 4 0 aad РА 
29 197 do + Эф d$ ғ dé 
and dividing by the area r? sin ф dð dø, we obtain the e, component of curl Е: 
1 [aF sing) _ are] 
r sin ó [ дф д8 (225) 


The line integral around face II produces 
(Р, ағ) у — (Е, dr) gp + (For аф), — (Fr dó)se 


9F, O(rF,) 
a ed. Qe 
m d$ dr + dr аф 


and dividing by the area r dó dr, we obtain the e, component: 


The line integral around face III produces 
(For sin ф 40), — (For sin ф 0); + (F, dr), — (F, dr) ij 
= -A0 y sin à dð + E dp dr 
and dividing by the area r sin ф 48 dr yields the €, component: 
1 |Р, O(rR). 
By E = “ә, sm J (5.30) 


The reader should verify that the results of eqs. (5.28) through (5.30) can be 


summarized thus: the expression for the curl of a vector field in spherical 
coordinates is given by 


€: re, rsinóe, 
1 91202509 д 
rsné|ór дф E (5.31) 
F, rF, rsing Еу 


curl F = 
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For reference purposes the formulas derived in this section will be listed, 


together with their generalizations, at the end of the next section. 


1 


10. 


Exercises 


. Derive the equations of transformation between cylindrical and spherical coor- 


dinates. 


. Use eqs. (5.1) and (5.2) to derive 


е. = К 
КР yj 
= сауут 
en p аА 
e, шыга (5.32) 


S m T PE 


. Verify eq. (5.19). 
. Use eqs. (5.20) and (5.21) to derive 


gues xi + yj + zk 
(x2 + y? + :2)!? 
z(xi + yj) — GP + yk 


-— —————— 

е, (x? + yx? + y: + zy 
= + xj 

е, У xj 


"Gry 


. Verify eq. (5.31). 
. Compute the laplacian V?f in cylindrical and spherical coordinates. (Hint: Use 


V? = div grad.) 
Show that if fis a function of r only, then 


v = 110 r0 


. Change to cylindrical coordinates and find the divergence and curl of 


2x» 

(a) F ла 
—yi + xj 
b = — 
O age por 


[Hint; Observe eq. (5.32).] 
What is the arc length of the curve r = sin ф, 6= 7/2, for0 = ф = т? 


Compute the surface area of the spiral ramp p = u, 0 = т/2 — V z= for 
0<и < 1,0 < у < 2. [Hint: Use eas. (4.25) and (5.5).] 


п. 
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With В = xi + yj + zk and F = R X К, compute the flux of F through the 
surface of the cylinder p = 1, 0 = 2 = 1. Check the divergence theorem in this 


` case. 


12. 


13. 
14. 


15. 


16. 
17 


18. 


20. 
21 
22. 


5.2 


Оиг 


Compute the area of the cone ф = constant = 7/6, 0 = r = 2. [Нїт: Use eqs. 

(4.25) and (5.23).] 

Evaluate V(r"). 

Evaluate fff (x? + y? + 2?)™? dx dy dz, integrated over the intersection of the 

sphere of radius 2 centered at the origin, and the first octant (x > 0, y > 0, 

z » 0). 

Letting R = xi + yj + zk, and R = |R|, write the vector field F = К/А! in 

terms of R and e,. 

(a) Show that div F is identically zero throughout the domain of definition of F. 

(b) Show that the surface integral of the normal component of F over the surface 
of the unit sphere r = 1 is 4. 

(c) Explain why parts (a) and (b) do not contradict the divergence theorem. 

(d) What is the surface integral of the normal component of F over the surface 
of a unit sphere with center 4 units away from the origin? 

Compute the gradient, in spherical coordinates, of /(,ф,0) = cos $/7?. 

Compute the divergence and curl, in spherical coordinates, of F(r,¢,0) = e, + re, 

+ rcos 0 e,. 

Compute the flux of F = re, through the surface bounded by the unit upper 

hemisphere r = 1,0 < ф < 7/2, and the equatorial plane. Check the divergence 

theorem in this case. 

Verify Stokes' theorem for F — xj and the hemispherical surface S: r — 1, 

0=ф = 7/2, 0 < 0 < 2r. Use spherical coordinates. 

For what value(s) of n does V > (r"e,) = 0? 

For what value(s) of n does V X (r"e,) = 0? 

(a) Find a vector field F = F,(r)e, satisfying Y F = r", m > 0. 

(b) Use the divergence theorem to prove 


Hebe 


(c) Interpret part (b) if m — 0. (Hint: The volume of a pyramid equals one third 
the volume of the parallelepiped having the same base and height.) 


Orthogonal Curvilinear Coordinates 


experience with the cylindrical and spherical coordinate systems places 


us in a good position to analyze general coordinate Systems, or curvilinear 
coordinates. 


The general situation is this: each point in a certain region of space is 
specified by three numbers (1;,u2,u3), called the curvilinear coordinates of the 
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point. Possibly the numbers can be interpreted as lengths or angles, but no 
such geometric visualization is required. AII that is needed are the transfor- 
mation equations between the curvilinear coordinates and cartesian coordi- 


nates, which we represent by 
x = x(uyus us) 
y = y(uyus us) 
2(из,иъ,из) 


2 


uy = wx yz) 
из = из(х,у,2) 
из = из(х,у,2) (5.33) 


Equations (5.33) include eqs. (5.1) and (5.20) as special instances. 
Observe that it is not feasible to choose the functions из, из, and и; ar- 
bitrarily. For example, the system ш = xiu-y-zus-—2y-—22 


is unsatisfactory because one cannot inv 
(x,y,z) = (1,2,3) and (x,y,z) = (1,3,4) 


ert the equations; in fact, the points 
would have identical curvilinear co- 


ordinates (1, — 1, —2). Therefore, we stipulate that the functions defining t, 
из, and из assign different ordered triples to different points in the region of 
interest. We also assume that they possess continuous partial derivatives of all 
orders and that at every point P the gradients of these functions are nonzero. 

(Sometimes we do not require that the coordinates satisfy these require- 
ments at every point in space. For example, if we pass through the z axis along 


a line parallel to the x axis, the spherica 


1 coordinate 6 undergoes a discontin- 


uous jump from 0 to т. We shall generally ignore this difficulty and work only 
in a domain where the conditions are satisfied.) 

These conditions ensure that through any point P in the domain, having 
curvilinear coordinates equal to (c1,¢2,¢3), will pass three isotimic surfaces * 
uy(x, pz) = с, uz) = e» из(х,у,2) = сз. As illustrated in figure 5.10, 
these surfaces intersect in pairs to give three curves passing through P, along 
each of which only one coordinate varies; these are the coordinate curves. The 
normal to the surface u; — c; is the gradient 


Oui. ди; 


уйме =i + 


T дш (5.34) 


дх ду j д2 


Figure 


5.10 
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and the tangent to the coordinate curve for w; is the vector 
à 
OR _ дх + ду, "E 


Qu; àv; ди; ди; 

Recall that in the cases of cylindrical and spherical coordinates, the three 
normals to the isotimic surfaces were mutually perpendicular. In general, 
whenever the vectors Уи, Vu», and Vus are mutually orthogonal at every point, 
we say that (uy,u,uy) comprise orthogonal curvilinear coordinates. In this 
section we shall restrict our analysis to such systems. Moreover, we assume 
that the u;'s are numbered so that Vu, Vu2, and Vus (in that order) form a 
right-handed system. 

Another feature of the special coordinate systems we studied in the last 
section is that each gradient vector Vu; was seen to be parallel to the tangent 
vector OR/du; for the corresponding coordinate curve. This is always true for 
orthogonal curvilinear coordinates: any coordinate curve for u; intersects the 
isotimic surface u; = c, at right angles when (u4,U2,U3) form orthogonal cur- 
vilinear coordinates. Tc see this, consider, say, a coordinate curve for u. 


k (5.35) 


(i) This curve is the intersection of two surfaces u; = c; and us = су. Hence 
its tangent OR/du, is perpendicular to both surface normals Vu; and Vus. 
(ii) The vector Vu, is also perpendicular to Vu; and Vus, by definition of or- 
thogonal curvilinear coordinates. 
(iii) This implies that OR/du, is parallel or, perhaps, antiparallel to Vu. 


Since both point in the direction of increasing wi, they are parallel. 

It follows, of course, that the vectors OR/du,, 9R/8u», and dR/du; also 
form a right-handed system of mutually orthogonal vectors. In fact, by the 
chain rule 


oR ди; Ox , Ou; dy ди; dz 
Уи; (à =e} ee Е M — 
(v) ди, Ox ди; ду дш. Az ди; 
ша 
ди) fo ifi + j (936) 


Thus it is natural to define the right-handed system of mutually orthogonal 
unit vectors (ел,ез,ез) by 
$e ML CERO ere 2.3 537 
; |Vuil |98 /9и.| : d ) ( E ) 
The vectors (e,,e;e.) and (e,,e,,¢) are special instances of eq. (5.37). 
; To éxpress the vector operations in general orthogonal curvilinear coor- 
dinates, we need to evaluate three functions h; known as the scale factors. The 
scale factor h; is defined to be the rate at which arc length increases on the 
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ith coordinate curve, with respect to u;, 1n other words, if s; denotes arc length 
on the ith coordinate curve, measured in the direction of increasing u;, then 


dsi ds dsa 
=з = с 38 
dui h du du 4 G28) 


Since arc length in general can be expressed 


OR OR oR 
б, | du, аир + — 5. 
ds |dR| Әй dui bad aac ( 39) 
we see that 
i, = | SEY "th 72:3) (5.40) 
ди; 


Combining the last two equations shows that the displacement vector can be 
expressed in terms of the scale factors by 
dR = hi dui е + hy аи; е; GE hy du; ei (5.41) 
We can get another formula for the scale factor hi by the following ob- 
servations: 
(i) |Vu;| is the rate of change of u; with respect to distance in the direction 


of Vui. 
(ii) The direction of Vu; is the direction of the coordinate curve for u;. 


(iii) s; measures distance along the coordinate curve for u;. 


It follows that 


du; J^ 1 
\Vu;| = ds i 
Therefore 
1 1 1 
hi = h == h= 5.42 
"we Pel [йы] a 


Example 5.6 Consider the curvilinear coordinate system defined for z = 0 by 


x= up и) 
у= u + h 
2 = и (5.43) 


Verify that the system is orthogonal and right-handed, and compute the unit vectors 
e, and the scale factors А;. 
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Solution We do not need the inverse equations for this example, but they are easy to 
derive: 


y 


uy = zu? (Take the positive square root for definiteness.) 


We use the right-hand expression in eq. (5.37) to compute the e;: 


2u 
е = иј =k (5.44) 


Clearly this set is right-handed and orthogonal, so eqs. (5.43) do, in fact, define or- 
thogonal curvilinear coordinates. The A; have already been computed in the denomi- 
nators of eqs. (5.44): 


h=V? = у h= (5.45) 
Example 5.7 Compute the scale factors for cylindrical and spherical coordinates. 


Solution Comparing eqs. (5.41), (5.5), and (5.23), respectively, we have 


hm he =p hz = 1 (5.46) 
h, = | =" hg = rsinó (5.47) 


Recall that these were obtained simply by examining the diagrams; the computations 


in eq. (5.40) for the h; are often unnecessary when the curvilinear coordinates can be 
visualized. 


The scale factors will allow us to write general formulas for arc length, 
volume, gradient, divergence, and curl in terms of curvilinear coordinates. We 
will present heuristic derivations for these expressions. 

From the discussion above, we can say that ds; is the arc length along the 
ith coordinate curve, corresponding to a change in the ith coordinate from u; 
tou; + ди. Since an arbitrary displacement d R is generated by changes du;, 
йиз, and dus, each in mutually perpendicular directions, we can express the 
element of arc length |d В| by the pythagorean theorem as 


ld RI? = ds} + ds? + ds} 
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Using the scale factors from eq. (5.39), we find that the arc length along a 
curve C is given by the line integral 


|, |dR| = E = f (hy dui)? + (hz dui? + (h3 dui) (5.48) 


generalizing the formula in section 2.2. 

We can immediately generalize the discussion above to conclude that the 
line integral of a continuous vector field F, expressed in general coordinates 
by F = Ее + Без + F363, along a curve C, is obtained by 


I. F 2 dR T y (Fihi du, T Еһ duz Hs Fyhy диз) (5.49) 


where, in practice, one usually has и, из, and из given in terms of some pa- 
rameter t; eq. (5.49) then ultimately becomes an integral involving t and dt. 

From figure 5.11, we observe that the solid generated by displacements 
dui, dus, and йиз is approximately a rectangular parallelepiped with edges 
hy dus, ha dus, and hs dus. Its volume is therefore 


ау = hihaha du; dua dus (5.50) 


Hence the volume integral of a function f(uy,uy,us) is given by 


J [ ОУ di f f J prudish du, du du, (5.51) 


Again, we can integrate eq. (5.51) iteratively once the limits are specified. 
In spherical coordinates, dV = r? sin ф dr 40 4%; in cylindrical coordinates, 
dV = p dp dé dz. 

In section 3.1 it was shown that the component of grad f in the e; direction 
is given by df/dsy, the rate of change of f with respect to distance in the ei 


Figure 5.11 
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direction. Since ej, ез, and ey are mutually orthogonal unit vectors, we can 
immediately express grad fin terms of these: 
df df df 


= — T ind 
nU usd us 


or, introducing the scale factors, 


Bin эй ds fos vb af 
SA e p. ш: 5.52 
һ\ ou hy Buy hy aus” Сай 


Example 5.8 Compute grad f in the coordinate system in ед. (5.43), for (ui, uzu) 
= шш; + иі. 


Solution From eqs. (5.52) and (5.45), 
Ré bin rates din Qué 
Và 20) V2 162 бу a 
= (ui + ue) +e, (5.53) 


The expression for divergence is more complicated. Let 
F = Fie, + Fre, + Fre, 


be the vector field, given in terms of the unit vectors е, ej, and ез. We will 
calculate div F as the flux of F out of the sides of the box in figure 5.11, divided 
by the volume of the box, in accordance with the interpretation of divergence 
given in sections 3.4 and 4.11. 

The flux density normal to the face abcd is F - е = Fj, and the area of 
this face is /›у du dus. Therefore the flux outward is Fihzhy du; dus. The 
unit outward normal to face efgh is —ei, so that the flux outward from that 
face is — РуЛ›з dus dus. Since Fy, hz, and hy are functions of u, as we move 
along the uy-coordinate curve, the sum of these two is approximately 


д 
КУ du | du, duz 


From this and similar expressions for the other two pairs of faces, we see that 
the net flux outward from the parallelepiped is approximately 


д д д 
[e йз) + 5p Ezhiha) + эк (Fsh) | du, du; dus 
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and so the flux output per unit volume is this expression divided by the volume 
hyhzhy duy duy dus; Hence 
div F ! [iras s tru + уб] (5.54) 
ivF = тэу т т : 
hyhoha дш 1/2713 диз Пу, диз мп 
Combining eqs. (5.52) and (5.54), we have the expression for the laplacian: 


V?f = div grad f 


- 1 [2 (Bh E) , 8 (uo 2r) 2 (ish af) 
hyhzhy ди} hy дщ диз hı диз диз hy диз 
(5.55) 


Now let us find the expression for eurl F. We shall use the "swirl" char- 
acterization described in exercise 5, section 4.16. The component of curl F in 
the direction e, will be the line integral of the tangential component of F around 
the curve efghe in figure 5.11, divided by the area enclosed by this curve. [Recall 
that, by Stokes’ theorem, [е F · dR equals ff (curl F) n dS, which is 
approximately (curl F) ` ei times the area.] The integral along the edge ef is 


approximately 
F(uy,u2,us)h2(ur,u2u3) dur 


Along gh we are proceeding in the opposite direction; furthermore, the third 
coordinate is now из + dus, so the line integral is 


Еи, U2, иу + диз) (и, us, из + du3) dui 


Thus the net contribution from ef and gh is given by 
д 

—-——(Е›һ›) dus du; 

диз 
. Similarly, the contribution from fg and he is 

д 

—(Fah3) du; dus 

диз 


Dividing by the area Л; du; Ёз dus, we have 
ye 


(curl F) е = (5. 


Reasoning similarly for the other components, we find that the curl is given 
by - 


(Esha). = E Em) 


1/29 | д 
m a 22 (р) Z (Fah) je 


306 CHAPTER FIVE: GENERALIZED ORTHOGONAL COORDINATES 


I д д ) 
rss (mets = —(Fyh 
+ sin Эш“ M з) ez 


Lð РИ ) 
* (2 (Fihi) au ЧЫ, es 


hui h һу 
1 д д д 
4 ААР ди! диз ди› c 
Fh Fyh, Fh 


Example 5.9 Compute the divergence and curl of the vector field 


Е(ии„и) = изе, + изизез + Uila 


in the coordinate system of eq. (5.43). 


Solution From eqs. (5.54) and (5.45), 


119 ð ð 
A 8 e А-5 206 
| Е scena v2) Эш, (2 Vu) oun) 
е, 


From eq. (5.56), 


у?е үе 2uses 
Е д 
4и, ди диз диз 

МЗизи\ v2usus 2и\и›иу 


_ Оши — V2u2) V2 + (Уш — 2uu) V2 
4u, $ 4 2 


их 


For referenc* purposes we list the various vector operations in general 
orthogonal curvilinear coordinates, cylindrical coordinates, and spherical co- 
ordinates together here. The reader is advised to attach a third, and final, 


permanent bookmark to this page. 
General Orthogonal Curvilinear Coordinates 


Scale factors: 


һ=| |- i 
MU II LE, 
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Displacement vector: 
dR = hy аше + hı duz ез + hy dus es 
Arc length: 
= (hi du? + № duż + № аи)? 
Volume element: 
dV = hıhıhz duy dui dus 


Gradient: 
gis As 1 of of 
Vf- res + 
Ка ГА ди d hy диз " E ou ^ 
Divergence: 
vV: F= : | (Fyhzh3) + 2 (Ful) + Z Ehh | 
hyhzh3Ld Жн ncs ra SN. a 
Curl: 
hie hie hye3 
ep aes c Oy oH 
hiıhıh3 | Ou, ди, диз 
Fyhy Fjih Fh; 
Laplacian: 


1 [9[hh; of à [ hyhy of a [hih Of 
vi FE (Bh ahs 2) 3 2 (he 2) 2 (ue 2) 
75 һһ›йз| диү\ hy дщ диз\ hj диз ЖОЛ, һу диз 


Cylindrical Coordinates 


Displacement vector: 
dR = dpe, + p dô e, + dz e 
Arc length: 
ds = (dp? + p? d? + dz?) ? 
Volume element: 
dV = p dp dô dz 
Gradient: 


41%, a 


gf = 
/ ap” p д0 a” 


* 
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Divergence: 
gepa аР) ү L аР, 4 HF. 
p др p 90 д2 
Curl: 
e, pe e 
рее иа 
VS Fi is | pilar “Gr 
Pa PF Aa 
Laplacian: 
1 ô 2 athe Ber 
у= р) +i = += 
vis p A др р2 902 dz? 


Spherical Coordinates 


Displacement vector: 

ак = dre, + rdo e, + rsin ф dô е, 
Arc length: 

ds = (dr! + r? аф? + т? sin? ф d02)2 
Volume element: 


dV =’ sin ф dr do 48 


Gradient: 
of 1 of Heng: 
Vf = Ze, + 
f or r a t 7 sin 600” 

Divergence: 

1 à liz dro 1 

vV: F =- (rF) +—— — i 65 

r ar” ) rsing mu UR гіп ф 90 

Curl: 


e re, (rsin ф)ев 


1 ӨСҮҮГӨ д 

x F = ——|/- — а 

xus rsn$|ór дф. 00 
F, rF, (rsin $)F; 
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Laplacian: 


19 2 INC | à 3) ау 
PNIS piana C овы ae ton] =] + ——— 
ve o ar) "Feud BAN a5) | sin? ф OF 


Exercises 


. Verify that the formulas for the vector operations in cylindrical and spherical co- 


ordinates, as computed in section 5.1, are instances of the general formulas derived 
in this section when the scale factors eqs. (5.46) and (5.47) are inserted. 


. Verify eq. (5.53) by expressing f in cartesian coordinates, applying V, and trans- 


forming. 


. Explain why curvilinear coordinates defined by functions of the form 


uy = ulz) из = uix) us = ual y) 


are automatically orthogonal. What other combinations have this property? How 
about the following? 


иу = ш(р) и = ux) из = ua(z) 


. What is the element of volume relative to the coordinate system и, = е", и; = y, 


ua = 2? 


. Compute Vg if g = и} + u} +u} in the coordinate system in eq. (5.43). 
„ Let uy =x t+ уи, = x — y,and uy = 22. 


(a) Is this an orthogonal coordinate system? 

(b) Solve for x, y, and z in terms of uy, из, and из. 

(c) Find.ds? and hence determine Ay, hz, and h; for this coordinate system. 
(d) What is the laplacian relative to this coordinate system? 

(e) Let f(uy,u2,u3) = uy + uz + 2uy. Find grad f. 

Let. wy х ty, = x — 2y, and из = 22, 

(a) Solve for x, y, and z in terms of u, u;, and из. 

(b) Attempt to determine the scale factors Ay, hz, and ha. 

(c) What is “wrong”? 


. Consider the transformation 


co eti 
хи 165 
у = 2uiu 


2= иу 


(a). Show that (иу, из, из) form right-handed orthogonal curvilinear coordinates. 
(b) Compute the scale factors. 

(c) Express V2g(uy, из, из). 

(d) | Find the divergence and curl of the vector field Е = изе, + uie + ures. 
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9. 


10. 


11 


° 


12. 


14. 
15. 


5.3 
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Consider the transformation 
х = иу 
у = ехр(из) cos ш 
z = ехр(из) sin ш 


(a) Show that (ил, из, из) constitute orthogonal curvilinear coordinates. 

(b) Compute the scale factors. 

(c) Find Vigifg = u? + u} uj. 

(d) Find the divergence and curl of the vector field F — —e"e, + изел. 

In cartesian coordinates, dV = dx dy dz. Beginning with eq. (5.20), differentiate 

to form dx, dy, and dz in terms of dr, dọ, and dô, and then multiply to obtain 

dx dy dz. 

(a) Does this give dV in spherical coordinates? 

(b) Explain this phenomenon. 

Consider the coordinate system ш = у, и; = x, us = 2. The scale factors are all 

equal to unity, so that eq. (5.56) takes an especially simple form. 

(а) Let F = —use; + use. Show that eq. (5.56) gives curl F = 2e. 

(b) Obviously e, = j, e; = i, and e; = k, so that F = yi — xj and, by part (a), 
curl F — 2k. But direct calculation of curl F in cartesian coordinates shows 
that curl F — —2k, not 2k. What is "wrong"? 

Suppose that и, v, w are orthogonal curvilinear coordinates for which ds? = 

у? du? + и? dv? + dw. 

(a) Calculate the divergence of u, where u is the unit vector tangent to a u curve. 

(b) Determine the laplacian of the function f — uvw. 


. Parabolic cylindrical coordinates (u,v,z) are defined by x = ig — y), y = uv, 


2 = т, where —oo < u < œ, v > 0, —oo < 2 < oo. To make use of the formulas 
in section 5.2, it is necessary to know the scale factors Au, h,, and h.. Determine 
these scale factors. 

What is the element of volume in parabolic cylindrical coordinates? 

(a) Write div A in parabolic cylindrical coordinates. 

(b) Write Laplace's equation У2ф = 0 in parabolic cylindrical coordinates. 


Optional Reading: Matrix Techniques in Vector Analysis 


In this section we are going to take a quick look at matrix theory, as it is used 
in vector analysis. Beginners should be aware that they are going to learn 
about a very restricted class of matrices. The subject covers much more ground 
than we will see here; indeed, most authors devote a whole book to it. However, 

' the matrix calculus has some very nice interpretations when applied to three- 
dimensional vector analysis, and we shall exploit these features. 


Readers who have already mastered linear algebra should, nonetheless, 


enjoy reading this section. They will have seen all the formulas before, but 
the point of view is quite different from the algebraic approach and offers some 


new 


insights. 
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A matrix is a rectangular-array of numbers, like a bingo card or the box 
score of a baseball game. It can have any number of rows and columns. How- 
ever, in vector analysis only three matrix "sizes" are commonly used: the 
1-by-3 row matrix, for example, 


[2, 4, 1] (5.57) 
the 3-by-1 column matrix, for example, 
2 

1 (5.58) 
5 


and the 3-by-3 square matrix, for example, 
Жїз 18. 
2 0; l (5.59) 
1 12 


: Notice that the dimensions of a matrix are stated “m-by-n,” indicating m rows 
and л columns. 

It is useful to think of the entries of a matrix as representing the com- 
ponents of a vector. Thus eq. (5.57) represents 2i + 4j + k as a row and eq. 
(5.58) represents 2i + j + 5k as a column. The square matrix of eq. (5.59) 
can be interpreted either as consisting of three rows, representing 


А == EK 

B=2i+k 

С=і+ј + 2k (5.60) 
respectively, or as consisting of three columns, representing 

D=i+2j+k 

E= +i +k 

F=i+ j + 2k (5.61) 


respectively. Both interpretations are useful. To emphasize the point of view, 
we can write eq. (5.59) as 


191000 А 
2 01| = В 
1 112 c 
if we are thinking of the rows as vectors, or as 
irc I CUNT 
2 0 1|{|=[|[р Е Е 
Doe 2 Ар 


if the column-vector interpretation is appropriate. 
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When we want to address a single number in а matrix M, we use the 
notation туу for the entry in row number j and column number j, as illustrated: 


mi my Mn maa 
[mus Miz mis] | тэ mi Mn ту (5.62) 
тм ma Mn Ma3 
Thus in matrix (5.57), mn = 1; in.eq. (5.58), т = 1; and in eq. (5.59), 


my = —1,туу = 2, and mz; = 1. (Remember the order: mi refers to row 


i, column j. Think of the mnemonic Mtrow column» Р Roman Сани ) 
Matrix addition is performed by adding corresponding components: 


р 1 4) + (rene 3] = 09:712557] 
+1 1 0 
|а| рз 
0 3 3 

i Q0 1-1 12132000 

vehe ен йш iif ас зан 

789 0.1. 74 doe. eB 


This is consistent with the way we add vectors, whether interpreting them as 
rows or columns. Notice that we only add matrices of the same dimensions; 
we cannot add, for example, eqs. (5.57) to (5.58). 

Scalar multiplication also proceeds by entries, in keeping with our vector 
interpretation: 


2p 1 4j-[4 2 8) 

ie pi rei ice 
dog АЕ [olo едо 
pi Cy RE 

iere. zi a A. 


It follows that matrix addition, like vector addition, has all the usual prop- 
erties, that is, commutativity, associativity, and distributivity, with respect to 
scalar multiplication. In fact, matrix theory would be dull, indeed, if addition 
and scalar multiplication were the only operations. 

The definition of matrix multiplication is what makes the subject useful 
and interesting. In general, the product LR = P of two matrices L and R is 
defined only when the number of columns of the left factor L equals the number 
of rows of the right factor R. Denoting this common number by 5, the entry 
in the ith row and jth column of P is then defined by 


ру = m Л (5.63) 
kel 
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From the formula (5.63), one can see that P has the same number of rows as 
L, and the same number of columns as R. 

If we look at the possibilities for multiplication of the three types of ma- 
trices with which we are concerned, we discover that there are four interpre- 


tations of eq. (5.63): 


(i) If L is a 1-by-3 row matrix and Ё is a 3-by-1 column matrix, then the 
product LR is the scalar product of the corresponding vecta:s: 


[A J| B|-A:B (5.64) 
For example, 
2 
р 4 1[ 1 | =4+4+5=13 
5 


(ii) If Lis a 3-by-3 square matrix and R is a 3-by-1 column matrix, then the 
product LR is a 3-by-1 column matrix. The first entry is the scalar product 
of the first row of L with R; the second and third entries are the corre- 
sponding scalar products of the second and third rows, respectively, with 
R: 


A A:D 
B D|-7^|B'D (5.65) 
С C: D 
For example, 
JE 2 6 
2 (etit 1 | = 9 (5.66) 
1 ke 2 5 13 


(iii) If L is a 1-by-3 row matrix and R is a 3-by-3 square matrix, then the 
product LR is a 1-by-3 row matrix. The first entry is the scalar product 
of L with the first column of R; the second and third entries are the cor- 
responding scalar products with the second and third columns respec- 
tively: 


[^ A с] в € р = (АВ, A-C, A-D] (5.67) 
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For example, 
Io ES 
2:14 к) 01| = [1 —1 8) (5.68) 
1 ] 595 
(iv) If L and R are both 3-by-3 square matrices, then the product LR is also 


a 3-by-3 square matrix. The (i, j)th entry of LR is the scalar product of 
row i of L with column j of R: 


A bana A A"D-A-E A-F 
Bore D'ET|-*|B'D ВЕ BF (5.69) 
с а N CD CE CF 
For example, 
Ir kaha 172 83 02 4 
2 DT 3^2 11) =] 4 6:8 (5.70) 
1 i2 20 299 8 8 8 


Notice that the italicized statement in (iv) actually covers cases (i) through 
(iii) also. Alert readers may observe that LR is also defined when ZL is a column 
and R is a row, but we have no use for such products here. (They are related 
to the dyadics mentioned in section 3.8.) 

The most common use of matrices is in expressing a system of equations. 
Two matrices are equal when they have the same dimensions and their cor- 
responding entries are equal. 


Example 5.10 Express the system of equations 


xy ze 


2x +24= 2 
хүр а (5.71) 
as a matrix equation. 
Solution The reader can verify that 
ire Shook 1 
2 0 ! Бой 9 (5.72) 
1 Lee 2 3 


is equivalent to ед. (5.71). The square matrix is the same as eq. (5.59), and its rows 
A, B, and C are identified in eq. (5.60). The eqs. (5.71) can be written as follows, with 
R = xi + yj + zk: 
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A-R=1 
B: R= 2 
C'R=3 


Hence R is the position vector to a point lying simultaneously in three planes, having 
normals A, B, and C respectively (recall section 1.10). 


Since matrix products can be interpreted as arrays of scalar products, it 
should come as no surprise that matrix multiplication is linear in each factor; 
for any scalar s, 

(sM + N)R = sMR + NR 
L(sM + N) = sLM + LN (5.73) 
assuming all products are defined. The proof is left as an exercise. 

Since scalar products are commutative, one would expect that matrix 


multiplication is also. Surprisingly, this is not the case! Consider, for example, 
the matrices in eq. (5.70) multiplied in reverse order: 


КАРЛ E ccshm d 8 2019 
3029 ol 2 OM ay |8: 192.7 
2/02 t2 1 er 2 8 0 8 


The answer is different! The reason is that when we form LR we use vec- 
tors from the rows of L and the columns of R; but when we form RL we use 
the columns of L and the rows of R. We are taking scalar products of different 
vectors in the two cases. (In fact, if the dimensions do not match, RL may be 
undefined.) 

Let us consider the associative law. Is there any difference between (LM)R 
and L(MR)? Notice that M must be square 3-by-3 if both products are de- 
fined, in the context of “vector analysis matrices,” 

One begins the computation of (LM)R by regarding the columns of M 
as vectors. However, to compute L(MR), one starts with the row vectors of 
M. Thus we would expect the products to be different. Astonishingly, they are 
the same! 


Example 5.11 Verify the associative law 


(LM)R = L(MR) (5.74) 
for L, M, and R given by eqs. (5.57), (5.59), and (5.58), respectively. 


Solution We computed LM in eq. (5.68); hence 


2 
CEM) R= Tie sills | 22. = ЕАӨБ 
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MR was evaluated in eq. (5.66); therefore 


6 
ЦМК) = [2 4 1] 90| = 12 + 36 + 13 = 61 
13 


To prove eq. (5.74) in general, we have to abandon momentarily the vector 
interpretation of matrix multiplication, and work with the explicit formula 
(5.67) in terms of the entries. 

We introduce the notation V = LM and Q = MR. Then the (i, j)th entry 
of the left-hand side of eq. (5.74) is found by using eq. (5.63) twice: 


3 3 3 3133 
2, ШҮ = > (5 ьт) ку = > » li mary (5.75) 
k=1 k=l ‘sal k=l sel 


The (i, j)th clement of the right-hand side of eq. (5.74) is 


3 


3 : 3 3. {3 
» lig = E liy (> mrs) = > » Тату (5.76) 
k=l s=1 


kel kel у=1 


Exactly the same terms appear in the final sums in eqs. (5.75) and (5.76), so 
they are equal and eq. (5.74) is proved. 


One matrix plays a special role in linear algebra: it is the identity matrix 
I, defined by 


гоо і о put 
аанак Д Дек (5.77) 
04031 e dn ЖИДЕ 


It is called the "identity" because multiplication by 7, on the right or left, 
produces no change. For example, 


© 
© 
t2 
кә 


wn 
wn 
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Another way to see this is 


<a 
ll 


Given a square matrix M, we say R is a right inverse of M if MR = I. 
For instance, one should check that 


M R I 
15-1 1 = 3 a1 100 
2424/9) 1 Ep ES Io m OP СУ 
ng ЕЕ 001 


so the second matrix is a right inverse of the first. 
Notice the relation between the rows of M and the columns of R. If we 
express MR = [as 


M R 1 
A 100 
B - DE Fj|-—^|0 1! 0 
Gs : 00 1 
we see that 
A-D=B:-E=C:F= 
А-Е=А F= B-D=B-F=0 с-р=С.Е= 


Whenever two sets of vectors |A,B,C| and |D,E,F| satisfy relations (5.79), 
we say that one set of vectors is reciprocal, or dual, to the other set. The con- 
siderations of chapter 1 will enable us to find formulas for reciprocal vectors 
(and, as a result, a formula for the right inverse). 


Example 5.12 Derive the formulas for the reciprocal vectors for the set [А,В,С]. 


Solution Examining eq. (5.79), we see that D must be perpendicular to B and C. Let 
us try D = sB X C. To make A : D = 1, we must choose s so that 


sA:BXC = s[A,B,C] = 1 
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Consequently, if [A,B,C], which is the determinant of M, is not zero, we find 


L EXC 


(5.80) 

[A,B,C] 

Similarly, 

- СхА (5.81) 

[A,B,C] 

AXB 
= — 5.82) 

F^ ABC 


On the other hand, if [A,B,C] — 0, then A, B, and C are coplanar, and it is easy to sec 
that no set satisfying eq. (5.79) exists (exercise 5). 


This provides a formula for the right inverse: if [A,B,C] # 0, then a right 
inverse for the matrix 


[A,B,C] 


A » 
М = B 
C 
is given by 
-—l |Bxc cxA АХВ (5.83) 


1f [A,B,C] = 0, no right inverse exists. The reader should verify (exercise 7) 
That (e right inverse displayed in ед. (5.78) is consistent with this formula. 
Clearly, if we take the reciprocal set of vectors for the columns of M 
and arrange them in the rows of L, we obtain a left inverse of M; that is, 
LM = I. Hence, if we now let A,B,C represent the columns of M, we have 


ВХС ta s 
[А,В,С] COCA? A B с =] (5.84) 
AXB 


A quick computation (exercise 6) reveals that the triple scalar product of the 
columns of M equals the triple scalar product of its rows, which in turn equals 
the determinant. So the existence of a left inverse also hinges on the condition 
det M = 0. 

In exercise 8 the reader is invited to compute the left inverse of the matrix 
M in eq. (5.78). Rather surprisingly, the left inverse L turns out to be equal 
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to the right inverse R/ To see this in general, we use the associative law, to- 
gether with the equalities LM — I — MR, to derive 


L = LI = L(MR) = (LM)R = IR = R 


The fact of the matter, as the reader will show in exercise 9, is that if a matrix 
M has any inverse at all, it has only one; and this one is both a left and a right 
inverse. It can therefore be denoted M-', unambiguously. The condition for 
having an inverse is that the determinant of the matrix must be nonzero. The 
usefulness of an inverse in “undoing” a system of equations is illustrated in 
the next example. 


Example 5.13 Solve the system of equations given in example 5.10. 
Solution Consider the equations expressed in matrix form, eq. (5.72). If we multiply 


both sides of that equation on the left by the inverse of the matrix, given in eq. (5.78), 
we find the solution: 


120/50 & fev x =+ 4-4 І E 
ото у |= |4 = -i ar n opes 1. 
001 2 z ЕР. 3 1 
1 zu = 
Opx sey esca 


Example 5.14 Derive a general formula for the solution of the system 


mu ту туи x u 


Mma mu Mn эч ыу (5.85) 


N 
= 


mu туу Da 
where det M # 0. 


Solution First we form the left inverse of the square matrix. To achieve this, we have 
to regard it as made up of column vectors: 


8 ЕХЕ 
м= |0 4 F E [DEF] a EXD 
рхЕ 
Next we multiply оп the left by M^' to obtain 
x x EXF u 
Eig | FxD Y 


N 
=] 
х 
m 
z 
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Looking at the first component, we find 


и w u i 
E v EF 
ЕХЕ (ui + vj + wk) ЈОВА ЕТИ А 
MENNEC OO (n n 
D 1 Н х 
E.» DEF 
F з, г w 


Identifying the parts of the original matrix M, we have 


и m» т 


x= (5.86) 
Mi moa nmi 
Mi m тәл 
ma mo туу 
Similarly, 
Mi и Ma mu т и 
Pu У mma Mi Mn v 
mu w nma ту Mu w 
X. Ture Tmn a an a Ы 
mu туу Ma ma Mn my 
ту mmn nma mu m» ma 
Mu Mar nma mu Mu nma 


These formulas are collectively called Cramer's rule. 


Exercises 


l. Form the indicated products: 
1 1 0x71 
(a) [1.2 3]] 2 (b [1 2 3]| 0 1 1 
3 0 = 2 


11. 
. Show that the inverse of a product equals the product of the inverses, in reverse 


13 
14 
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1^0 -1 І pai: р-р 3 
joo Vies ан |e (sop aset ш e ИШЕ. D 
Qui Mas eal LS Od Jacl 
азо 134 0 -1 10 0 0 
lea at] dero EE ST О А В 0 10 0 
оз Ко "ne 22 oqeu оч ооо 


Prove that matrix addition is commutative and associative, and distributes with 
scalar multiplication. (Hint: Exploit the vector interpretation.) 


. Prove the distributive laws in eq. (5.73). У 


Construct an example of two square matrices whose product is commutative. 
Show that if A, B, and C are coplanar, then no reciprocal set of vectors exists. (Do 
not forget to consider the possibility that they are collinear.) 

Show that the triple scalar product of the columns of a square matrix equals the 
triple scalar product of its rows. 


. Show that the right inverse in eq. (5.78) agrees with the formula (5.83). 
. Using eq. (5.84), compute the left inverse of the matrix in eq. (5.59), and compare 


with eq. (5.78). 


. Prove that if det M # 0, M has only one inverse. 
10. 


Solve by computing the inverse: 


2x + y + 2z=2 
3x +2z=4 
xy +22 = 0 


Solve exercise 10 by Cramer’s rule. 


order; that is, (LR)^! = R™'L7'. 

The transpose of a matrix M i$ a matrix M? whose rows are the columns of the 
original matrix M. 

Show that the (j, i)th entry in M equals the (i, j)th entry in M. 

Show that the transpose of a product is the product of the transposes in reverse 
order; that is, (LR)? = КТІ. 

A symmetric matrix is a matrix that equals its transpose. An antisymmetric 
matrix is a matrix that equals the negative of its transpose. An orthogonal matrix 
is a matrix whose inverse equals its transpose. 


. Show that a symmetric matrix must have the form 


my ту nma 
ma mo m» 


ms тэу Ma 


Is the product of two symmetric matrices symmetric? 
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16. Show that the columns of an orthogonal matrix are mutually orthogonal unit vec- 
tors. Show the same for the rows. What does this say about the reciprocal sets? 

17. Show that if O is orthogonal and S is symmetric, then O^'SO is symmetric. 

18. Show that if A is antisymmetric, it has the form 


0 —mu Mia 
my 0 —mu 


=M; Maz 0 
Then show if R is a column vector representing v, AR represents 
(mai тај + mak) Xv 


19. Construct examples of systems of three equations of the form of eq. (5.85) whose 
solutions constitute 
(a) a plane. 

(b) a straight line. 

(c) the empty set. 

(Hint: Remember the interpretation as the intersection of three planes.) What is 
the determinant of the matrix in these cases? 

20. Consider the plane passing through the points located by the vectors aA, bB, and 
cC (presumed noncollinear). Let D, E, F be the reciprocal vectors to A, B, and C. 
Show that (1/a)D + (1/b)E + (1/c)F is normal to this plane. Interpret this for 
the cases when a — 0 and a — co. 


5.4 Optional Reading: Linear Orthogonal Transformations 


We now return to the study of different coordinate systems for describing scalar 
and vector fields. An important case is the utilization of another cartesian 
coordinate system (right-handed, of course), with axes labeled x', у", z' and 
their associated unit vectors i’, j', k'. This “new” coordinate system will have 
the same origin as the "old" x, y, z system (see fig. 5.12). 

Consider a point in space. The point's coordinates in the old System are 
(x, y, z), and in the new system they are (х', у', z^). To see how these are 
related, draw the position vector R to the point (fig. 5.12). Then we have two 
descriptions of R: 


R = xi + yj + zk = xi + yj + z'k' (5.87) 

If we now take scalar products of eq. (5.87) with i, j, and k in turn, we find 
x — Xil Ej nit zki 
у= йз] ур kj 

z — К+ yj-k-czk-k (5.88) 
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Figure 5.12 


Equation (5.88) can be compactly written 


x 
gia res Jody 
7 2) 
with the transformation matrix J, given by 
Das Cii t dea рай 
Jeu gj Kj (5.89) 
ik jk КСК 
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The matrix J has many useful and interesting properties. First of all, ob- 
serve that the columns consist of the direction cosines of the vectors i’, j’, k' 
with respect to the old coordinate system (recall section 1.5). This is some- 
times an aid in computing J. 


Example 5.15 Suppose the new system is formed from the old by rotating through 
an angle # about the z axis, as in figure 5.13. Compute the transformation matrix J. 


z, z' directed 
toward reader 


Figure 5.13 


Solution The direction cosines of i’ are cos 0, cos((7/2) — 6], and 0. For j', they are 
cos[(7/2) + 6], cos 0, and 0. For К”, they are 0, 0, and 1. Hence 


cos0 —sin@ 0 
/ = | sin cosÓ 0 (5.90) 
0 0 1 


From another point of view we can say that the columns of J represent 
the vectors i’, j', and k' in the old coordinate system: 


= |р (5.91) 


This provides an easy prescription of the inverse of J. Since the set |, j’, k’) 
is self-reciprocal, by the analysis of section 5.3 we find 


i awe ici i-j i-k 
d Ое wem ре рр у (5.92) 
in. du Kod kj kk 


The matrix J^! is the transpose of J; that is, its rows are the columns of J. A 
matrix whose transpose equals its inverse is called orthogonal (this termi- 
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nology was introduced in the previous set of exercises). We have shown that 
the transformation that relates coordinates between two cartesian coordinate 
systems having the same origin is effected by a matrix multiplication (a linear 
operation) using an orthogonal matrix; hence the name “linear orthogonal 
transformation." 

We can use J~! to get new coordinates in terms of old: 


x x y Pp лш: 
= уг sot hah (5.93) 
z z koi kj Kok 2 


It is easy to see the reversal of roles: now the first column is the direction 
cosines of i with respect to the mew system, etc. In fact, it is also easy to see 
(exercise 1) that the equations in (5.93) result from taking scalar products of 
eq. (5.87) with і, j’, К in turn. 
Now that we know how coordinates transform, let us see how vectors 
transform. Obviously, 
і= (1:1) + Gej) G OK 
j= CO CE 95391 Gk 
k= (к) + (k:j)j + (К: КӘК (5.94) 
An arbitrary vector V will have the two representations 
V=VeiitV jit Vo kk Vit Kj t Vk 
= УФУ Vokk = КЁ + Үз + V5k' - (5:95) 
If we now take scalar products of eq. (5.95) with i, j, and k, we see that the 
components of V transform just like the coordinates of a point: 


Vi Vi Vi Vi 
Vl-4J7| Vi з ЈЕ Y: (5.96) 
V3 Vi VS Vi 


What happens to a scalar field f(x, у, 2) under the transformation? If we 
think of f as representing, say, temperature, it is clear that we do not change 
the value of fat a given point merely by changing coordinate systems. How- 
ever, the three numbers describing the point's coordinates do change; so the 
formula for f, or its functional form, will be different. Let us consider an ex- 
ample before attempting the general formulation. 


Example 5.16 Suppose f(x,y.z) = y? — x? in the old coordinate system. The linear 
orthogonal transformation of example 5.15 is performed, with 0 = 7/6. What is the 
value of f at the point whose coordinates in the new system are (1,1,0)? 
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Solution Before we can apply the formula y? — x? for f, we must find x and ye that 
is, the original coordinates of (1,1,0). Using the transformation of eq. (5.89) with J 
given by eq. (5.90) and 0 = 7/6, we find 


1 
y 7 x' sin 0 + y' cos 0 = i(+) 3m ( 


Hence y! — x? = \/3, the value of f. 


Notice that the value of f could not be computed by taking /(х',у',2') 
= y" — x! = | — 1 = 0. First we have to express the original coordinates 
in terms of the new, and then apply the formula for f to the original coordi- 
nates. In other words, to express a function f(x,y,z) in a new coordinate system, 
J'(x',y',z'), we first express the old coordinates in terms of the new: 


x = x(x'y',z') 
y xx 2) 


2 = z(x'y'z (5.97) 
[as in eq. (5.88)], then plug into the original functional form for f: 
Sy 2N = R D NVE) zN (5.98) 


In particular, the transformed function should not be written as ДАКТУУ!) as 
this is literally incorrect. (However, this notation is often used for abbreviation 
when there is no possibility of misinterpretation.) 

In example 5.16, the function f(x,y,z) = y? — x? is computed in the new 
System by 


f'QC yz") = (x! зїп б + y' cos 0)? — (x' cos 0 — y' sin 6)? 
= (y? — x'2) cos 20 + 2x'y' sin 20 (5.99) 
The transformation of vector fields is doubly complicated; one must get 
new components in terms of old through the transformation of еч. (5.96), but 
since the components are functions of. position, the rule of eq. (5.98) must be 


employed on each component. Thus, first we use eq. (5.98) to express the old 


(i,j,k) components of V in terms of the new (x',y',z') coordinates of the point 
in space: 


У = Vilx(x',y',2') yx yz uz (xz) 
+ Va(x(x! + + -))j  Va(x(x' >» -))k 


Then we use J^! to get the new components of V. To summarize, we state the 
rule for transforming a vector field: if V is given in the old system by 


V = И(х,у,2)і + Vix,y,z)j + Va(xy,z)k (5.100) 
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and in the new system by 
V = Vit sz) + Vx*y'z)y + VA sz) (5.11) 


then the components are related by 


т ViGe yz") Vi(x(x' yz!) yz! hz yz!) 
Vitel: Vo( x(x! paz") VOC y'z')zG sz) (5.102) 
Vix yz’) V(x(x' yz) yc yz )szGc yz?) 


Example 5.17 Express the vector field 
V-idc(GzjtG)-y)k (5.103) 


in the new coordinate system of example 5.15. 


Solution We use the matrix J in eq. (3.90) to transform coordinates via eq. (5.89), 
and we use its transpose for J^ '; hence 


И1(х',у'2') cos0 sin@ 0 


Vix y'z' —sinð cos@ 0 
Vi(x',y'2') 0 Orgel 
l 
(x! sin à + у cos @)г' 
(x' cos 0 — y' sin 0)? + (x' sin 0 + y' cos 0)? 
cos + x'z' sin? 0 + y'z' sin 8 cos 8 
—sin 0 + x'z' sin б cos 0 + y'z' cos? 0 
x2 tay’? 


and 
У = (cos 0 + x'z' sin? 0 + y'z' sin 0 cos б)ї' 
+ (—sin @ + x'z' sin б cos 0 + y'z' cos? 6)j' 
+ (x yk (5.104) 


Now we turn to the question of what happens to the vector operators grad, 
div, and curl when we transform coordinates. As a preliminary experiment, 
consider the following example. 


Example 5.18 Let f(x,y,z) = y? — xi. Apply the linear orthogonal transformation 
of example 5.15. Compare the expression 


9f. , Ff. , of 
à i ET act (5.105) 
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with the analogous expression in the new coordinates 


af i ЧЛ X OF Ҹ 
== + =—j + —k (5.106) 
ax! i ay dz' 


Solution The transformed function /" was computed in eq. (5.99), and eq. (5.106) 
becomes 


( —2x' cos 20 + 2y' sin 20)i' + (2x' sin 20 + 2y' cos 20)j 


Now let us compute eq. (5.105) and then transform the resulting vector field to the 
new system. First, 


S a E S e egg эор 


ax ay’ az 
Applying eq. (5.102), 
—2x(x'y'z) cosÓ sin@ 0 —2x' cos 0 + 2)" sin 0 
J^! 2p(x' yz) | = —sinü соѕ0 0 2x' sin 0 + 2y' cos 0 
0 0 0 1 0 


—2x' cos 20 + 2y' sin 20 
2x' sin 26 + 2y' cos 20 
0 


Hence eq. (5.105) transforms into eq. (5.106) and they describe the same vector field. 


Of course, both expressions in the last example represent Vf, computed 
in different coordinate systems. The reason they resulted in the same vector 
field is that grad f can be characterized without reference to any coordinate 
system; it is a vector pointing in the direction of maximum rate of change of 
J with respect to distance, and having length equal to this maximum rate of 
change. The same argument that showed grad f could be computed by eq. 
(5.105) in the old coordinate system also shows it can be computed by eq. 
(5.106) in the new coordinate system. 

Similarly, the divergence of a vector field can be defined in a coordinate- 
free manner, thanks to the divergence theorem (recall the last paragraph of 
section 4.12). If we compute div V as the flux per unit volume out of a box 
with sides perpendicular to the x,y,z axes, we get 


9V, 
ги | Wa, V, 


.107 
дх ду д2 eee) 
If we use a box with sides perpendicular to the х',у',2' axes, we get 
Vi, ôV; E 
SS SPP, OUS (5.108) 


дх' ду' д2' 
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Since they both represent div V, eqs. (5.107) and (5.108) are the same scalar 
field, expressed in different coordinates. 


Example 5.19 Verify this statement for V as in example 5.17. 


Solution Applying eq. (5.107) to eq. (5.103), we obtain V - V = z. Applying eq. 
(5.108) to eq. (5.104), we obtain z' sin? 0 + z' cos? 0 = z'. Since z' = z for this 
transformation, these are the same. 


Of course, we can say the same about curl V. Because of Stokes' theorem, 
the component of curl V in any direction is the “swirl” of V in that direction, 
a concept defined without reference to a coordinate system (recall exercise 1, 
section 4.14). Hence the vector field 


po TI AK 
^) PR) 
ox E" 3 (5.109) 
Vy К> Ёз 
transforms to the vector field 
i’ j k' 
СЕ a 7-0 
ox. ày 92 (5.110) 
ИИ Ёз 


and they both equal curl V. Exercise 7 asks the reader to verify this for the 
vector field of eq. (5.103). 

The following example reveals another interpretation of the matrix J in 
eq. (5.89). 


Example 5.20 Verify that eqs. (5.105) and (5.106) describe the same vector field for 
a general linear orthogonal transformation. 


Solution The functional forms f and /' are related by eq. (5.98); hence 
Of _ fixe y's’) yO yz) zyz) 
дх' дх' 
of à [) д. 
Bg ce Ro ME (5.111) 


ax дх дудх ðzðx' 
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by the chain rule. Similar equations hold for 0f" /ду' and àf' [0z'. 
From the eqs. (5.88), we find 


бх му. Seyi Se kK boss Si Ajoy (ete) 


In other words, the partial derivatives of the old coordinates with respect to the new 
coordinates are the entries of the matrix J: 


ax ax ax 
х ду дг 
ду ду ду 
= о 5.112 
x дх ду oz ( ) 
дг 92a 
дх ду dz’ 


Hence we сап see that ед. (5.111), and the corresponding y' and z' equations, can be 
used to express the vector eq. (5.106) by way of the following matrix product: 


E zr- ra 


Taking transposes and remembering that J is orthogonal, we find 


af ar 
дх' дх 
а Е Е 
ду! Л ay (5.113) 
an af 
д2' д2 


But the right-hand side of eq. (5.113) is precisely what we obtain by applying the trans- 
formation rule of eq. (5.102) to the vector of eq. (5.105)! Hence eqs. (5.105) and (5.106) 
describe the same vector field. ‹ 


The analogous verifications of the “invariance” of the formulas for di- 
vergence and curl are left to the exercises. 

The fact that J is the matrix of partial derivatives is reflected by the fol- 
lowing, alternative notation: 


_ 9(x,y,Z) 
9(x^y^z') 


‘The terminology “Jacobian matrix" is often used when one refers to the matrix 
of partial derivatives; hence the symbol J. 


N 
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у 


K^ (хо, Уо, Zo) 


Figure 5.14 


Figure 5.15 


Finally, we would like to extend the analysis of this section to a slightly 
more general type of transformation. Suppose that the origin of the new co- 
ordinate system does not coincide with the origin of the first; it is located at, 
say, the point with coordinates (Xo, уо, 20) in the old system (see fig. 5.14). 
Then if a point P has old coordinates (x,y,z) and new coordinates (x',y',z'), 
the vectors К, and R: in figure 5.15 are related by 


Ri ES Ro I R; 
xi + yj + zk = xd + yj + zok + x yj-zk (514) 
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Taking scalar products of (5.114) with і, j, and К in turn leads to 


D 


x xo X 
у |= {| +Д X» (5.115) 
[4 Zo z 


with J defined as before, from eq. (5:89). Thus coordinates of a point do not 
transform by a linear orthogonal transformation in this case; eq. (5.115) de- 
scribes an affine transformation. 

However, vectors still transform according to the old rules of eqs. (5.95) 
and (5.96) because they are free; shifting the origin makes no difference to 
them. 

Moreover, the vector operators grad, div, and curl retain their “invariant” 
formulas, again because they can be defined without reference to a coordinate 
system. Even the direct proofs of their invariance, as exemplified by example 
5.20, can be carried out unchanged because the matrix of eq. (5.89) is still 
the matrix of partial derivatives. The reader should review example 5.20 to 
be sure this point is understood. 

Consequently, most of the analysis we have developed for transformations 
between cartesian coordinate systems having the same origin holds for trans- 
formations between cartesian coordinate systems located at different origins. 
This includes the orthogonality of the matrix J, the rules of eq. (5.96) for 
transforming vectors, the rules of eqs. (5.98) and (5.102) for transforming 
scalar and vector fields, and the expressions of eqs. (5.106), (5.108), and (5.110) 
for grad, div, and curl. The only difference is the appearance of the nonho- 
mogeneous “shifts” in eq. (5.115) relating point coordinates. 


Exercises 


1. Show that eq. (5.93) can be derived by taking scalar products of eq. (5.87) with 
i', j', and k’ in turn. 
2. (a) Derive the matrix for the transformation generated by rotating the x,y,z 
system about the x axis through an angle ф. 
(b) Repeat part (a) if the x,y,z system is rotated about the y axis through an 
angle y. 
3. Verify that the transpose of J in eq. (5.90) equals its inverse. 
4. If V.— 3i + 4j + kand W = 2i — j — k, compute V and W in the new coordinate 
system of example 5.15. Verify that the scalar product V · W remains the same. 
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5. 


12. 
13. 


14. 


Consider the scalar and vector fields 


JG pz) = xyz 
V(x,y,z) = xzi j + xyzk 


If the coordinate transformation of example 5.15 is performed with 6 = 7/6, ex- 
press the following fields in the new coordinate system: 
(a) the scalar field f. 
(b) the vector field V. 
(c) grad f. 
(d) div V. 
(e) curl V. 
Repeat exercise 5 for the fields 
pE aige 
V = xi + yj + zk 
Interpret the results. 
Verify that for the vector field in eq. (5.103), the computation of curl V via eq. 


(5.109) in the old system leads to the same vector field as the computation of curl 
V via eq. (5.110) in the new system, for the transformation of example 5.15. 


. Modeling example 5.20, give a direct proof of the “invariance” under a general 


linear orthogonal transformation of eq. (5.88), of 
(a) the divergence of an arbitrary vector field. 
(b) the curl of an arbitrary vector field. 


. Repeat exercise 8 for the linear orthogonal transformation plus shift of eq. (5.1 15). 
. Is the laplacian of a scalar “invariant” under the transformations considered in 


this section? 


. What is the element of arc length, ds = (dx? + dy? + dz*)'/?, in the new co- 


ordinate system? 

What is the volume element, dV = dx dy dz, in the new coordinate system? 
Suppose a new x’, у', 2’ coordinate system is related to the original system by a 
linear orthogonal transformation described by a matrix J, as in eq. (5.89), and a 
“still newer" х”, у", z” coordinate system is related to the "new" system by a 
linear orthogonal transformation generated by a matrix K. Show that the x", y", 
2'' system is related to the original x, у, z system by a linear orthogonal transfor- 
mation, with the associated matrix given by JK. Prove directly that the product 
of two orthogonal matrices is orthogonal. What interpretation can you give to the 
columns of JK? 

Compute the matrix J associated with the foflowing sequences of operations, taking 
the x, у, 2 axes into the corresponding x' y', z' axes: 

(a) First rotate through an angle v /4 about the z axis. 

(b) Then rotate through an angle 7/2 about the “current” y axis. 

(c) Finally rotate through an angle (—7/4) about the "current" x axis. 


334 CHAPTER FIVE: GENERALIZED ORTHOGONAL COORDINATES 


15. Show directly that scalar products are preserved under the general linear orthog- 
onal transformation of eq. (5.96); that is, show that ИИ, + VW; + ИИ, = 
Vi Wi + Vi Wi + Vi Wi when the components of V and W are related by eq. 
(5.96). This provides verification of the (obvious) fact that lengths and angles are 
preserved under these transformations. 

16. Show that under the linear orthogonal transformation of eq. (5.88) there is a 
straight line through the origin, all of whose points have the same coordinates 
before and after the transformation. That is, for all points on this line, x — x', 
y = y', and z = z'. (Hint: If R is the position vector of a point on the line, then 
R:i-R-'i';hence К · (i — 1) = 0. Similarly R^ (j — j) = R (k — k) 
= 0. Ifi = i’ or j = j’, there is nothing to prove, so try R = (i — i’) X (j — j).] 

17. Based on the last two exercises, can you derive Euler's theorem: every transfor- 
mation of the form of eq. (5.88) can be described as a rotation of the coordinate 
system about some straight line through the origin? 

18. Euler's theorem (see exercise 17) implies that the sequence of operations in ex- 
ercise 14 is equivalent to a single rotation about some straight line. Find the line, 
and the angles of rotation. 

19. As a partial converse to the theory developed in this section, suppose we begin 
with a transformation of coordinates defined by 


F^ Yi 
y | 92. (5.116) 
2 г 


and we know only that J is an orthogonal matrix. 

(a) By examining the points with new coordinates (1,0,0), (0,1,0), and (0,0,1) 
in turn, show that the columns of J, interpreted as vectors expressed in the 
old system, point along the new x’, у’, and z' axes. 

Exploit the orthogonality of J to prove that the new axes are mutually or- 
thogonal and that (x'? + y? + :72)1/2 equals the distance of (х',у',2') from 
the origin. 

From (a) and (b) we may conclude that the new system is a bona fide carte- 
sian a system. However, it may be left-handed, as the simple ex- 
ample 


(b 


= 


(c 


м 


X 1 0 0 x 
у|={|0 1 оцу 
2 0.0.—1 zj 
shows. What modifications of rules in eqs. (5.96), (5.98), (5.102), (5.106), 
(5.108), and (5.110) have to be made in transforming to a left-handed system? 


(d) How can you determine, from the matrix J, whether or not the new system 
is right-handed? 


20. Generalize exercise 18: given an arbitrary orthogonal matrix J that generates a 
transformation via eq. (5.116), and given that the new system is right-handed, 
show how to compute the angle and axis of rotation in terms of J. 
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21. Derive the matrix for the transformation generated by rotating the x, y, z sys- 
tem through an angle 7/2 about the straight line through the origin parallel to 
i+j+k. 

22. Generalize the previous exercise: derive-the matrix for a rotation of the x, y, z 
system through an angle 0 about a straight line through the origin parallel to n. 

23. (Significance of the Jacobian) Obviously the transformation equations of eq. (5.33) 
for orthogonal coordinates are, in general, nonlinear. However, the relation 


oR R 
йел TRUE des +i ain (5.117) 
ди\ диз диз 


between the differentials can be viewed as a “local linearization” of eq. (5.33). 
(a) Show that eq. (5.117) can be expressed 


Ox дх dx 
dx p» A Эш, du, 
ду ду ду 
d = EM ee Ренан .118 
y Ou, Ou; ди, v a : 
92 д2 Oz 
4 LT L—— — |4 
т ðu, диз ди, x 


Recall that the matrix of partial derivatives in eq. (5.118) was identified in 
this section as the Jacobian of the transformation in eq. (5.33). It was ab- 
breviated 


E6572) 
O(u1,u2,u3) 


(b) Show that the chain rule implies that the inverse of the Jacobian is 


дх ду oz 

O(ui usus) ди, Ou; ðu 

ap #биьиьш) _ | диг диз ди 
4 (x,y,z) ax ду дг: (5.119) 

ди, duy dus 

дх ду az 


(c) Show that the requirement of (11,u5,u3) forming orthogonal curvilinear co- 
ordinates forces the rows of J to be orthogonal. Nonetheless, J is not an or- 
thogonal matrix. Why? 

(d) Show that the determinant of J is Ajh;h;, the factor appearing in the volume 
element of eq. (5.50). This prompts the mnemonic 


9(х,у,2) 
9(иизиз) 


ах ау dz = du, du; dui 


APPENDIX A 


Historical Notes 


It is not really possible to appreciate the history of vector analysis without 
knowing something of the history of mathematics in general, and this is too 
broad a topic for us to discuss here. We shall confine our remarks to certain 
specific topics, and let the interested reader pursue the subject further else- 
where. 

The word “vector” comes from a Latin word meaning “to carry" and is 
still sometimes used to mean “that which carries.” For example, one says “the 
mosquito is the vector of malaria.” The word entered mathematics via as- 
tronomy, where it was originally used with a somewhat different meaning. The 
notion of vector addition was arrived at independently by Móbius and others 
in the early part of the nineteenth century, thus giving rise to vector a/gebra. 
Vector analysis is somewhat more recent. For example, the notion of curl ap- 
parently was introduced by J. C. Maxwell in his Treatise on Electricity and 
Magnetism (1873). 

The notation used in this book is essentially due to J. Willard Gibbs, whose 
book on vector analysis was printed privately in the early 1880s, and Oliver 
Heaviside, whose book Electromagnetic Theory (1893) makes hilarious reading 
because of its jibes at mathematicians. 
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One of the most interesting events in the history of vector analysis is the 
controversy that once existed between exponents of vector analysis and a few 
other mathematicians who felt that quaternions were more suitable for solving 
problems in physics. Before proceeding, let us briefly discuss the algebra of 
quaternions. Quaternions are formally similar to complex numbers, so let us 
first consider the background of the idea of a complex number. 

As long ago as 1545, a mathematician (Cardan) "solved" a problem in 
algebra that has no real solutions. The problem is to find two numbers whose 
sum is 10 and whose product is 40. Cardan gave a formal solution, involving 
the square root of a negative number, and verified by substitution that these 
“fictitious numbers" have the required properties. As early as 1629, Girard 
suggested that such “impossible solutions" should be considered for three rea- 
sons: (i) one can give a general rule for finding roots of certain equations, 
(ii) these solutions supply the lack of other solutions, and (iii) they may in any 
event have their own usefulness. In 1673, Wallis pointed out that numbers 
such as ү Т should be just as legitimate in mathematics as negative num- 
bers. One cannot have \/—1 eggs in a basket, but then neither can one have 
— 7 eggs in a basket. Wallis came very close to giving the usual geometrical 
interpretation of complex numbers. It remained for a Norwegian surveyor 
named Wessel to do this in 1797. (Argand did it independently in 1806, which 
is why the term “Argand diagram" is used. Wessel published his work in an 
obscure journal and did not receive credit during his lifetime.) 

It was not until 1831 that Gauss put complex numbers on a respectable 
basis. Since some readers of this book may have learned complex numbers 
from a viewpoint that predates 1831, let us briefly review complex numbers. 
A complex number is an ordered pair (x,y) of real numbers. They are added 
and multiplied by (real) scalars as if they were row matrices. However, the 
product (х,у) (x2,y2) of two row matrices is not defined in matrix algebra. 
We define the product of two complex numbers according to 


Qai G3) = (хх — Ys Xa + хал) 
If we identify (1,0) with the real number 1, and let i denote (0,1), then 
(х,у) = (x.0) + (0,y) = x(1,0) + y(0,1) = x + yi 


which is the usual notation for a complex number (except for electrical en- 
gineers, who use j instead of i). Moreover, we have i? = (0,1)(0,1) = (— 1,0) 
= — 1, so it is now possible to square a number and obtain a negative number. 

Now we recall that multiplication by cos 0 + i sin 0 has the effect of 
rotating a complex number through an angle 0. Hence rotations in a plane can 
be obtained by identifying the plane with the Argand diagram, and the ro- 
tation with the operation of multiplying by cos 0 + i sin 0. This suggested to 
W. R. Hamilton that rotations in space might be similarly obtained, if there 
were some way to multiply triples of numbers to obtain a system of “hyper- 
complex" numbers that would provide a three-dimensional analog of the com- 
plex number system. Apparently this problem troubled him for a period of 
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fifteen years. This is not too surprising when one considers that, up to the time 
of Hamilton, it was generally assumed that the commutative law xy — yx was 
a necessary condition for the consistency of the rules of algebra. Hamilton is 
credited with the realization that this is not the case; actually, Gauss had the 
same idea earlier but did not publish his work. 

The realization that a noncommutative algebra is needed is still not enough. 
Hamilton was still trying to do the impossible. It was proved later, by Fro- 
benius in 1878, that it is impossible to multiply ordered triples in such a manner 
that the resulting algebraic system will have all of the properties Hamilton 
desired. Evidently Hamilton suspected this himself. It was on a famous day, 
October 16, 1843, when he was out walking with his wife, that Hamilton, in 
a great flash of insight, conceived of the quaternions. It is said that he carved 
the fundamental formulas of this new algebra in the stone of Brougham Bridge, 
on which he happened to be at the moment. He immediately recognized the 
importance of his discovery (some might say invention) and devoted the re- 
mainder of his life to quaternions. 

At first glance, a quaternion looks like a cross between a complex number 
and a vector, The usual form for writing a quaternion is 


x = xo t oxi + xj + xk 


Quaternions are added and multiplied by real numbers in the obvious 
manner. The product of two quaternions is defined by formally multiplying 
them out according to the usual rules of algebra (except that we must be careful 
to preserve the order), and then simplifying the resulting expression hy using 
the following rules: 

P=] ? =i k= —1 
ў = к к=п ki — j 
JA ЕКА DE SU ik md 

An example will illustrate the procedure. If, for instance, x — 3 — i 

+ 2j + kand y = 3j — 2k, we have 


ху = (3 —4 2j K)(3j = 2k) 

= 9j — 6k — 3ij + 2ik + 6j? — 4jk + 3kj — 2k? 

= 9j — 6k — 3k — 2j — 6 — 4i — 3i & 2 

= —4 — Ti + 1j — 9k 
ў It can be shown that the quaternions constitute а division algebra. That 
is, to each quaternion x # 0, there is a quaternion x~! such that xx-! = x-!x 
= |. We shall not digress to show how an inverse is computed. It is important 
to note, however, that we cannot write y/x, since this would be ambiguous. 


We must write either х^!у or yx-! and, since multiplication of quaternions is 
not commutative, these two expressions may not be equal. 
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The real part of a quaternion xo + xii + хој + хэ is the number хо. 
If the real part of a quaternion is zero, the quaternion is called a pure qua- 
ternion. In applying quaternions to problems in physics or geometry, pure 
quaternions are identified with ordinary vectors in three-dimensional space, 
as the notation suggests. 

If x and y are pure quaternions, the real part of xy turns out to be the 
negative of the scalar product x * y (computed by the usual formula), and the 
pure quaternionic part represents the vector product x X y. Thus it is possible 
to do with quaternions many of the things one ordinarily does in vector anal- 
ysis by using scalar and vector products. 

Although the quaternions represent a four-dimensional division algebra, 
rather than a three-dimensional one, it turned out that they fulfilled the needs 
envisaged by Hamilton. It is possible to represent rotations by the use of qua- 
ternions, although not so simply as one might have wished, and in general 
there is a certain awkwardness in the use of quaternions. After working for 
ten years, Hamilton published his Lectures on Quaternions (1853); his Ele- 
ments of Quaternions appeared in 1866, the year after his death. Incidentally, 
the earliest use of the word “vector” (in the mathematical sense), according 
to the Oxford dictionary, is in this work. 

Hamilton had one devoted disciple, P. G. Tait, who mastered all the tricks 
of quaternions, and devoted himself to the cause of convincing one and all that 
quaternions were the ultimate tool for geometers and physicists. There were 
others who disagreed. 

At about the same time Hamilton made his remarkable discovery, H. G. 
Grassmann published a work called Ausdehnungslehre, or Theory of Exten- 
sion. In this remarkable book, both matrix theory and tensor algebra are de- 
veloped implicitly, but because Grassmann filled the book with philosophical 
abstractions, and because of its difficulty, the book was essentially ignored by 
mathematicians. A second edition was published in 1862, but the work was 
not much appreciated until the twentieth century. 

The vector analysis of Gibbs and Heaviside, and the various generalities 
in this chapter, are more closely related to Ausdehnungslehre than to any- 
thing Hamilton did. Grassmann introduced various types of “products” of vec- 
tors, set things up for Gibbs to invent dyadics, and discussed linear transfor- 
mations in general. The notion of a linear associative algebra was developed 
by Benjamin Peirce in the 1860s. The only other name we shall mention is 
that of Cayley, who was eminent for (among other things) conceiving of 
n-dimensional space (as did Grassmann) and who published Memoir on the 
Theory of Matrices in 1858. 

A delightful controversy took place between Gibbs and Tait concerning 
the merits of the use of quaternions in solving problems in geometry and physics. 
There is a certain beauty and mathematical elegance in the quaternions, but 
they are not very well adapted to practical use. Tait viewed vector analysis as 
a “hermaphroditic monster" and did not hesitate to express this view in print. 
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The replies of Gibbs can be found in his collected works, available in any li- 
brary, and they are both entertaining and instructive to read. By the beginning 
of the twentieth century, vector analysis was well established, and it was amply 
demonstrated that Hamilton and Tait were overly optimistic in their thought 
that quaternions would be as revolutionary to mathematics as was the inven- 
tion of calculus. The revolutionary idea contributed by Hamilton was simply 
that it is possible to have a self-consistent algebra in which multiplication is 
not commutative. 


Exercises 


1. Show that if и and v are pure quaternions, 
uy = —uc:vctuxv 


2. Show that if the vectors u and v are identified with pure quaternions, 


"us _ uv + vu 
2 
and 
uv — vu 
u X y= —— 


3. (a) Let n denote a unit vector that is perpendicular to a plane P. Thinking of P 
as a mirror, show that the reflected image of a vector v in the mirror is given 
by 


y = v — 2(v: n)n 
(b) Show that this can be written in quaternionic form as 
v = nyn 


4. Let Pand P' be two planes intersecting ina line Z and let 6/2 be the angle between 
the two planes. Choose unit normals n and n’, respectively, so that the angle be- 
tween n and n’ is 0/2 and let u be a unit vector along L so chosen that n X n' 
= зїп(@/2)и. 

(a) Letting v' denote the reflected image of v in P and v" denote the reflected 
image of v' in P’, show that v” is the vector obtained by rotating v through 
an angle 0 about the axis L. (The positive sense of rotation is related to the 
direction of u by the right-hand rule.) 

(b) Derive the quaternionic relation 


y" = тпупп' (A.1) 
(c) Writing (A.1) in the form v" = (—n'n)v( —nn'), derive the relation 


v" = (cos +6 + sin 16 u)v(cos + 0 — sin + 8 u) (A.2) 


6. 
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If z is a complex number, the exponential e? is defined by the infinite series 


Using the same expression to define е: when z is a quaternion, let 2 = фи, where 
u is a pure quaternion representing a unit vector and ó is an angle, and derive 


e = —cos ф + sinó u 


Rewrite (A.2) in exponential notation. (This is the formula for rotations that 
Hamilton was seeking when he developed the algebra of quaternions.) 


APPENDIX B 


Two Theorems of Advanced Calculus 


In this appendix we prove two theorems of advanced calculus that are im- 
portant to vector analysis. 


THEOREM В.1 Let f(x,y,z) be a scalar function possessing continuous 
first partial derivatives àf/àx, af/ay, Of/dz in some domain D. Also let 
h be a unit vector with components (h,,h2,h3). Then the directional de- 
rivative of f in the direction h exists in D and is given by 


ee ae ee 
ds ax" А ay”? = 27^ 


Proof The directional derivative, if it exists, is given by the limit of 


Лх + shy, y + shy, 2 + sh3) — (x,y,z) 
oe Ns Fy Z T S13) ^^ ху) 
5 


(В.1) 


as 5 approaches zero. 
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By adding and subtracting equal terms, we rewrite (B.1) as 


f(x + shy y + shy z + shy) — f(x + shy y + sha, 2) 
S 
oe f(x + shy, y + sha, z) — f(x + shy у, 2) 
5 


ij fe singe usen (B.2) 


Each of the terms of (B.2) involves differences of values of f when only 
one coordinate is changed. Hence we can use the powerful tools of the 
ordinary calculus of one variable; in particular, the mean value theorem 
applies to each term (since the partial derivatives are continuous). For 
the first term in (B.2), we conclude that there is a number o between 0 
and 1 such that 


f(x + shy, y + sho, z + shy) — f(x + shy y + sh, 2) 
à 
= sis ar shy, y FT sh, ar ashs) 


Analyzing the other terms similarly, we find numbers В and y also be- 
tween 0 and 1 such that the expression (B.1) is equal to 


shy EC + shy, y + shz, z + ash3) 
5 
д 
ho + shy, у + Bsh, 2) 
5 


à 
shy (x + yshy, y, 2) 
+a (B.3) 
s 
Now we let s approach zero. The numbers a, 8, and y are always be- 
tween 0 and 1, and since the partials are continuous, we conclude that 
the limit exists and is given by 


Fe Sy 4.97, 
эх! Жуз К hs 


‹ 
In theorem B.2 the notation is rather confusing. We advise the reader that 
the following symbols mean the same thing: 
ef 


уду ах = = 2(2) 
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THEOREM B.2 Let f(x, y) be a scalar function possessing continuous 
first partial derivatives df/ax and ðf/ðy in some domain D. Further- 
more, let the second derivative 0*f/dy Ax exist and be continuous in D. 
Then the second derivative 0*f/Ax dy also exists in D and 


of s of 
дх ду дудх 


Proof The second derivative 9?f/àx ду, if it exists, is the limit as 5 goes 
to zero of 


д, д 

Ze +s.) — Loy) 
s 

On the other hand, the y derivatives in (B.4) can also be expressed as 


limits; (B.4) is equal to 


gs 8732010 t s n 


— jim Le +) = fos 2) 


m0 t 


„0 t 
(B.5) 
Since limits and sums are interchangeable, we can write (B.5) as 


tim Ur 0 Ло +», ууу — [Дх у +1) — fis y) 
0 st 


(B.6) 


The numerator in (B.6) can be regarded as the difference between the 
values of a function F(u) evaluated at u = x + s and u = s; this com- 
plicated function F(u) is defined by 


F(u) = flu, y + t) — flu, y) 
As a function of u, F has a continuous derivative given by 


Fw = у +) Әу) 


and is thus vulnerable to the mean value theorem of one-dimensional 
calculus. We conclude that there is a number a between 0 and 1 such 
that 


F(x + s) — F(x) = sF'(x + as) 
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Thus the expression (B.6) is equal to 


(Ze + as, у + 1) ea 3 + as, ») 
i Ox Ox 
lim cam cce WF X 4 (B.7) 


We can now apply the mean value theorem to the function д//дх in (B.7), 
since only the second argument is changing; by hypothesis, 3f/3x has 
a continuous derivative with respect to its second argument, ..amely, 
&f/dy dx! We conclude that there is a number 8 between 0 and 1 such 
that expression (B.7) is equal to 


2 
T чү + as, y + Bt) 


im УО, (В.8) 
0 st 
Since д2//ду дх is continuous, the expression (B.8) equals 
Фу 
ар д 
Эу axe as, у) (B.9) 


We have shown that (B.4) equals (B.9). Now taking limits as s goes to 
zero, again invoking the continuity of 92//9у dx, we see that (B.4) does 
indeed have a limit, and that it is given by 
Фу 
ду дх 


(х, у) 


APPENDIX C 


The Vector Equations of 
Classical Mechanics 


C.1 Mechanics of Particles and Systems of Particles 


The basic equation of classical mechanics is expressed by Newton's second 
law: force equals mass times acceleration. More explicitly, if a particle, or a 

"point mass," is located at the position R in an inertial coordinate system, and 
if it has mass m, then its motion will be governed by the equation 


d?R dv 
Fem em cms (C.1) 


Here F is the vector sum of all the forces acting on the particle, and v and a 
are velocity and acceleration, respectively (1, of course, is time). All of the 
equations in this section will be derived from (C.1). 
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The momentum p of the particle is defined by 
dR 


= M CZ 
p= my = т (C.2) 

Its angular momentum 9 is defined by 
£—RXp-mR*Xv (C.3) 


The torque T of a force F exerted at the point R is defined by 
T=RXF (C.4) 


Combining these equations, we find that the torque on a particle equals its 
rate of change of angular momentum: 


a d dR dR dR d?R 
— = — x m— | = — X m— + R X m— = RXF= А 
di ii н?) ыыр ак me а 
The kinetic energy К of the particle is defined by 
І 1 јав рі? 
= И pp| m |. m 
K 2 m|v| 2" 3 Ta (C.6) 
It obeys the equation 
dK dv 
E nn de a v=F-y (C.7) 


The quantity F v is called the power delivered by the force F, and it equals 
the rate of change of kinetic energy. 

If a particular force acting on the particle can be expressed as a function 
of the position R, so that F is a vector field, it is natural to ask if this vector 
field is conservative (section 4.3). If so, we introduce the potential energy V(R), 
satisfying 

Feos)(R) = — VV(R) (C.8) 
[Notice that a minus sign is incorporated in the definition so that V(R) — 


— (К), as in section 4.3.] The total force on the particle is then expressed as 
the sum of the conservative and the nonconservative forces: 


Е = >; Res + pinencons) 


=D VV,(R) + Feo) 


— VVR). + Етоком) 
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where V = Z, V, is the total potential energy. Observe that the power gen- 
erated by the conservative forces can be written as the time derivative of — V(R) 
taken along the trajectory R(t): 


d 
Ук үзү = ТИ) 


аи ах ауду aV dz 


дх dt ду dt дг dt 
а 
E. 2700) 


Consequently, ед. (С.7) can be expressed 
ак _ _aV(R(t)) 


inoncons) . 
dt dt en У 
or introducing the total energy К + V = E, we find 
dE = Finoncons) . y (С.9) 
dt 


In the important case when all of the forces are conservative, we see that the 
total energy of the particle is constant along the trajectory. 
Now let us derive some of the basic laws governing the motion of a system 
of N particles located at the positions R, and having masses m, (a = 1, 2, 
, №); the total force on the ath particle will be denoted F,, We introduce 
the total mass M = Z, m,, the total momentum Р = Z, Р„, the total angular 
momentum L = Z, £,, and the position vector Rem of the center of mass, 
defined by 


Z,m,R, 
M 


Several useful theorems emerge from these definitions. 


Rem = (C.10) 


THEOREM C.1 The total momentum P of the system equals the mo- 
mentum of a single particle of mass M moving with the center of mass. 


Proof 
= Ж „т. = р (С.11) 


THEOREM С.2 The motion of the center of mass Rem is the same as 
that of a single particle of mass M subjected to all the forces on all the 
particles simultaneously. 


Clearly, 
and its velocity in the CM system, 
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Proof 


It is sometimes convenient to refer to certain vector quantities (position, 


velocity) measured relative to the center of mass, or measured “in the center 
of mass system.” The center of mass system (hereafter known as the “CM 
system”) is a moving coordinate system whose origin is located at Rem and 
whose axes remain parallel to the corresponding axes of the inertial system. 
the position vector of the ath particle in the CM system is Ra — Rem 
defined as the derivative of this vector, is 


the difference of the inertial velocities: 


d 
ae Roa Soe Ya 


Its angular momentum is 


dR 
fi = (В Rem) X nd". = ihe) 
THEOREM C.3 The total angular momentum of the system equals the 
sum of the angular momenta of the individual particles in the CM 
system, plus the angular momentum of a single particle of mass M 
moving with the center of mass. 


Proof. We have to show that 


dR, ав, d 
L= Ў R.X me = E Re- Ren) x m| 22e - =) 
d Ras 
beo Ши coh (C.12) 


The sum on the right equals 
dR. dR, 
DRX mG -Roax (Z me ^5, 
xd d Ras боол Ros 
(z mR.) xP + Rem Х ул тут, 
Using eq. (C.10), we express this as 
d Ras d Res d Res 


ES UE. cm X m X 
L — Rom X M di MR dt + Rem X M ST, 
сасу POE gy ed 
dt 


and inserting this back into eq. (C.12) verifies the identity. 
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We invite the reader to supply the proof of the following, similar result. 


THEOREM C.4 The total kinetic energy of the system equals the sum 
of the kinetic energies of the individual particles in the CM system, plus 
the kinetic energy of a single particle of mass M moving with the center 
of mass: 


1 1 
52 ome IZ md $2; 3 Ma 


Usually it is convenient to separate the forces on the ath particle into two 
categories: internal and external forces. The internal forces are produced by 
interaction with the other particles, while the external forces are produced 
outside the system. The advantages of this separation accrue from the fol- 
lowing facts: 


d Rc, Я 


: 1, Јак. 
+ Eid boima: 
dt M 


2 dt 


A 


(i) Most internal forces between particles are two-particle interactions, so 
that if the force on the ath particle due to the Bth particle is F”’, the total 
internal force on the ath particle is 


Fe = y F^ 


B*a 


(ii). Most two-particle interactions obey Newton's third law (NTL)—every 
action is accompanied by an equal and opposite reaction—which is in- 
terpreted to mean that 


ота: 5 (С.13) 


and that both FY” and Ес? are directed along the line connecting particles 
a and 6: 


(Rs - RJ X Ff) = (В, - В.) x Ее! = 0 (C.14) 


Systems having these properties will be said to “satisfy NTL.” (Observe 
that if a system has some internal forces that violate NTL, one can use 
the artifice of categorizing these as external forces and interpreting the 
theorems accordingly.) 


Clearly, if а system satisfies NTL, then one can omit the internal forces 
from the sum in theorem C.2, because they cancel pairwise. A more profound 
result is the following. 


THEOREM C.5 Ifa system satisfies NTL, then the rate of change of 
its total angular momentum measured in the CM system equals the 


v of the torques of the external forces, measured relative to the center 
of mass. 
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Proof The theorem states that 


dU" d dRe) 
ашк — ia. x RET oem 
dt aL (Ra Rem) m Va dt 
= DR. — Rem) X Е (C.15) 
where the force on the ath particle satisfies 
F, = Ft + Pet 
ни. Е + > F” 
Bta 
To derive this, we sum eq. (C.6) over all particles: 
аба dR, 
e — = x A 
PT, ул R, X m, di 2 R, X F, (C.16) 
By eq. (C.12), the left-hand side can be written 
dL dL" A Re) dL" а, 
dt dt dt Bet Saat dt т Х М 28 
and theorem C.2 for NTL systems reduces this to 
dL Уай” 
hai E x xt T 
di di + Rem ук: (С.17) 


The right-hand side of (C.16) can also be reduced: 
ER XF, = УВ, х (Е + Е) 
=DRxXIN+ У У R, X Е? 
a a B*a 
The terms in the second sum cancel pairwise by eqs. (C.13) and (C.14): 
Ra X F? + Re x Fe) = (Ra — R) x ЕЁ = 0 
while the other sum splits into 
У (Ra — Rem) X B+: Ron XD) (C.18) 


Equating eqs. (C.17) and (C.18) and dropping the common term, we 
arrive at eq. (C.15). 


Theorems C.2 and С.5 are very useful for NTL systems with many par- 
ticles and complicated internal forces. They frequently permit a general overall 
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description of the motion (position of CM, and angular momentum about CM) 
in terms of the external forces only. As we shall see, these data provide a com- 
plete characterization of the motion of rigid bodies. 

The concept of potential energy can be applied to systems as well as to 
single-particle motions. If any of the forces on the ath particle are functions 
of R, only, and if the field F,(R,) is conservative, we introduce the corre- 
sponding potential energy V,(R,) as before: 


к (В) уау, (К,) 
with, obviously, A 


The two-particle interaction forces, however, generally depend on the coor- 
dinates of both particles: 


F? di F?(R,,R;) 


and even worse situations are imaginable. 
To get a convenient theory for systems, therefore, we shall classify as 


conservative those forces F, that are derivable from a single potential energy 
function V(Ry, Ra, . . . , Ry) via 


F = —VOV(R, R2,. . . , Ry) (am TN (C.19) 
Here one regards К, as constant when we apply V®, if 8 # o. Fortunately, 
many physical forces are conservative in the sense of eq. (C.19). 


The classification of conservative and nonconservative system forces leads 


E à generalization of eq. (C.9). If E denotes the total System energy, defined 
y 


1 
E = У т.р + ИВ, Ra... Ry) 


then the rate of change of energy along the system trajectory equals the power 
generated by the nonconservative forces: 


dE dR dR 
ыл Fons) 4. Frnoncons)) . A 2а (ay .——-a 
dt х (E; a Dae 2 vá dt 


dR 
= ) F'noncons) $ a 
>, E. my (C.20) 
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C.2 Mechanics of Rigid Bodies 


A rigid body is a system of particles whose internal forces are so strong that 
they hold the interparticle distances fixed: 


|К. — R;| = constant (C.21) 


Rigid bodies are theoretical idealizations, but their motions provide very ac- 
curate descriptions of the mechanics of real physical solids. The corditions of 
rigidity eq. (C.21) can be enforced, in theory, by forces obeying eqs. (C.13) 
and (C.14), so we will treat rigid bodies as NTL systems. 

Observe that eq. (C.21) implies that the angles between the interparticle 
vectors (R, — Rg) are also fixed, because the angles can be expressed in terms 
of the lengths via the law of cosines. Hence, also, the dot products stay con- 
stant. 

Furthermore, the center of mass of a rigid body stays fixed in the 
body. To see that Rem stays a constant distance from, say, Rs, we express 
|К. Rs| in terms of these fixed dot products: 


Z,m,R : У, mR >, MRs |? 
Ron — 2 быз ЖЫМ +: Киш = ы E атан зева 
[Rem — R4 M Bs M M 
_ | 20 ma(Ra — Rs) |? _ aXe m,(R, — Rs) : ms(Re — Rs) 
M M* 


Hence the distance from Rem to each of the particles remains constant, and 
Rem is fixed in the body. 

Let us first consider the motion of a rigid body that moves with one point 
held in place. In this case it is convenient to use an inertial coordinate system 
with its origin at the stationary point. Also, we define an auxiliary coordinate 
system with the same origin, but with its axes fixed in the body. The position 
of the body is then completely specified by determining the position of the 
body-fixed axes. 

In the subsequent developments we shall draw freely upon the techniques 
discussed in sections 5.3 and 5.4, and the corresponding exercises. 

If we let i, j, and k be unit vectors along the inertial axes and i^, j’, and 
k^ be unit vectors along the body-fixed axes, then any vector h has the two 
representations 


h= hic hj hk 
= л» + hbj? + hk’? 
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where the А;, ht are related by an orthogonal transformation expressed through 
the orthogonal 3-by-3 matrix O: 


hy т 
h | =O} h (С.22) 
hs h? 


di. ад нт 
dh, , ud, d udi ањ „ак 
= ol дебла wae — T — k’ + h [xam 
а. "T а PE pec dt а 


(Of course, the inertial axes stay fixed.) 

Now suppose an observer turns with the body and computes the rate of 
change of h. This person is unaware that the body axes are turning, and the 
only way to detect a change in h is if its body-fixed components change. Hence 
the observer computes 


hy Ic eed Y dA 
(2) = = + кН + m. (C.23) 


What is the relation between dh/dt and (dh/dt)^? To answer this ques- 
tion, we turn to eq. (C.22). The components of dh/dr in the inertial system 
Satisfy 


hi D h? 
d d doj | 
|] = Ooh +2 ГА (С.24) 
5 b 
hs ГА b 


(Here dO/dt has the obvious interpretation as the 3-by-3 matrix whose ele- 
ments are the derivatives of the Corresponding elements of O.) The first term 
on the right gives the components, in the inertial system, of the vector 


(dh/dt)^ in eq. (C.23). To unravel the meaning of the second term, we first 
rewrite it as 


Toro) n (C.25) 


keeping in mind that ОТО = у = OO". Differentiating this last relationship 
reveals that 


dO аот 
=» УГ — = 
ae F Oir 0 (C.26) 
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but since 


0, —03 Q2 
dO 
LÀ = m 0 —oi (C.27) 
=w © 0 


Now insert eqs. (С.27) and (C.22) into eq. (C.25). According to exercise 18, 
section 5.3, the resulting expression gives the inertial components of w X h, 
where 


Ww E oi * wj аг w3k 


Hence we understand eq. (C.24) to say 
b 
) +wXh (C.28) 


To determine the meaning of the vector w, we let h be the vector from the 
origin to the ath particle: h = R,. Then h is fixed in the body, so we have 


dR, 
dt 


But the left-hand side is the velocity, in the inertial system, of the particle at 
R,. Hence, eq. (C.29) is the same as eq. (1.22), and we identify w as the 
angular velocity of the body-fixed system with respect to the inertial system. 
The result (C.28) is known as Coriolis’ law, and the formula (C.27) tells how 
to compute the angular velocity vector w from the transformation matrix. 

Let us use the angular velocity vector to express the angular momentum. 
We have 


=0+wXR, (C.29) 


L = DR, X mv. = Y, Ra X maw X Ra) 


= E лш — Y mR. В, о 


a 


by eq. (1.30). To study this, we must use tensor notation. If we let R‘ denote 
the ith component of R,, then the ith component of L can be written 


Li = У mR — У) MRO Ro 
; е 


= Iijoj (C.30) 
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(recall the summation convention.) Here the /;; are the components of a tensor 
of rank two called the inertia tensor: 


Ij E » т. (Кі? д,; TE RØR) 


Observe that / is symmetric: Ij = Iji. 

Now that we have an expression for the angular momentum, we can write 
the equations of motion, derived by summing eq. (C.5) over all the particles: 
the total torque equals the rate of change of the total angular momentum. 
Hence, in tensor form, 


d 
T, = 5 ue) 


Notice that since the inertial components of К° change as the body moves, 
Ij is a function of time. However, if we work in the body-fixed coordinate 
system, all the R” are fixed, and Jj; is constant! Hence, acknowledging Cor- 
iolis' law, we find that in the body-fixed system the equations of motion are 


do; 
Тт ж ha t єк (C.31) 
Furthermore, it is well known that because / is a symmetric tensor, there exist 


body-fixed axis systems wherein the off-diagonal components of / are zero; in 
such principal axis systems, 1 


hi 0 0 
I= 0 In 0 
0 0 I 


Writing eq. (C.31) accordingly, we derive Euler's equations irantion fora 
body-fixed principal axis system: 


do 
i= li = (In — I3)exos 


dw 
DF la = (fas — Di)eso 


dw 
Tum Ise = (n — £23)eyo; (C.32) 


In principle, one determines the motion by solving the Euler equations for 
w and then finding the transformation О from eq. (C.27). The latter task is 


made somewhat easier by choosing a convenient parametrization for O in terms 
of “Eulerian angles." 
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The Eulerian angles are discussed in the references below. Suffice it to say 
that the rotation described by О can be decomposed into a sequence of three 
successive rotations about the z, x, and z (again) body axes through the angles 
ф, 0, and у respectively; hence 


cosó -—sinó 0 1 0 0 cosy -—siny 0 
O-|sinó соф 0 0 cos@ —$пб siny cosy 0 
0 0 1 0 ыб cosé 0 0 1 


cos y cos ¢ — cos 6 sin $ sin Y 
= | cosy sin ф + cos 0 cos ф sin y 
sin 0 sin V 


—sin y, cos ф — cos 0 sin. cos y sin 6 sin ф 
—sin y sin ф + cos б cos cosy  —sin 0 cos ф 
sin 0 cos V cos 6 


and eq. (C.27) becomes, in the body-fixed system, 
e = ф sin 0 sin y + 6 cos V 
w = ф sin 0 cosy — Ê sin y 


ш = 6 cos 0 + (С.33) 


Опсе w is determined from the Euler equations, the Eulerian angles ф, 0, and 
V are determined by solving eq. (C.33). Then O can be computed. 
It should be mentioned that other conventions are sometimes used to define 


the Eulerian angles. 
It is at times useful to express the kinetic energy of this motion in terms 


of the inertia tensor. We have 


1 1 
К = 72 malva? = 72 т.о X Ral? 


2 m,(w X Ra) : (w X Ra) 


[~ 


Y mL Raol- Ra o] 


a 


ud 
2 
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by eq. (1.33). In tensor notation we find 


K Ё <> m (RE? ? = Rw; R Pw) 


wi >) m,(Ri5,j EL ЕК") ау 


If we let w = wn, where nis a unit vector, then К = Gil jnj)o?. The quantity 
nil jn; is called the moment of inertia about the n direction. If n = k^, we have 
т = бу and the moment of inertia about the z axis becomes 


бауда = Һз = > m(RP? — RG?) = » т.(хе? + enm) 


— a formula familiar to most calculus students. 

We now turn our attention to the general motion of the rigid body, drop- 
ping the assumption about the stationary point. Theorem C.2 allows us to write 
the equations of motion for the center of mass: 


dRa, 
dt? 


(invoking NTL for the internal forces.) Also, theorem C.5 says that the ex- 
ternal torque, measured about the center of mass, equals the rate of change 
of angular momentum measured in the CM System. However, since the center 
of mass is a body-fixed point, and relativizing all quantities to the center of 
mass is equivalent to treating the center of mass as Stationary, the theory we 
just discussed can be used to analyze this motion. In particular, if / denotes 
the inertia tensor with components computed in a body-fixed principal axis 
System with its origin at the center of mass, the three Euler equations (C.32) 
describe the angular velocity of the body system with respect to the CM system. 
Hence the six scalar equations (C.34) and (C.32) determine the three com- 
ponents of Rem and the three Eulerian angles, and the position of the rigid body 
can thus be completely specified, 


DF = М (C.34) 


Exercises 


P t ү 
1. Asa rule, the angular momentum L is not parallel to the angular velocity w; but 


if о is directed along the ith principal axis of J, L = Jj (not summed). Dem- 
onstrate this. 
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ДЕЛ SECTION COME ааа 


3 


1 


. Prove: the moment of inertia J» in the direction n measured about the point Ro is 


related to the corresponding moment of inertia Zem measured about Rem by the 
formula 


Ty = Tem + M|(Rem — Ro) X n|? 


Prove theorem C.4. 
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APPENDIX D 


The Vector Equations 
of Electromagnetism 


0.1 Electrostatics 


It is well known that two electrically charged particles at rest will exert forces 
оп each other. The forces vary inversely with the square of the distance sep- 
arating them (the “inverse square law”), and directly with the charge on each 
particle. They are attractive or tepulsive accordingly as they are of opposite 
or of equal polarity. This body of facts is known as “Coulomb’s law," and it 
can be formulated vectorially as follows. 

Let 4: and qz denote the charge on each particle (signed according to 
polarity), and let R; and R, designate the respective position vectors. Then the 
force on particle 1 due to particle 2 equals 


F2- kd; (Е — R2) E R,—R; 
^O JR -RPIR -R| 7 I7, р 


where the (positive) constant К depends on the system of units. 


360 
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If there are N stationary particles with charges q;, then the forces they 
exert on a “test charge” q located at R add vectorially: 


Е – К; 
i D.1 
-F kqqi jR | (D.1) 
Historically, it has proved convenient to interpret eq. (D.1) as 
F = qE(R) (D.2) 


where the electric field E(R) is the force, per unit charge, that would be ex- 
erted by the charged particles 1 through N on a charged particle located at 
R. Hence E(R) is a vector field given by 


у TR 
ER) =k Daigo Rp (D.3) 
The electric field is irrotational for R # R;, as the following computation 
shows: 
(R — Ri) 
|R = RiP 


VX(R-R) 1 
2 zial [к р roe =i) NT | 


ES , |. R - Е) X (R — К) 
= Ў) kai r EX ps ye | 


HO (D.4) 


using identities (3.31), (3.34), and (3.35). In fact, E is the negative gradient 
of the electrostatic potential V(r), given by 


V(R) = > kqi/|R — Ril À (D.5) 


УХЕ = Y kav x 


The equation 
= -yV (D.6) 


follows from identity (3.35). 

The divergence of the electric field, for R # R;, is computed by using eqs. 
(3.30), (3.33), and (3.35): 
3 3(R — R): (R — В) 
V:E=k ра |а 
2 4 |R е. гар |R zu. R;|5 x 

However, V · E is undefined (infinite?) if the tip of R coincides with one of 
the point charges. To investigate this more fully, we consider the electric field 
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Figure D.1 


due to a single point charge q, located at the origin В, = 0, and compute its 
flux through a closed surface 5: 


R 
mx = |] ,Е-в= a ff Aus (D.7) 


(where, as usual, R = |R|). If the domain D enclosed by 5 does not contain 
the origin, then V - E = 0 throughout D and the net flux out of S is zero, by 
the divergence theorem. If the origin lies inside D, then we consider a sphere 
S, around the origin, whose radius є is so small that the interior of S, lies inside 
D (see fig. D.1). Since V: E = 0 in the intervening region bounded by S and 
S, the flux out of S equals the flux of S, (compare section 4.1 3). Parametrizing 
S, by the spherical coordinates @ and ф (with К = є = constant), we have 
OR _ OR 


as = (8x58) аә 


R 
TNS 
= R? sin à dọ 4 


Thus the flux out of S, and hence S, equals 
ix [x R R . 
ка], Í m. RE sin ф dọ dé = 4rkqı 


Shifting the charge q; to position Ry, we conclude that 


Jf E-ds = 4xkq, if S encloses К, 
s 0 otherwise 


For N charges, we add all the individual contributions to the flux and derive 
Gauss’ law of electrostatics: 


I E: dS = 4тК (qi or 0) = 4zk(total charge enclosed by 5) (D.8) 


SECTION D.1 ELECTROSTATICS 363 


[recall eq. (4.38)]. Here we are assuming that none of the charges q; actually 


lies on the surface S. 
Point charges do occur in nature as electrons, protons, and so forth, but 


in most macroscopic physical situations involving matter so many particles are 
present that it becomes necessary to use a continuum approximation, that is, 
to replace sums over point charges by integrals over charge densities. Thus, 
we introduce the charge density function p(R) with units of charge per unit 
volume, so that the total charge q in a region D is given by 


gee 1], р(х,у,2) dx dy dz = HA p(R) dV (D.9) 


This leads us to consider the analogs of eqs. (D.3), (D.5), (D.6), and (D.7) 
for the continuous case: 


ee) - x f ff pO gp dV (D.10) 
r AR) ny 

WR) = к HI RED (D.11) 

E(R) = —VV(R) (D.12) 


E = 4rk bless © ,Q dV (D.13) 


However, we now encounter some mathematical difficulties. The troubles 
arise from the appearance of zeros in the denominators. For the discrete-particle 
case, we simply excluded the points R = R; from consideration in equations 
like (D.3); these points were finite in number and we were willing to work 
around them. However, our continuum model will have whole regions of space 
where p is nonzero and the integrands in eqs. (D.10) and (D.11) will diverge 
if E or V is to be evaluated in such regions. Thus, the questions arise: 


(i) Are the improper integrals in eqs. (D.10) and (D.11) well defined at points 
where p(R) # 0? 
(ii) If so, are eqs. (D.12) and (D.13) still valid? 


These questions form the basis of potential theory, a subject that is treated 
in the textbook by Kellogg. Without going into details, we can get some insight 
by considering the following example. Suppose f(R) is a continuous function 
and we wish to integrate f(R)/ К over some region containing the origin, where 
R = 0. If we use spherical coordinates, we have 


I лю ay = [f [1899 vc gan as 


= J J f [{(R.o,9)R?2-? dR] sin ф аф 40 
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Since the improper integral fj R” dR converges for q > — 1, we conclude that 
the inner integral over R will be finite for p — 3. The other integrals present 
no difficulty, so we propose the following rule of thumb for manipulating the 
improper integrals that arise due to the continuum approximation: all the usual 
operations and theorems may be applied in a straightforward manner unless 
one encounters integrals of the form 


JJ лэк = R|[* av 


with p > 3. Of course such a glib statement is mathematically treacherous, 
but it roughly summarizes the results of the more rigorous potential theory. 

Accordingly, we see that the potential V(R) in eq. (D.11) is well defined 
at all points R where the charge density p(R) is continuous. (In fact, jump 
discontinuities in p are permissible.) So also is the electric field E(R); keep in 
mind that the net component of |R — R'| in the denominator is 2 in eq. (D.10). 
Furthermore, since eq. (D.10) is obtained from eq. (D.11) by formal differ- 
entiation, and all the integrals are convergent, the relation 


E(R) = —VV(R) (D.12) 


is true. Thus E(R) is still irrotational and eq. (D.4) holds. Moreover, both 
integrals in Gauss’ law eq. (D.13) are quite regular, and the law remains valid. 

Now let us compute the divergence of E, which by eq. (D.12) equals the 
negative laplacian of V. Modeling the computations we made earlier, we are 
tempted to proceed formally from eq. (D.10) to obtain 


ү Ё if к 

Е= Говор: ЁС, [К САР ad 
b 3 _ 3(R — В): (R - В) 1 
ЭШ юкер кр [а-ар acd E) ay 


(WRONG!) 


but, as the warning flag indicates, this calculation is suspect because of the 
exponents in, the denominators; the rule of thumb is violated. The correct 
expression is obtained by applying the divergence theorem to the left-hand 
side of eq. (D.13), resulting in 


fff arm ff oma 


Since this equation holds for any domain D, we conclude 
У.Е = 4rkp (D.14) 
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—the “differential form of Gauss’ law.” Expressing E in terms of V, we have 
Poisson's equation for the electrostatic potential 


УИ = —4rkp (D.15) 


A typical situation in electrostatics is the following. One is explicitly given 
(i) the charge distribution p in a certain domain D and (ii) the values of the 
potential V(R) on the boundary surface 5 of the domain; the problem is to 
find V(R) everywhere inside the domain, Observe that one cannot simply use 
eq. (D.11), because the charge density function p is known only inside D. All 
one knows about the charges outside D is that they, together with the interior 
charges, give rise to the specified values of V on the surface S. (For example, 
the charges within an electric conductor always distribute themselves along 
its surface so that the conductor is an equipotential, in the electrostatic case.) 
Thus one has to solve Poisson's equation in D, with the specified boundary 
conditions, to find V(R). Taking the gradient then gives the electric field E(R). 


D.2 Magnetostatics . 


Just as stationary charges produce an electric field that can be detected as a 
force on a test charge, moving charges, or currents, produce magnetic fields 
that exert forces on “test currents.” However, the geometric properties of these 
fields are somewhat more complicated. 

A point charge qı located at Ri, and moving with a velocity vi, produces 
a magnetic induction field B whose magnitude and direction at the point R 
are given (for nonrelativistic speeds) by 


X(R—R 
BR) = эп "Туар (D.16) 


where ¥ is a positive constant depending on the system of units. The magnetic 
induction vector exerts a force on a particle with charge q and velocity v given 
by 

F = nqvXB (D.17) 


Here again n is a dimensional constant. 

Note the dependence on velocity in these equations; a stationary particle 
produces no magnetic field, nor is it influenced by a magnetic field. A moving 
particle produces a field perpendicular to its velocity, and is forced by an ex- 
ternal field in a direction perpendicular to both its velocity and the field. 
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Furthermore, the mutual interaction between two moving particles does 
not satisfy Newton's third law; the force on particle 2 (¢2,R2,v2) resulting from 
particle 1 (qs Ry,vi) is 


qi X (Е, — Ri) 


= х 
Fj 192% IR; мб к. 


whereas 


q2 X (Ri — R;) 
IR; = В? 


and a little experimentation will reveal that F?) is not equal to FQ), nor are 
these forces directed along Ҝ; — В|. (See exercise 33, section 1.13.) 

Once again it is necessary to make a continuum approximation to solve 
most physical problems. Thus we shall consider a continuum of moving charges, 
with a charge density function p,(R) and a velocity field v(R). (In many sit- 
uations one has moving charges flowing through a background of stationary 
charges; for example, in a current-carrying conductor the conducting elec- 
trons flow past the stationary ions. Thus we use a subscript to distinguish be- 
tween the density of moving charges р„ and the total charge density p.) 

These moving charges give rise to a current density j(R): 


XR) = o, (R)v(R) (D.18) 


According to the discussion in section 3.4, the flux of j through a surface 5 
equals the amount of charge crossing the surface per unit time, or, in other 
words, the current / through the surface: 


NT 


Moreover, the conservation of charge can be expressed, according to section 
3.4, as 


FP = лду X 


v-j= Pm _ 9e 
dt dt 
(since the stationary charges do not change). For magnetostatics, др jðt=0, 
so j is solenoidal. 


The total magnetic induction field due to a steady (i.e., time-independent) 
current distribution is obtained by superposition: 


(D.19) 


üh a HI Mgr RR 
(9 7 » J J J о) X je p dV 


vede to yu 
'/]] в) 8m TRF dV (D.20) 


y 
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In some physical experiments the current producing the B field is carried 
by a wire filament. It is convenient to model this situation by letting the cross- 
sectional area of the wire go to zero, and the current density to infinity, in such 
a manner that the flux of j along the wire, that is, the current 7, is constant. 
Then the wire becomes a space curve R' = R'(s) carrying a current J. The 
volume integration in eq. (D.20) is regarded as an iterated integral, integrated 
first over the cross-sectional area, then along the length of the wire. In our 
model the first integral yields the current 7, and eq. (D.20) becomes 


dR X(R—R' 
B(R) = yI J СЕВЕ 
-f aR) R= RG) 
| 2 a x R- RP = R'G)P а) (р.21) 


In magnetostatic situations, of course, the current is carried around а closed 
curve; otherwise, j could not be solenoidal. Thus the integral in eq. (D.21) 
could be more accurately written 4. 

It is very instructive to compute the total force exerted on one current 
loop by another. The effect of the field B(R) on the loop Rj(s) carrying current 


I, is given by 
bit av 


т mo dR, X B(Ri) 


If B is produced by loop R2(s) carrying current Jz, then the interaction force 


is 
ав; X (Ri — R)] 
F2 = nn $ $ ar х1® ЧЕ: Ral 
1 mp 1 IR: — Ra 


By identities (1.39) and (3.36) 


ак; · (К, — R2) К —R 
hl фф dR, — dR, dR,  ——— 
= ylh үз ан = юр 2 idR; IR, — Rof 


WS e um ium аВ, 
2 
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The first term vanishes by theorem 4.2, and the resulting expression, 


R; Tà R: 
Иш а: айса e . 
FPZ nh ф $ R gp IR aR: 


is antisymmetric; that is, on interchanging indices, we find that Е? = 
— Е, Therefore the total magnetic force between two current loops satisfies 
a form of Newton's third law, even though the interparticle forces do not! 

It can be shown that a current loop does not exert a net force on itself, 
but that any given portion of the loop is, in general, subjected to a force. We 
do not present this analysis because the improper integrals are quite compli- 
cated. 

Returning to eq. (D.20), we use eq. (3.35) to rewrite the equation for the 


magnetic induction: 
- HI К) XV peak soe dV' 
Y 1 IR ri Е] 


Ј(К) ; 
эх] ROR] dV (D.22) 


(since V operates only on R). It follows immediately that B is solenoidal: 


B(R) 


1 


УВ = 0 (0.23) 
Hence В is derivable from a vector potential А: 
B=VXA 
and, in fact, we can read off from eq. (D.22) what A should be: 
ИЕ”) 
A(R) = f J | X ^ 
9и ÍR — RT dY' + VR) (D.24) 


where y is an arbitrary scalar function. (This degree of freedom is known as 
gauge invariance.) 


To find V X B — V X (V X А) we refer the reader to section 4.14, where 
it was shown that 


VX(VXA) = -VA + V(V- A) 


zl E «ff jin " 
TY) —Y sR- Е] dS (D.25) 


Since we are integrating over a region containing all the current sources j(R), 
the enclosing surface has no currents; thus j = 0 оп the far right in eq. (D.25) 
and we ultimately have Ampere's law: 


V X B(R) = 4ryj(R) (D.26) 
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Equations (D.23) and (D.26) are the basic laws of magnetostatics. It is 
sometimes convenient to apply Stokes' theorem to eq. (D.26), yielding the 


equation 
LET = try | [iit mem 


where the surface S is bounded by the curve C and Г is the total current crossing 


S. 

The typical problem in magnetostatics involves solving eqs. (D.23) and 
(D.26) subject to certain boundary conditions between different media. We 
defer discussion of the latter for the moment. 


D.3 Electrodynamics 


In time-varying situations the previous equations must be modified. First of 
all Ampere’s law [eq. (D.26)] becomes inconsistent with the equation of con- 
tinuity ед. (0.19), because V: V X B = 0 but V: 4туј = —4тү dp/dt. But 
note that 


if Gauss’s law [eq. (D.14)] continues to hold for electrodynamics. Thus one 
might suspect that Ampere’s law is amended to read 
" y OE 
УХВ = 4туј + == : 

B TY) k at (D.27) 
for dynamic situations. Notice that eq. (D.27) implies that magnetic induction 
fields are produced not only by currents j but also by changing electric fields. 
Maxwell, the discoverer of this effect, called (1 /4vk)(0E/8t) the “displace- 


ment current." 
Another necessary modification in the equations was discovered experi- 
mentally by Faraday. It involves the magnetic flux across an oriented surface 


| E 


Faraday observed that when the flux through S changes, an electric field is 
produced around the curve C forming the boundary of S, in accordance with 


a- 3B, Fay 
dt s дї as a er at 


where a is another positive constant. 
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Applying Stokes' theorem we find 


a f]. - - [exe s 


and since this holds for arbitrary surfaces S we conclude that a changing mag- 
netic induction field produces an electric field, so that eq. (D.4) must be mod- 
ified for dynamic situations to read 
ôB 
VXE ar 
Actually, Faraday's law is more general than we have described. We have 
assumed that the flux 4 through S changed because the B field itself changed. 
In fact, 4 can also change if the surface S is moving or turning, in which case 
eq. (4.106) must be used to compute d@/dt. Faraday observed that the same 
electric field is induced regardless of the mechanism that produces the change 
in Ф. This situation is relativistic and we refer the reader to the references for 
elaboration, but we remark that one consequence of the analysis is the iden- 
tification of the constants о and n: 


а = п (0.28) 


and we incorporate this fact in our subsequent equations. 
The four main equations that we have examined above, 


V-E = 4rkp (D.14) 
V-B- (D.23) 
ðB 
УХЕ = —»— 
т (р.29) 
ðE 
УХВ = 4туј + 2 < 
тү} v (D.27) 


are known as Maxwell's equations, and they can be used to find E and B when 
the charges p and currents j are known throughout all space. The charges, in 
turn, are subjected to the Lorentz force, obtained by adding eqs. (D.2) and 


(D.17): 
r= |) ou + mx Bay (D.30) 


So, in general, the coupled system of Maxwell’s equations and Lorentz's equa- 
tion describes how the charges produce, and are influenced by, the fields. 
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side 2 | 
n;7-n, 


Figure D.2 


If the charge sources are known only in a region D, Maxwell's equations 
must be supplemented with boundary conditions. These can be derived from 
the equations themselves, as follows. Suppose the region D is bounded by the 
smooth surface S. Consider an infinitesimal “Gaussian pillbox," that is, a very 
short circular cylinder with axis normal to S and with a face on either side of 
S, as in figure D.2. 

Regarding the height of the cylinder as much shorter than the diameter 
of the faces, we apply Gauss' law eq. (D.8) to find 


(E; ^ n; + Е · m)(area of base) = 4zk(charge enclosed) 


h 
п: (Е, — Е,) = «(аве = 4nk(surface charge density) 


Thus the normal component of E jumps by an amount 4rk times the surface 
charge density as the surface is crossed. 


Since V : В = 0, the analogous argument shows that the normal com- 
ponent of B is continuous as the surface is crossed. 

Now we consider an infinitesimal loop crossing the surface, as in figure 
D.3. We compute the line integral of E around this path, again treating the 


height e as negligible compared to the length à. If E, denotes the relevant vector 
component of E, we have 


фе ав - e, eps 
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n, 


Figure D.3 


Applying Stokes' theorem and eq. (D.29), we have 


A OB. _ _9B; 


where Bs is the indicated component of B. Since we are neglecting є in com- 
parison with ô, this equation implies Е, = Е,,; that is, the tangential com- 
ponent of E is continuous as S is crossed. 

If we integrate B around the same loop and use eq. (D.27) and Stokes' 
theorem, we find 


x 9E, 
k д 


Again we neglect the last term; however, the term j,e might be appreciable if 
there is a surface current density. Checking the orientations, we conclude that 
the tangential component of B jumps by an amount 4ry times the surface 
current density, in a direction perpendicular to the latter, as S is crossed. 

Summarizing, we introduce c as the surface charge density and K as the 
surface current density, and we say that the normal and tangential components 
of E and B jump by amounts 


(B, — Bj) 6 = 4ry( js 9 ё + be 


АЁ norma = 4rko 

АВ ты = 0 
AE емш = 0 
ABungenit = 447K Хп 


as we go from side 2 to side 1. 

When there are material media inside the region of interest, the physics 
of the situation often makes it convenient to distinguish between free and bound 
charges, and free and bound currents. This is aided by splitting E into an elec- 
tric displacement vector D and an electric polarization vector P, and by split- 
ting B into a magnetic field vector H and a magnetization vector M. The details 
of these decompositions depend on the material properties, so we leave this 
matter to the references at the end of this appendix. 
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We wish to derive two results involving the interplay of the mechanical 
motions and the fields. The point charge q with mass т and velocity v has 
kinetic energy +ml|v|?. According to eq. (C.7), the effect of a force F is to 
change the kinetic energy, at a rate F ` v. If we sum eq. (C.7) over the charges, 
call the total kinetic energy K, and replace F by the Lorentz force, we find 


E = > ФЕ + w x B): y= У; ЧЕ v 


or, in continuous form, 


- [ff merar- fff кз 


Using eq. (D.27) to eliminate j and then invoking eq. (3.38), we find 
1 дЕ 
xf J fe{ cops debes 
= TL Е av 
Ark le E 
rens, 
Amy 


Applying eq. (D.29) and the divergence theorem, 


i-a fff eto a fff tte 
а 


where the surface integral is taken over the boundary of the region. Conse- 
quently, 


45 К JJ] xr M, ar - =| Р xe -dS 


This equation lcads one to postulate that the electromagnetic field itself 
has an energy distributed throughout space with a density 


IE? х BE 
Bak Try 
and that the energy of the electron. echanical system is carried off by the field, 
with a flux density P known as the Poynting vector: 
EXB 
any 


Р = 
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A similar derivation can be carried out for momentum. If P denotes the 
total mechanical momentum, then 


а yr - fff on ix mav 
- à fff oswa L fff exmxsar 
Леа k 


from Maxwell’s equations. Invoking the identity 


хв – Ёхв+ЕХ 


and using eqs. (D.29) and (D.23), we rewrite eq. (D.31) as 


(Е х B) 
g «a fJ pE dV 


ГГ ИУ ХЕ ХЕ + (V: EE] d 
+ HI sl] X B) X B + (V : B)B] dV (D.32) 


Employing tensor notation, we find 


(УХЕ) X E + (У · E)E]; = ejm (9;Em)Es + (9:Е)Е; 
= iim (DE mE + (E)E; 
= (биб — Oxmdi1) (GE mE + (ENE; 
= (GEE: — (GE m)Em + (OEE: 


= à(EE) — (E) 


bul? 
a (sn ы > | ) 


Hence, the ith component of eq: (D.32) can be expressed 


dP; (E X B); 
2, ge fff Ea- | [| arar eee?) 


LEE BB has =) 


Sek Sey 


where 
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If we think of i as fixed, the right-hand side of eq. (D.33) looks like a diver- 
gence; therefore the momentum equation becomes 


end J IE а x 5 ЕВ) у = J f: Tin, dS (D.34) 


where т represents the components of the outward unit normal n. The inter- 
pretation of eq. (D.34) is to regard «(E X B)/4rk as momentum stored in the 
field, and Т; as a “Пих dyadic” or “stress tensor” giving, componentwise, the 
flow of momentum flux through the surface S. Elaboration of this Maxwell 
stress tensor will be found in the references at the end of this appendix. 

We close out this appendix with a discussion of a procedure for solving 
Maxwell's equations in the case where the charge and current densities p and 
jare known throughout space, and where the time dependence is sinusoidal. 
Thus we assume that every quantity E, B, p, and j contains a factor e/^', so 
that time derivatives are equivalent to multiplication by iw. This “frequency 
domain analysis" is a very useful approach in understanding radiation prob- 
lems. Maxwell’s equations take the form 


V. E = 4р (D.35) 
V-B-0 (D.36) 
УХЕ = —iwnB (0.37) 
VXB = 4ryj + "x (D.38) 


First of all note that eq. (D.35) is redundant; by taking the divergence of 
eq. (D.38) 


V:YXB=0 = 4r j + УЕ 
and inserting the equation of continuity V: j = —iwp we derive 


levy p ie 
RE y 4" 


which is equivalent to eq. (D.35) if w # 0, (Observe that w = 0 is the static 
case, which we have analyzed already.) 
Now eq. (D.36) is automatically satisfied if we take 


B=VXA (D.39) 
for any vector field A. With this substitution in eq. (D.37) we learn 
V X [E + iwnA}] = 0 
Thus eq. (D.37) will be satisfied if we take 
E + iA = —Vó or E = —iwnA — Vo (D.40) 


for any scalar field ф. 
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As a result we only have to satisfy eq. (D.38) with the forms (D.39) and 
(D.40)—Aand we are free to choose ф and A, to enable us to do so. 
Insertion of eqs. (D.39) and (D.40) into eq. (D.38) results in 


VX(VXA) = —VÀA + N(V: A) 


= 4кт + —E 
К 
«үп iwy 
жой” -ла г o eb HA 
4myj + n A п ф 
ог 
; 2, 
os -A+ i = Vat ann rey ee (D.41) 


We shall solve eq. (D.41) by choosing a formula for A that makes the right- 
hand side zero, and then setting 


@=—V'A (D.42) 
wy 


to make the left-hand side zero. 
The formula for A is an extension of lerama 4.4, section 4.13: 


LEMMA D.1 The expression 


am - » JJ] capra dv’ 


MS s Е (р.43) 
satisfies 
2, 
VA + А = VA + )2А = —4тү]} (0.44) 


Proof Because the variable R appears twice in the integrand we cannot 
apoly lemma 4.4 directly. Also we must avcid powers of |R — R’| higher 
then 2 in the denominator. We proceed ca itiously. 

It is easy to show that the product гш” for the laplacian is 


УУК) (К) = g(R) VIAR) -- AR) V72(R) 
+ 2Vf(R) - Ve(R) (D.45) 
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One way of implementing this is to introduce the operators У, and V3, 
which operate on the variables R; and R;, respectively, and perform the 
operation 


УТЕ.) (В) + УК) (В) + 271° У, ДВ.) (Е) (р.46) 


and finally set К, = Rz = R in the result. Applied to eq. (D.43) this 
procedure leads to 


he ii J Í pe i ze dps 
1 


КО: } f J E e^m-RIdy! (DAI) 


(Ri = R = R). 


Lemma 4.4 can be applied to the first term, since R; is sensibly constant 
while the operator works on Rj. It produces 4r j(R,)e~*!R:-®il, and with 
К; = В, = R this becomes 


—4т j(R) (D.48) 


The rest of the computation is straightforward, because the differential 
operators can be brought under the integral signs without creating di- 
vergent integrands. From the identities one can show (exercise 1) 


dye кокс". 
ES 


І РР, 
Viv ———  —— e i^[R;-R'| 
2 1 V2 r3 R|" 2 


dta К. —R -iJR,- i] 
i2) ix — M rm жү XL (D.49) 


V2e-n|R;-R| 


i 
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and insertion of eqs. (D.48) and (D.49) into the integrals in eq. (D.47) 
with В, = Rz = R produces 


у? Hf | Zu g-oIR-KI dy" 


= —4rj(R) 


E ШЇ E (^ T cw e IR-RI dy! 


= —4xjR) — X I f f Тегү en-xi y" 


With the factor y inserted and some rearrangement this becomes cq. 
(D.43). 


As a result Maxwell's equations are solved for this situation by computing 
A from eq. (D.43), $ from eq. (D.42), E from eq. (D.40), and B from eq. 
(D.39). 


Exercises 


1. Verify the formulas (D.49). d 
2. In free space with p = 0, j = 0, show that both E and B satisfy the wave equation 


E) n z(5) 
(Е) k orAB 
3. In тапу electric conductors the currents and fields obey an experimental law known 
as Ohm's law: j = сЕ, where с is a constant depending on the conductor, and is 


called the conductivity. If Ohm's law holds and p 0, show that both E and B 
satisfy the telegrapher's equation 


0-60-90 
v(5) к an B) + 4773; B 
4. How does the equation in exercise 3 change if the conductivity с depends on po- 
sition, с = c(R)? 
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5. If a wire loop is moved through a magnetic induction field B(R), the conduction 
electrons "feel" a force nqv X B, where v is the velocity of the wire. However, an 
observer moving with the wire is unaware of any velocity and postulates that the 
source of this force is an electric field E. Use the flux transport theorem [eq. (4.106)] 
to analyze this situation, and derive the relation (D.28) from Faraday's law. 
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Selected Answers and Notes 


Important: Not all the notes given here will be understood by a beginner. Some 
are intended for graduate students or teachers who may be teaching vector 
analysis for the first time. 

In this book, vectors are represented by boldfaced letters such as A, B, 
С,. . . . Since you cannot conveniently imitate this, the authors suggest that 
you either underline the letter, A, or put an arrow above it, А. Be sure to 
distinguish between the number 0 and the vector 0. 


Section 1.1 


Note: The reader who has studied modern algebra or logic will recognize that 
a vector is an equivalence class of directed line segments. Note that parallel 
vectors having the same length in feet will also have the same length in meters 


or centimeters. That is, vector equality is not a metric property; it does not 
depend on choice of unit of length. 


Section 1.2 


l. In problems of this kind, think of the vectors as displacements. The dis- 
placement C can be obtained by first moving backward along F, then 


des along E, then upward in a direction opposite to D. Hence, C 
=-F+E-D. 
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2.G- -К+С+р – Е. 

3.x -F— В = А. 

4 х= р-Е-Н = С. 

5. Arrow extending from the same initial point and forming the diagonal of 
the parallelogram determined by the two vectors, as shown in figure 1.2. 

6. Notice that C — А = C + (—A) = (-A) + C. 

7. Yes, the statement is correct (the parallelogram may be "'flat"). 

8. This is easy if you observe that a regular hexagon is composed of six equi- 
lateral triangles. (a) B — A, —A, —B, A — B, (b) the zero vector. 


Note: This kind of addition was called geometrical addition when it was first 
introduced by Möbius and others over a century ago. Observe that the length 
of A + B does not equal the length of A plus the length of B. A student once 
announced happily that he had won a bet in a tavern by showing an instance 
in which three units added to four units produced five units (see exercise 4, 
section 1.4). 


Section 1.3 


1. No, length is never negative. 
2. |4A| = 12, |-2A| = 6, |sA| = 6. 
3. |sA| = 1, |—sA] = 1. 


Note: If s is a nonzero number and A is a vector, the vector s~'A is sometimes 
said to be “А divided by s." Thus, if we divide a nonzero vector by its own 
length, we obtain a vector of unit magnitude. This is the point of the first part 
of exercise 3. 


4. Equals the magnitude of A. 
5. No, А might be the zero vector. 
6. Yes. 
7. Not necessarily true, since the vectors may not point in the same direction. 
8. Two. Think of the plane as the top of your desk. One of the vectors points 
upward and the other downward. Many students say, “There are infinitely 
many." This is incorrect, since we do not distinguish between vectors that 
are equal. 
Infinitely many. Think of the line as perpendicular to the xy plane. The 
unit vector might make any angle 6 with the x axis. 
10. Two, pointing in opposite directions. 
11. C = +(A + B). 
12. |A| = ЈА — B + B| < |A — B| + |B| 
Hence |A| — |B| = |A — B|. If you prefer a less tricky method, draw a 
diagram and use a well-known theorem in geometry. 
13. a = —2, b = с = 1 is one possible answer. There are others. 


№ 


. 
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Section 1.4 


Note: | think the only reason some students have trouble with some of these 
exercises is that they think more is expected of them than simply writing down 
the answer. When I work one of these problems by drawing a diagram and 
looking at it, students sometimes say, "Oh, is that all you want?" It is not 
necessary to use any equations or formulas in giving the answer to a trivial 
exercise. 


OT 9. (a) H jj. 

2. 0. (b). 33i — 4). 

à } 2. (c) ti 4. 

2% (d) + +V3j, H — 43). 
5. —i, —j,+V/2i + тү). (e) +(+V2i + t2). 

6. A =i — 3j. 10. 10, 3, VI F 5, 1. 


7. A, = |A] cos 6, А, = JA] sin б. 11.22 - 6 
8. 4, = 3/3, Ау = 3. МЕ. j. 


Section 1.5 
1. 5,3,5, П. xi + yj + zk. 
2. Si + 6j — k, 4j + 4k, 12. s = 2,1 = 3,7 = =]. 
3. 4/2 13. 4,-4.4. 
$ е kp j 14. Use the pythagorean theorem. 
d p 15. Cone concentric with th iti 
6. (a) 4\/2. (b) yz plane. x axis. hcic id 
7. cosa = +. 16. Two, 
г i 17. ~ C08 а, cos В, cos y, 
. . 18. + 
10. i 5) – к, mo tst А, 
Section 1.6 
l. 2i — 5j — 8k. 4. 10 miles. 
2. i + 2j 9k. 5. 7 pounds. 


3. 32j — 26k. 7. kqıq:(Rı — R3)/ JR: — В|. 
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_ occupet mme ED ee titi ttc 


Section 1.7 


1. соѕ-! (— й). 

2. cos“! (43). 

3, cos! 11435, cos"! 4; V/246. 

4. 90° — cos! +. 

8; G + j+ k): (xi + yj + zk) = 0 if and only if x + y + z = 0. Hence, 


@ = 90° if, and only if, x + y + z = 0. 


IfA +B+C+D=Oand A = -C then B = —D. 


8. Hint: Let the sides be A, B, and B — A. If parallel to A, the line segment 


is —4B + A+ 4(B— A) = TA. 
Use the technique illustrated in example 1.3 of the text. 


. Show that the vector sum of the medians is zero. 
. True. 

. True. 

. True. 

. False (radius is 3). 

: (x — 2)? + (у — 3)? + (:— 4)? = 9. 


хх yt жщ 
Line. 


. y axis. 
. The single point (2, —3, 4). 


22. The three coordinate planes. 
2353 
24. 8. 
250118 
26. Cone of two sheets concentric with 2 axis. 
27. Ellipsoid. 
Section 1.8 
1. x = 3t,y = —2t,2 = 1. 5. ($i + 3j + +). 
2 х= ly a2 6. £ (VTi — AVIS} + ТЮ). 
3. у= 2,2 = 3. 7, x = 4y = –2. 
4. +(4i Se ip. 8x= 3,y = 4, 
9,.x—-1-72 —Hy— 4) = iG +1). This may be written in other forms. 
10. +\/42. 
11. cos~! 4/22, about 74°. 
14. (а) 0 <А < о; -1 << 0; о <А < —-l. 


15. 


(а) (2,2,3). (с) No intersection (parallel lines). 
(b) The lines coincide. (d) No intersection. 
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Section 1.9 

119. 6. —2. 

2. 8 + 27 — 12 = 23. 7. 1. 

3. 20. 8. v2. 

4. cos! д. 9, 5/26. 

5. cos! +. 10. зї + Vj. 


11. Nothing. But A = 0. 
12. (a) —(i +j +k) + (i— 2j — 5k) 
(b) 32i — j — 2k) +0 
(c) 0+ (6i — 3j — 6k). 
14. 09 + 3j — X. 
16. (a) Circle with diameter |A]. 
(b) Sphere with diameter |А]. 
17. |sin +6]. 
20. Expand (А + В) · (A + B) + (A — В) · (A — B). 


Section 1.10 


Note: Quite often we speak of the equation of a plane where it would be better 
to speak of an equation, since distinct equations may represent the same plane. 
For example, x + y + 22 = 3 and 2x + 2y + 4: = 6 both represent the 
same plane. 


1. (а) +(41+ dj + 34). 13. sin! 3/3, about 74°. 
(b +(+V2i — 4\/2k). 14. 90* — соз-! $3. 
(с) +(—}v37j + $V37k).  153x— у= С: = 0. 
(d +i. 16. 32. 
(е) +(¢V2j — LV2k). 17. 3x + 2y = 11,2 = 0. 
(f) +4V2i – 2j. 18. 2x + 2y +2 = 4. 

2. x— 4y +2 = 0. 19, +4. 

3. 2x — 2y +2 +3 = 0. 20. 7 (= [48]). 

4 3х +у 2 = 3, 21. 6. 

5. No. 22. 30/7. 

6. $, 23. 3x + 2y + z = 18. 

7. (a) \/14. (b) 32. (с) 2. 24. (a) The point (—2,1,5). 

8. 44/3. (b) No intersection. 


9. (i+ j+ 3k): Qi —8j- ж) - 0. (c) Thelinex=y +3 
11. 90° — cos-! \/35/7. “= lz 
12. (а) Any multiple of 5i — j ~k. (d) No intersection. 

(b) 8 27/27. 
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Section 1.11 


Note to instructor: A k-dimensional vector space (or k-dimensional subspace) 
is oriented by selecting a linearly independent ordered set consisting of К vec- 
tors. Any other such linearly independent ordered set is said to have “positive” 
orientation if it can be obtained from the given set in the proper order by a 
linear transformation with positive determinant. If an n-dimensional space has 
been oriented, and if also an (n — 1)-dimensional subspace of the same space 
is oriented by an ordered set Ay, Az,. . . , A,-1, then the same orientation of 
the subspace can be prescribed just as well by selecting a single vector C not 
in the subspace, using the following convention: the ordered set Ay, Az, . . . , 
A,-1, C must have positive orientation. 


1. Numerically they are equal to the areas of the projections of the area on 
the coordinate planes. 


Section 1.13 


1. (a) 2i + 14j + 4k. 
(Dig 81 23) — kK 
(c) —1li — 6j +k. 
(d) k. 
(e) j—- i 
2. 26. 
3. 1/61. 
4. 0. A and B are parallel. 
5. (туй түш + VII). 
6. Hx — 2) = (у 3). = 10 — 7). 
7. х= -iy-iz 
8. —64j + 16k, 16i — 16j + 16k. No. 
9. u= tvoru,v L w. 
10. 17x — y + 9z = 43. 
11. +4/5(S5i + 6j — 8k). 
12. sin (V — 0) = sin y cos 0 — cos y sin 0. 
14. \/65/\/26. 
15. \/34. 


m. esa er 
16. = = р = 11. 


17. (а) 8/29/29. 

(b 84/77/71. 

(c) 5(6 + 4j + 5k). 
18. +5(21 + ј – 2k). 
19.r—3.5 — —À. 
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20. One of them is zero. 


21. Yes. 
22. ALB. 
24. +81 
25. (a) No. 
(b x= #1 = -чу+ Ў = z — X . (This answer can be written in 


many other ways, so don't be discouraged if your answer differs from 
this in appearance.) 
(c) 4/21. 
26. x? + y! + 22 — xy — yz — zx = 2; а cylinder of radius {уЗ ft. 
33. No. 


Section 1.14 


Rta) 30 (b) —13. (c). 5. (d) 1. 9. (a) 101/6. 
2. 5. (b x — Пу — 14z = —43. 
3. 0. (c) 1/319. 
4.4. 10. (a) Сз = 2. 
SL (c) Draw a diagram. 
6. 3x — 17y — 42 = 0. 11. 3/38. 
7. 3x = ly + z = —20. 12. (a) 13. 
8. (a) Their triple scalar product (m d зра 

is zero. Alternatively, all (c) 3. 

three are perpendicular to (d) —12. 

i+jt+k. 13. (a) \/26/2. (b) 2. 

(b) x+y+z=0. * bey. 
14. Yes. 


15. They are coplanar. 
16. (a) Compare A - i and A ·и. 
(b) A. 


Section 1.15 


иси u'y 
Uy Aly 


5. (o: R)w — (о ` «)R. 6. No. 7. 0. 15. 


Section 1.16 


"These exercises appeared already in section 1.15. 
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Section 2.1 


387 


1. (a) costi — sin tj. 2. (a) 3i + 322]. 
(b) True since К. F'(r) = 0. (b) cost i= ej 
(c) tn (c) —2ti+ (e + 519)j + 
(n=0, +1, +2,...). (et — 312)k. 
(d) Yes, ү. (d) (cos: + 3¢?)(i | j+ 2k). 
O Yes E: (c) 0: 


(Г! —sin Pit" cost j. 

3. (a) 6t — 10t sin t — 502 cos t. 
(b) (80/88 + 1)/(8 + 1). 
(cy pam 

4. Use theorem 2.4, noting that one term vanishes in this case. 

5. (a) 7. 

(b) 33. 

(c) 8i + 5j — 6k. 
(d) 0. 

(e) —2. 

(f) 2i+ 3) + 2k 
(g) —42i + 66j — k. 
(h) B. 

(i) ВХС. 


Section 2.2 


l. i. 

2. (a) 25s? 
(b) 4 /5(sin t i + cos tj + 2k). 
(с) $vV5(-j + 2k). 

3. (i + 2rj)/ VT 42. 


4. Along a straight line, T is constant. 


5. (a) V2(e — 1). 


(b) x= e cos log (: у) 
у= COY as log (: +), а= 


6. (a) fo Vid dt = VIA. 


(b) Distance between points is \/14, and the path is straight. 


7. х\— у = 1,2 = 0). 
9. At (0,0,0). corresponding to t = 0. 
13. No, the tangent may be parallel to the y axis. 
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14. The arc fi + fj has a cusp at г = 0. Physically, a particle can follow а 
curve with a sharp corner by decelerating to zero speed at the corner, then 
resuming with a different direction of velocity. 


Section 2.4 


1. (а) v2e. 
(b а= үе, а, = у?е. 
(c) +\/2[(соз/ — sin t)i + (sin t + cos t)j). 
(d) $v2e". 
2. (a) ү? + 25. 
(b) 9r/ v 9r + 25, [9002 + 4) — 8107 (9r* + 25)]!2. 
(c) 3(cos t — t sin t)i + 3(sin г + t cos t)j + 4k 
V9F + 25 Я 
(d) 3(9:* + 5202 + 100)!/2/(92 + 25)3/2, 
3. (а) Vet. 
(b) a, = үе, a, = үе! 
(c) +V3[(cos t — sin t)i + (sint + cos 0j + k]. 
(d) 4V2e~. 
4. (a) 10/5. 
(b) a, — 0, a, — 80. 
(c) $V5(2cos 4ti — 2 sin 4t + k). 
(d) x. 
5. (a) у= +. 
(b) a = —cost (i — j) = sin t (i + j). 
(с) —4 sinz (i — j) + 3 cost (i +j) + +k. 
(d) k= 4\/2/9 
2(314 + 28 — 302 — 2 + 2172 
3(214 — 413 + 108 + 1)3/2 
dF ФЕ 


icm 
14. 6, +, 0, circle of radius 2 in the plane x = y, 


(c) a, = d's/dr*. 
(d) 0. 

(e) ds/dt. 

(f) т. 

(в) 1. 

(h) k. 

G) =т№. 

18. (a) False. (b) False. (c) True. 
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Section 2.5 


1. v = 4b[(sin 0)u, + (1 — cos 0)uj] 
a = 16Ь[(2 cos 0 — 1)u, + (2 sin 0)u,]. 
2. v = b[(cos t)u, — e^'(1 + sin ї)и,] 
a = b([—sin t — e?(1 + sin t)]u, + e"[1 + sin? — 2 cos r]uj). 
5. Yes, except when its velocity is zero. 
6. (a) The second term. 
(b) The second and third terms. 
(c) Allare nonzero. 
(d) Many possibilities. 
9, 247, since dr/dt = 3 and 40/41 = Ат. 
10. (a) т? cm/sec? (if r is in cm) directed towards the center. Note that 30 
rev/min =  rad/sec. 
(b) 4ru, cm/sec. 

11. If the particle is moving parallel to the field no force will be exerted. (In 
elementary books it is sometimes stated that the force is proportional to 
the rate at which the particle “cuts” the lines of flow.) 

12. v/r|B|. [qv |B| must equal the component a, discussed in section 2.3.] 


3, 2 
н ге эт у, на 


а? а\а "dt а? 
Е“ dà 4" 00. 00 (s 
df di ^ dr df, dpi аха 


Section 3.1 


1. (a) (cos x + ye?)i + xej + К. (b) —R/|R|*. (c) k. 

2. yz plane, where x — 0. 

3. f depends only on y. 

4. f(x. yz) = x? + yz + C. 

6. Unit vector directed away from the z axis, except at points on the z axis, 
where it is not defined. 

7. (a) 10. 
(b) The maximum rate of increase of R? is in the direction R, where 


d d 

2 (ру = —(R2) = 2 

a a ) i 
which equals 10 at (3,0,4). 


9. (a) 0. (Ы) —4. 
10. (a) 3. (b) =. (ee pe (d) V4. 
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11. 150/5. This function equals s*, where s is the distance to the y axis. We 
have (d/ds)(s*) = 65% = 150\/5 at this point. 

13. (1,1,2). (At this point the tangent to the curve is perpendicular to grad 
ф. Of course, this can also be done without using vector methods, by ob- 
serving that ф = 2 — 6t + ¢ has its minimum at t = 1.) 

14. Any scalar multiple of 4i + j + k. 

15. 2x + 4у— 2 = 21. 

16. (a) From your diagram you see that any scalar multiple of i + k will 

do, 
(b) 4i + 4k. 

17. x + 2y — 8z = —28. 

18. x = у 2 = 0. 

19. *j4vVT4Qi — j + 2k). 

20. 4x + 6y — z = 13, 

23. + тү?(1 — j). In (c), let R = 2 sin t i + 2 cos tj + үк. 

24, cos! 4, 

25. ѕіп-! 142. 

27. 90° — cos! 98/( /157 /65). 

28. cos"! 8/(3 21). 

30. If T isa unit tangent to the ellipse, V(|R,| + |R|) T — 0 (why?). Also, 
V|R;| and V|R;] are unit vectors in the directions R, and R; respectively, 


So the cosine of the angle between V|R;| and T equals the cosine of the 
angle between V|R,| and — T. 


31. (2,4,8). (The vector extending from the 
is perpendicular to the given plane.) 
32. (1,1,1). [The gradient of x? + 2y? + 3z? is parallel to i + 2j + 3k at 
(1,1,1).] 
33. (1,1,2). This is the preceding exercise in a different format. 
36. (a) Vw: Vu X Vy = (uVv + Wu): Vu X Vv 
= u(Vv: Vu X Vy) + v(Vu : Vu X Vv) = 0 
(b) At any point in space, the isotimic surfaces u = constant and 
У = constant intersect in a curve along which both и апа v and, hence, 


ware constant. Vu X Vv is tangent to this curve and, hence, perpen- 
dicular to Vw. 


37. If u, v, and w are functionally related, Vw - Vu x Yy = 0. 


center of the sphere to this point 


Section 3.2 


l. 71. 
322). 0: (b) 
& +2. 


ne 
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Section 3.3 


2. 


3. 
4. 


(d) xea) = —Ly(zT 5) = —1. 
(B) (2 =3) == Lye ase! 
Half lines extending from the origin. 

The gradient is normal to these surfaces. 


Section 3.4 


1. ye + x cos xy — 2x cos zx sin zx. 


2. 
3. 
4. 


ою ч 


п. 


13. 


3. 

6y3z + 18xlyz. 

Zero except at the origin, where the field is not defined. The magnitude 
of this field at any point is 1/R?, so this field can be thought of as the 
electric field intensity due to a charge of suitably chosen magnitude at the 
origin. A physicist or electrical engineer might say that the divergence is 
"infinity" at the origin, since the divergence of an electrostatic field is 
proportional to the charge density, and the charge density at a point charge 
is "infinite." 

Let F : grad @ = 0. 

Е = yi + 2] + xk is one example. 

There are infinitely many possible answers, for example F — —XH 


. Again there are infinitely many acceptable answers. Two of them are e*i 


and ei + уез). 

Divergence is zero everywhere, since 0F,/dx = 0, Р, = 0, and (we assume) 
F, = 0. Some students observe that F = Cyi for some constant C, and 
then compute the answer using the formula for the divergence. This is 
clever, but not the point of the exercise. 

Divergence is zero everywhere. For example, consider point P. Along the 
x axis, Fi = 0, so дЕ, /дх = 0 at P. As we move through P along the flow 
line indicated, Е takes on its maximum value |F], therefore 9F2/às = 0 
at P, where s is measured along the flow line. But at point P we are moving 
parallel to the y axis, so 9F2/dy = 9F;/ós at P, hence is zero at this point. 
Another method: Conjecture that F = — yi + xj and use the formula. 
A region to the right of P, approximately cigar-shaped, with major axis 
parallel to the y axis. 
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Section 3.5 


1. xi — yj + у(1 — 2x)k. 

2. — 2? sin yz!i + (y cos xy — xe9)k. 

3. =(y? + z24 +2253, 

4. (а) оТ е у, 
(b) zi + 2xzj + yk. 

5. The paddle wheel will not tend to rotate, 

6. Think of the velocity field of a fluid swirling about the x axis. Assume 
constant angular velocity ш. Then v = w X R, and since curl F = 20 as 
stated in the text (to be proved later) we have w = i and 


Y —-ÓXR =іх (xi + yj + zk) = yk — zj 


This is one possible answer. Another is 2yk, which represents a shearing 
motion parallel to the xz plane. 
7. No (fig. 3.22). 
8. No. 
12. 0 (by symmetry). 


Section 3.6 
1. 16 6. Vector field. 
2. 12i + 4j +k. 7. 3, 0. 
3. 64. 8. (х2 + 2?)ex, 
4. (а) 2xy + 1. 9. Always 0. 
(b —2i + j — xk. 10. Always 0. 


(c) 2yi + 2xj. 
5. Scalar field. 


Section 3.7 


1. 20x3yz? + 6x5yz. 

2. 0 except at the origin. 

3. —2yz(yiz? + 35222 + 6x?y?)k. 

4. (a) and (b). Also (c) provided that р? = 4. 


5. (a) Vector field. (f) Meaningless. 
(b) Scalar field. (g) Vector field. 
(c) Vector field. (h) Vector field. 
(d) Scalar field. (i) Meaningless, 


(e) Zero vector field. (j) Vector field. 


6. 
F 


8. 
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(b) sin xsinh y , sin 2x sinh 2y 
sinh 5 sinh 10 

(a) 4xi + j. 

(b) 3. 

(c) 4. 

(d) zi — 4х2] + (4ху — x)k. 

(a) 2i. 

(b) 2k. 

(с) 221 


Section 3.8 


4. 


The Taylor series for f(x,y,z). 


Section 3.9 


11. 
12. 


. As written, the right side is symmetrical in F and G, but the left side is 


not, since F X G = G X F. 


. imit az + (у — x)k]. 
. 2А. 
. (a) 28А. 


(b) 2R X A. 

(c) 2R?A. 

(d) 4(А · В)?А. 

(е) (A: R)/R. 

(f) (A*R)A. 

(в) 0. 

(h) 2А. 

(1) 6. 

Zero vector field except where R — 0; not defined where R= 0, 
div (curl F) = 0. Hence 2 + C = 0 and C = ==, 


Section 4.1 


1. 
3. 
4. 
5. 


a 


e. 
(a) 8. (b) 8. 

x: 8r, depending on direction. 

40. (This can also be done by observing that F- dR = dọ where ф = х?у 
+ zy, so that the integral is $(3,4,1) — ф(1;0,2): See section 4.3 for fur- 
ther discussion of this “trick.”) 
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6. Zero. 
7. (a) Along this path, F = yI — xti — xj and 
£ EAEE. 
dR = dxi VEE 
so 


dx - dx 
egent and Jr ar- [^ p T 
(b) m. 
8. F- dR = —q(tan^! y/x) = — dð. 
13. 36. (Caution: R : dR = s ds in this case because the points are collinear 
with the origin.) 
14. (a) 0. (F is perpendicular to dR.) 
(b) Fwi — w). 
15. (a) tX + j). 
(b) i. 
() —j, 
16. (а) \/2 dx or VŽ dy. 
(b) dx. 
(с) —dy. 
17. (a) dR = dxi + dyj = dxi + dxj = (+з + +V2j) VŽ dx = 
T ds. 
(b) dR = dxi + dyj = idx = T ds. 
() dR = dxi + dyj = dyj = T ds. 


Section 4.2 


Note: In this book, an 
and only if it is open and connected, In some books other conventions are used: 


1. Domain, not simply connected. 

2. Simply connected domain, 

3. Simply connected domain. 

4. Not a domain. (Points on the plane z = 0 are not interior.) 
5. Simply connected domain. 

6. Domain, not simply connected, 

7. Simply connected domain. 

8. Not a domain (not connected), 
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Section 4.3 


1. The integral over C equals that over Ci minus that over C3, so if the first 
of these is zero the other two are equal. 

2. Many possibilities. 

3. Many possibilities. 

4. 2x or —2r, depending on which way the circle is oriented. 

5. ф is a multiple-valued function, and hence not a scalar field as we have 
defined it. 

6. ф = yx + sin xz + C. 

7. F = grad ф where ф = x?y + yz. 


Section 4.5 


1. (a) Conservative, ф = 6x*y + хут + C. 
(b) Conservative, ф = e* + С. 
(c) Conservative, p = —cos x + iy? + е + С. 
(d) Not conservative. 
(e) Conservative ф = In(x? + y?) + 22. 
The domain of definition is not simply connected in (e). You must ex- 
plicitly construct ф. 
2. Yes. ġ + Y. 
4. ф(1,2,3) = —4 V14 and ф(2,3,5) = — 138; hence the work done is 


$(2,3,5) — (1,2,3) = 1:14 — $V38 
5. No, provided the path avoids the origin. 


Note: Conservative fields are sometimes called potential fields. The term ir- 
rotational is also used. It is not possible for a flow line of such a field to be a 
closed curve, for the integral of a field about a closed flow line is nonzero, and 
this would contradict (ii). Therefore the flow lines either have no endpoints 
(e.g., if they "extend to infinity" in both directions) or perhaps they start at 
a point (called the source") and perhaps end at another point (called the 
sink"). For this reason, such fields are also called source fields. A simple 
example is the electrostatic field due to a positive point charge at the origin. 
The origin is the “source” and the flow lines extend radially away from the 
origin. 


10; —H 11. No. 
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Section 4.6 
24 =, 
7. If F = Уф, a vector potential is given by 9G. 


Section 4.7 
r c= |-A(5 +) «A +4 | 
; КЕШЕ dU PN р, 


EEEN xy | 
+| е as E) + 4% + Az jj. 
2. (a) С = (Ay — Aax)k. 
2 
(b) qe 


(c) G = —In/x* F ук. 


Section 4.8 

4. VAx! + 4y! + Т dx dy. 

S. TM 

6. (a) 53 + j+ k): 

(b) k-n = 4/3. 

~ dx dy 
Ө I f. [eos y| ` 
(d) +v3. 

Section 4.9 

1. 18r. б" 

2. (а) 8. 7. (а) №. 
(b) 16. (b) Yes. 
(c) 24. (с) 4. 
(d) 0. 8. 131. 
(e) O. 9. 60r. 
Ps A 10. 0. 

11. 157/2. 

3. fee CER vA HL ER т 12. 0. 

4. Zero. 13. 4/15. 


5. 37a?. 18. |E| = A /2reor. 
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19. (а) T, = T, + Eh - T,) 
1/b — 1/а 
20. The term source is used rather than sink in exercise 2! because in elec- 
trostatics it is conventional to take the electric field to be the negative of 
the potential. 

(а) By Gauss’ law and symmetry, F = 0 within the sphere so ф is con- 
stant within the sphere, and at the center r = a is à constant so 
ф = д/а = 4ra'c/a. 

(b) Ву Gauss’ law and symmetry, the electric field outside the sphere is 
the same as that due to a point charge of magnitude 4ra? located 
at the center. 

21. (a) 87. (Point is within sphere.) 

(b) “fa. (Point is outside sphere.) 


4. (a) 3. 

(b) 3. 

(e) This will be discussed later, 

3v. 

v(1 — e^!) | 
V. E = p/e at each point in space. Here we assume charge to be dis- 
tributed continuously, i.e., no point charges in the domain. 

8. (a) 3r. (Ы). Fx. 

. 3 85m. 


210 


№ 
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Section 4.11 


6. 60. The z component of F can be ignored, so replace F by G = yi + 
(x + 2)j. Div С = 0 so (by the divergence theorem) the desired integral 
is the negative of the integral of G over the four flat faces of a certain 
five-sided closed surface. Only two faces contribute nonzero values to 
the integral. The average value of x + 2 over the face in the xz plane is 
4 and theaveragevalueof yoverthe facein the уг planeis > sothearithmetic 
is $(3)(4) + 4(3)(4) = 60. 

9. (a) 0. 

(6) —2. 
(c) 4. 
(d) 0. 
(p T. 

10. +27, depending on direction of integration. 

11. 0. 

17. 0. 

18. (a) Use (3.20). 

(b) 5m. 

19. (a) 1087. 

(b) 1944r. ; 

21. The divergence is identically zero, so the desired integral equals the neg- 
ative of the integral óver the missing top, which, in this case, is trivial to 
compute. 

22. The field is тх + 335j. 

24. (a) 4m«b*. 

(b) To avoid a triple integral, take dV = 4rr? dr, so that the integral is 
b 
f l6xr? dr 

25. 87. 

29. (a) 16.8 if volume is proportional to the cube of the minimal diameter. 
(b) Yes. 

30. Seo. 
31. ff[ V: F dV = ff F: ndS leads to C: fff Vo dV = С. ff 9, dS and, 


33. 


since this is valid for every constant vector C, the identity follows. 

In the divergence theorem, let F — A X C where C is a constant vector 
field, and proceed as in the preceding problem. 

(a) Vf. 

(b) V X F. (Make use of the two preceding problems.) 
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Section 4.12 


1. In applying the fundamental theorem of calculus. 
2. To ensure that the volume integral of div F over the bounded domain D 
exists. 
5. cos y = 0, so the expression dx dy/|cos y| is meaningless. 
6. 30. 
7. 5v. 
8. Yes. 
9. (a) An outer sphere with n pointing away from the origin and an inner 
sphere with n pointing towards the origin. 
(b) Sum of two integrals. 
(c) They are equal. 
(d) No. 
(e) 4m. 


Section 4.13 


1. 4тф(0,0,0) = 207. 
2. (a) —4тф(0,1,0) = —207. 
(b) —4тф(2,1,3) = 0. 


Section 4.14 


3. False (for example F = yi + xj). 
7. F — constant. 


Section 4.15 


6. Zero. 

7. —36«, since curl F -k = —4 and area enclosed by C is 9r. 
8. (a) 6. (b) 6r. 

9. (a) —16. (b) 2 16* (c) Second term. 

10. 287. 

11. Orientation. 
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Section 4.16 


5. The curl of a vector field F points in the direction of maximum swirl and 
its magnitude equals this maximum'swirl. 
6. (a) Zero. 
(b) Zero. 
(c) Zero. 
(d) div curl F = 0. 


Note: The divergence of a vector field at a point is sometimes called the source 
density of the field at that point. This is because the divergence of the electric 
intensity of an electrostatic field is equal (within a factor) to the charge den- 
sity, and electric charge is the “source” or “cause” of the field. The statement 
"a field has zero divergence in any region that is free of sources" has an in- 
tuitive appeal to many students. The above exercise can be worded: the curl 
of a vector field is another vector field that is free of sources. 


7. (а) Zero. (b) Zero. (c) Zero. (d) div curl F — 0. 
8. (a) Zero. (b) Zero. (c) Zero vector. (d) curl grad ф = 0. 


Note: The curl of a vector field at a point is sometimes called the vortex den- 
sity of the field at that point. This is because, in some sense, the curl describes 
the “eddy” or “whirlpool” nature of the field. Note that vortex density is a 
vector quantity. Just as engineers sometimes think of a point source as a point 
where the divergence is “infinite,” so also do they think of a vortex filament 
as a curve in space along which the magnitude of the curl is “infinite.” The 
central part of a tornado provides an approximate idea. We leave to the reader 
the precise formulation of the definition. The intuitive content of exercise 4 is 
that any field that can be derived from a scalar potential must be-vortex-free. 
It should be noted, however, that if we allow the scalar potential to be a 
multiple-valued function, it is sometimes possible to find a scalar potential for 
the velocity field of fiuid swirling about a vortex filament. We heartily rec- 
ommend the chapter on vector analysis in Mathematics of Circuit Analysis, 
by E. A. Guillemin (Wiley, 1949), in which these matters are taken up in 
greater detail. 
Let us now briefly review and extend some of the earlier ideas. We con- 
sider only continuously differentiable vector fields. 
If a vector field defined in a domain D has any one of the following prop- 
erties, it has all of them: 


(i) Its curl is zero at every point. 
(ii) Its integral around any closed contour is zero, provided that there is a 
surface enclosed by the contour entirely within D. 
(iii) It is the gradient of a scalar function, but this function may possibly be 
multiple-valued. 
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If the domain D is simply connected, we can omit the clauses starting 
“provided that. . .” and “but this. . .” from these properties. When D is 
simply connected, the following terms are used for these fields: conservative 
field, irrotational field, potential field, source field. 

Similarly, any one of the following properties of a continuously differen- 
tiable vector field implies the others: 


(i) Its divergence is zero at every point in D. 
(ii) Its integral over every surface is zero, provided that we consider only 
closed surfaces enclosing points all of which are in D. 
(iii) It is the curl of another (possibly multiple-valued) vector field. 


These statements are not precise and should not be taken very seriously. 
Terms sometimes used for such fields are: solenoidal field, rotational field, tur- 
bulent field, source-free field, vortex field. The terminology is not standard- 
ized; in modern usage, the term “turbulent” has an altogether different 
meaning. In applications, vector fields that are discontinuous along a surface 
are of considerable importance. We have not discussed such fields because they 
arise more naturally in courses dealing with applications, where the motiva- 
tion for studying them is more apparent. The above statements are utterly 
false for such fields. 


Te (ayer2zi 
(b) —Sk. 
(c) —207. 

2. (a) 27m. 
(b) 0. 


Section 5.1 


6. See the end of section 5.2. 
8. All zero. (Except, of course, at the origin.) 


9. m. 13. nre. 

10. 2 + log(1 + V2). 14. т. 

11. Zero. 15. (d) Zero. 

12. 27. 16. (—2 cos à e, — sin $ ej)/r*. 
sin 0 


17. vopX | E 
r sin ф 
V X F = cot ф cos б e, — 2 cos 0 e, + 2e. 
18. 27. 
20. n = —2. 
21. All n. 
22. (a) F, = r**'/(m + 3). 
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Section 5.2 


10. 


4. (1/u1) dui duz dus. 
5. 
6. (a) Yes. 


(12u1u3 + 12u3u3 + 3)/4us. 


(b) x = (uy + u)/2, y = (uy — u3/2, z = uy/2. 
(с) hy = +2, h = +V/2, h=. 


(d 727 = 22 + e ex. 
(e) уш s жє + SA 


‚ (а) x = (2u, + uz), y = (и — из), 2 = Fua. 


(c) This coordinate system is not ооа! 


‚ (b) hy = hp = 2(u? + uis = 


д? д д? 

(с) (б + 25) / «d жү ^ 
ш(и + из) 
2(u} + иф??? 

УХЕ = е1/2(и + ul) e 

+ (4u? + 2u} — 2uyu)es/(ul + ид)! 

(a) No. (b) The element of volume in spherical coordinates is dif- 

ferent in shape and position from that in cartesian coordinates. 


(d v:F- 


1. This coordinate system is not right-handed, hence the usual formula for 
curl does not apply. 

12. (a) l/uv. 
(b) 2w/uv. 

13. hy = h, = Vw F v, h. = | 


14. 
15. 


(ut + ш, du dv dz. 


“| T6; ces gu V" VA) + SO way) + 5® 


(b) tee + бә + hao, 


Section 5.3 


(a) 14. (D DE (c) 5 


(dio. 10]. 
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1 -1 7 10 0 —10 
(ele ern TOY (| 0 10 10 
ENT 0 —10 20 


10. Check your answer by substituting into the equations. 
15. In general, no. (Yes, if they commute.) 


Section 5.4 


cosy 0 siny 
2. (b) get 40 
—siny 0 cosy 


6. Ja = x" + у? y = хі + y'i + к, 
Vf = 2х + 2y'j' Viv= уху = 0. 

11. ds = (4х? + ау? + 42°). 

12. dV' = ӣх ау dz’. 

14. х= у, у = 2,2 = —x. 

18. The line is along i — ј — К. The angle around this axis is —7/3. 

19. (d) Take the determinant. 

20-22. Elaborate on the technique in exercise 18; or read “Coordinate-Free 
Rotation Formalism,” by J. Matthews, Amer. Jnl. of Physics, 44, 1210 
(1976). 

23. (c) The transformation might be left-handed. 


Appendix A 


1. Simply multiply (uii + uzj + wsk)(vii + vj + vak). 
2. (a) uv + vu = (иу t uXv) + (уи у X u). The cross products 
disappear. 


3. (a) This is simple vector algebra. 
(b) v =v — Q(v: n)n = v + (vn + nv)n = v + vnn + пуп But 


n:n = —nn and since n is a unit vector nn = -1,.Sov =v-v 


+ пуп = пуп. Gy 
d. n'n = —(n':n) + п' Хп = —cos 30 — usin 26. р 
5. Since и is a unit vector, u? = — 1, so u? = —u, и = 1, и? = u, 


1 + фи + ф2и1/21 + qé/3I + °° 
=(1-ф/з + фа) + o epo 


. and 


6. y! = glt/n y е-@/?и, 


Index 


acceleration, 86, 89 

active constraint, 117 

affine transformation, 332 

Ampere's force, 53, 61 

Ampere's law, 368 

angular momentum, 347 

angular velocity, 17, 46, 98, 135, 
355 

antisymmetric matrix, 355 

arc length, 80, 84, 285, 293, 303 

area cosine principle, 212 

associative law, 4, 315 


binormal, 92 
boundary point, 116, 171 


center of mass, 17, 348 
centripetal, 86 

centripetal acceleration, 101 
characteristic curve, 123 
circle, 72 

circulation, 168 

closed arc, 79 

closed surface, 201 


commutative law, 4, 16, 160, 315, 
338 

complex number, 337 

components, 9 

cone, 205 

connected region, 171 

conservation of charge, 131 

conservation of mass, 131 

conservative, 174, 180, 183 

conservative force, 347 

constraint, 115 

coordinate curve, 300 

Coriolis acceleration, 101 

Coriolis’ law, 355 

coulomb force, 17 

Coulomb's law, 360 

Cramer's rule, 320 

cross product, 43 

curl, 136, 289, 296, 305, 329, 
336 

current, 127 

curvature, 87, 90 

curve, 71 

regular, 79 
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curvilinear coordinates, 298 
cylinder, 205 
cylindrical coordinates, 282 


Darboux vector, 98 
del, 141 
delta function, 257 
Desargues' theorem, 61 
differential form, 164 
diffusion, 143 
directed line segment, 1 
direction angles, 13 
direction cosines, 13 
directional derivative, 107, 342 
displacement, 15, 75 
displacement current, 369 
distributive law, 47 
divergence, 127, 129, 287, 296, 
304, 328 

divergence theorem, 237, 246 
domain, 171 

star-shaped, 173 
dot product, 30 
dual set, 317 
dyadic, 148, 339 


Einstein's summation convention, 
64 
electric field, 361 
electrostatic potential, 361 
ellipse, 114 
epsilon, 63 
equation of continuity, 131 
equipotential, 181 
equipotential surface, 106 
Euler's equations, 356 
Euler's expansion formula, 
281 
Euler's theorem, 334 
Eulerian angles, 357 
evolute, 97 
exterior point, 171 
external force, 350 


INDEX 


Faraday's law, 369, 379 

feasible point, 116 

Fick's law, 144 

flow lines, 123, 222 

flow rate density, 126 

flux, 127, 217, 222 

flux density vector, 144 

flux transport theorem, 277 

formula, 281 

Fourier's law, 221 

Frenet formulas, 95 

fundamental theorem of calculus, 
242 

fundamental theorem of vector 
analysis, 262 


gauge, 199, 368 

Gauss' law, 222, 362 

Gauss' theorem, 238 

Gaussian pillbox, 371 

grad, 108 

gradient, 108, 286, 294, 304, 328 
Green formulas, 251, 252 
Green's function, 255, 257 
Green's theorem, 266 


harmonic functions, 145, 254 
heat flow, 221 

helix, 74 

Hessian, 150 

homogeneous, 191 


identity matrix, 316 
inactive constraint, 116 
inertia tensor, 356 
inner product, 31 
interior point, 116, 171 
internal force, 350 
inverse matrix, 317 
irrotational, 183, 258, 364 
isobaric surface, 106 
isothermal surface, 106 
isotimic surface, 106 
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Jacobian, 335 
Jacobian matrix, 330 


Kepler's second law, 101 
kinetic energy, 347, 357, 373 
Kronecker delta, 63 
Kuhn-Tucker theorem, 119 


Lagrange multiplier, 120 
Laplace's equation, 144, 254 
laplacian, 143, 254, 256, 307 
laplacian, vector, 146 

law of cosines, 21 

line equation, 25 

line integral, 162, 303 

line, non-parametric equation, 27 
line of force, 123 

Lorentz force, 370 


magnetic induction field, 365 
mass unbalance, 17 

matrix, 311, 339 

matrix multiplication, 312 
maximum principle, 32 
Maxwell's equations, 370 
Maxwell's stress tensor, 375 
mean value property, 256 
mirror image, 33, 340 
Möbius strip, 203 

moment of inertia, 358 
momentum, 347, 374 


nabla, 141 

neighborhood, 170 

Newton's second law, 346 
Newton's third law, 350, 368 
normal, 36, 181 

normal, principal, of calculus, 90 


Ohm's law, 378 

open region, 171 
orientation, 40, 79, 201 
orthogonal matrix, 321, 324 


INDEX 


orthogonal transformation, 354 
osculating circle, 88 


parallel /perpendicular 
decomposition, 51 
parallelepiped, volume, 54 
parallelogram area, 43 
parallelogram equality, 35 
parameter, 26, 72 
pitch, 74 
plane, 204 
plane equation, 36 
plane normal, 36 
Poincaré's lemma, 192 
points of division, 30 
Poisson's equation, 144, 254, 365 
polar coordinates, 98 
poloidal angle, 227 
position vector, 15, 348 
potential, 174 
potential energy, 181, 347, 352 
potential theory, 363 
power, 347 
Poynting vector, 373 
principal normal, 90 
projection operator, 148 
projections, orthogonal, 12 


quaternions, 337 


radius of curvature, 90 

reciprocal set, 317 

region, 171 

regular surface element, 209 
resultant, 16 

Reynold’s transport theorem, 280 
right-handed system, 41 

rigid body, 353 

rotation, 16, 334, 341 


scalar, 3 
scalar field, 105 
scalar multiple, 7 


INDEX 


scalar potential, 258 
scalar product, 30 

scale factor, 300 

second fundamental form, 216 
simply connected, 172, 183 
smooth arc, 78 

smooth surface, 201 
solenoidal, 191, 258 

solid angle, 227 

space curve, 71 

speed, 75, 89 

sphere, 204 

spherical coordinates, 282 
spiral, 85 

star-shaped, 173, 187 
Stokes’ theorem, 238, 269 
stream function, 200 
stream line, 123 | 
substitution tensor, 63 
surface area, 209 

surface integral, 216 
swirl, 272 

symmetric matrix, 321 


tangent, 77 

Taylor polynomial, 149 
telegrapher's equation, 378 
tensor, 339 

tetrahedron, 57 


toroidal angle, 227 

torque, 43, 347 

torsion, 94 

torus, 227 

transformation matrix, 323 
transport theorem, 277, 280 
transpose, 321 

triangle inequality, 7, 35 
triple scalar product, 53 


vector, 1, 336 

bound, 3 

free, 3 

unit, 8 
vector field, 122 

two-dimensional, 199 
vector function, 67 
vector identities, 155 
vector magnitude, 3, 7 
vector potential, 191, 258 
vector product, 42 
vector sum, 4 
velocity, 72, 75, 89, 277 
volume, 286, 294, 303 
volume integral, 229 
vortex, 194 


wave equation, 378 
work, 32, 163 
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